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PREFACE 


is continued in the same spirit as in the earlier one. The 

chief consideration which has guided me in selecting the 
subject-matter has been its importance from the point of view 
of presenting physical theory as a coherent logical unity. Other 
considerations have influenced me in a minor degree and I make 
no claim that my choice of the material is the best that might 
have been made. 

Among the features of this volume, to which attention may 
be drawn here, are: the form of the electromagnetic field 
equations on page 114, in which a mere change of notation brings 
out the 4-dimensional appearance so characteristic of the theory 
of relativity ; the treatment of electromagnetic momentum and 
mass in Chapter X, and the subsequent development, in the 
same chapter, of the field equations in a form which I have called 
an extended Poisson’s equation ; the account of Huygens’ prin- 
ciple which is based on the solution of the extended Poisson’s 
equation, and lastly a parallel treatment of electromagnetic 
momentum and mass, after the manner of H. A. Lorentz, based 
on the FitzGerald-Lorentz contraction hypothesis. Considerable 
attention has been given to units and to the dimensions of physical 
quantities, and the electromagnetic formulae have, with some 
few exceptions, been developed in such a way that they are valid 
in any system of units whatever. 

For convenience of reference the numbering of the sections 
follows on from that in Vol. I; but, although many references 
are made to the earlier volume, the present one is as self-contained 
as It is possible for a work on electricity and optics to be, when 
it is remembered that these subjects constitute an organic part 
of the larger whole of physical science. 

All the subject-matter of this volume has been taken from 


[i the present volume the exposition of the theory of physics 


- the notes of lectures which I have given at one time or another 


to university students and, while there is nothing new or original 
in it, the form in which it is presented has many original features, 
and I believe that this constitutes the main part of any value the 


book may have. 
Vv 
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I wish to express my indebtedness to Dr. Maud O. Saltmarsh 
for assisting me in correcting the proofs and to Mr. W. Ewart 
Williams for permitting me to use two of the figures from his 
admirable work on Interferometry. 


W. W. 
August 1933. 
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CHAPTER I 
ELECTROSTATICS 


§ 18. ELECTRIFICATION 


ANY materials, such as glass, ebonite, resin, etc., are 
M observed, as a consequence of having been rubbed 
against one another or with other materials, to exert 
forces on bodies in their neighbourhood. They are said to be 
electrified. A number of glass rods, all of which have been 
electrified by rubbing with pieces of silk, are found to repel one 
another ; while the pieces of silk likewise repel one another. 
We cannot distinguish the state of electrification of one glass rod 
from that of another, nor that of one piece of silk from that of 
another. So we infer that bodies in the same state of electrifica- 
tion repel one another. But experiment shows that any one of 
the glass rods attracts any one of the pieces of silk. Consequently 
the state of electrification of the glass rods differs from that of 
the silk with which they were rubbed. These two states of 
electrification were formerly called vitreous and resinous 
respectively, since they were observed on glass and resin on 
rubbing them together. Whenever electrification is produced, 
both the vitreous and resinous states appear. And when the 
electrification is due to friction the two bodies which have been 
rubbed against one another always exhibit different states of 
electrification. 

So far electrification is just a name for the state of a body, 
or of its surface, when it has acquired by friction (or, it may be, 
by other means) the power to exert mechanical forces on bodies 
in its neighbourhood ; and experiment reveals two types of 
electrification only. 

When a brass rod is rubbed with silk or fur it does not exhibit 
electrification unless the precaution be taken of mounting it on 
a support of ebonite, glass or some other material of the class 
easily electrified by friction, and of holding this support in the 
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hand and not the piece of metal itself. This and similar facts 
lead us to distinguish between conductors, such as the piece of 
metal, and insulators or dielectrics like glass, ebonite, sulphur 
and so on. And there are of course all gradations between 
almost perfect insulators at one extreme and good conductors at 
the other. 

A conductor, A, will exhibit electrification when it is merely 
brought into the neighbourhood of an electrified body, B. This 
phenomenon is called induction, or, more precisely, electrostatic 
induction, to distinguish it from similar phenomena to which 
the term ‘ induction ’ is also applied. The end of the conductor, 
A, which is next to the electrified body, B, always exhibits a 
state of electrification unlike that on B, while the remoter end 
(if A is mounted on an insulating support) exhibits a state of 
electrification similar to that of B. 


§ 18-1. QUANTITATIVE ASPECTS OF ELECTRIFICATION 


The force between two electrified particles, not 1n motion and 
situated in an isotropic insulating medium, is directed along the 
straight line joining them, and the contribution of any one of a 
number of electrified particles, A, B, C, ... to the resultant 
force on another such particle, X, is independent of the positions 
and states of electrification of the remaining particles. That is 
to say, in calculating the force on X we have to assume that the 
part of it due to A, for example, is just the same as it would 
be if B, C, . . . were absent. These statements have an experi- 
mental basis and we shall adopt them as axioms. Furthermore, 
the force between two charged particles depends only on the 
distance between them ! and, as we shall see, on the insulating 
medium in which they are situated. 

We may now define the meaning of the term quantity of 
electricity or electric charge as follows: The quantity of 
electricity on an electrified particle, A, is proportional to 
the force it exerts on a second electrified particle, X, the 
distance between them and the electrical condition of X 
remaining constant. The two particles are of course assumed 
to be in an infinitely extended isotropic dielectric. It follows at 
once from the definition just given and the accompanying 
explanations that the force, F, exerted by one charged particle, 
A, on another, B, can be expressed in the form: 


F=e,ed(r), . . . . . (181) 


1This is not strictly true for some insulating media which exhibit, 
in a faint degree, phenomena of hysteresis. 
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where e, and e, are the electric charges on the two particles A 
and B respectively, and ¢(r) is the function which represents the 
dependence of the force F on the distance r between them. When 
the charges on the two particles are of the same kind, i.e. both 
of the vitreous kind or both of the resinous kind, the force will 
tend to separate them ; but when they are unlike it will tend to 
draw them together. When A and B have each the unit charge 
(which for the present we shall suppose to have been chosen quite 
arbitrarily) and are separated by the unit distance 


F=4(1),. . . . . (18101) 


we shall represent the constant d(1) by «. Its value will, as we 
shall see, depend on the insulating medium surrounding the 
particles. 

If a charged conductor be introduced into the interior of an 
insulated hollow conductor (the aperture in the latter being 
relatively very small or, better still, closed altogether after the 
introduction of the charged conductor by the use of a well-fitting 
conducting lid manipulated by an insulating thread of silk) and 
then caused to touch the surrounding wall it will be found, on 
withdrawal and testing with an electroscope, to have lost its 
charge completely. We shall be able to infer from this fact 
(§ 18°4) that the function ¢(7r) has the form 


blr) =a/rt.. 2... (1811) 


Let us suppose the insulated hollow conductor, which we 
shall refer to as a Faraday vessel (Faraday’s ice-pail), to be 
connected by a conducting wire to a gold-leaf electroscope, and 
a charged body to be introduced into it. The leaf of the electro- 
scope will be observed to deflect by a definite amount, which will 
be quite independent of the position of the charged body in the 
interior of the Faraday vessel. The deflexion will also be un- 
affected by the introduction of other bodies (provided they are 
previously uncharged) and by contact between them and the 
original electrified body. It will be unaffected when the charged 
body is made to touch the surrounding Faraday vessel, in which 
case it will, if it is a conductor, give up the whole of its charge. 
In short, the deflexion is determined by the charge introduced 
and is quite independent of its distribution within the enclosure, 
of the nature of the materials in the enclosure, or of any actions 
or processes occurring there. 

We may use the combination of electroscope and Faraday 
vessel to measure charges if we provide the electroscope with a 
scale or use a reading microscope provided with an ocular scale. 
We should have to calibrate the scale in some such way as the 


4 THEORETICAL PHYSICS [Ch. I 


following: We adopt some arbitrary small charge as a unit and 
note the deflexion produced when it is introduced into the 
Faraday vessel. Two bodies are now charged with this unit 
quantity of the same kind of electricity (i.e. both are charged 
with the vitreous kind of electricity for example) and introduced 
together into the Faraday vessel. The observed deflexion will 
represent two units of electricity. We then find the deflexion 
representing three units of electricity by introducing a body charged 
with two units and one charged with a single unit and so on. 

Let us now suppose that two bodies A and B are charged, 
the former with vitreous and the latter with resinous electricity, 
and that the charges are found to be, for example, 5 and 3 respec- 
tively on testing them separately with the measuring device. 
On introducing A and B together into the Faraday vessel a 
deflexion representing 2 units will be observed, and in fact when 
A and B are conductors and are brought into contact with the 
surrounding wall of the vessel, the resulting state of electrifica- 
tion of the Faraday vessel and electroscope is indistinguishable 
from that due to 2 units of vitreous electricity. Facts such as 
this have led us to attach the positive sign to the one sort of 
electricity (vitreous) and the negative sign to the other. ‘There 
is of course no compelling reason for conferring the favour of the 
positive sign on vitreous electricity. It might equally well have 
been assigned to the resinous kind. 

We may now, for most purposes, drop the explicit distinction 
between two sorts of electricity,! since it will be taken care of 
by the sign. 

When a glass rod and the silk with which it has been rubbed 
are introduced together into the Faraday measuring device, no 
deflexion is observed ; but equal deflexions when they are intro- 
duced separately. The net (algebraic) quantity generated by 
friction is invariably zero. This result is always obtained when 
charges are generated by friction. This is also true for charges 
produced inductively, since no change in the deflexion of the 
electroscope is produced by introducing into the interior of the 
Faraday vessel an (initially) uncharged conductor and allowing 
it to hang by the side of a charged body previously introduced. 
These and similar facts are the basis of a general law of con- 
servation of electric charge, according to which we cannot 


1It will force itself on our attention again when we meet with the 
elementary charges of electricity. The elementary positive charge is 
associated (in the simplest form in which it is commonly met, the proton) 
with a much more massive carrier than is the case with the elementary 
negative charge (electron). This asymmetry is one of the most remarkable 
facts of physical science. 


§ 18-2] ELECTROSTATICS 5 


alter the algebraic or net charge on a body or system of bodies 
without a compensating change in the charge or charges on bodies 
external to the system. 

We have seen that when a charged conductor is made to 
touch the interior of a Faraday vessel it parts with its charge 
entirely. This means in effect that there can be no charge on 
the interior parts of a conductor. Charges on conductors are 
confined to their surfaces. This statement can be generalized 
as follows: The algebraic sum of the charges within a 
closed conducting surface is always zero. If for example 
we introduce a charged conductor into our Faraday vessel and 
then touch the latter, or in some way connect it conductively 
to the earth, the deflexion of the electroscope will drop to zero, 
and the Faraday vessel with its contents will behave, so far as 
exterior bodies are concerned, as if it were devoid of charges. 
If the system be insulated once again and the charged body 
removed, without having been in contact with the surrounding 
Faraday vessel, the original deflexion will be reproduced, showing 
the presence of the induced charge which just sufficed to make 
the algebraic sum of the charges in the interior equal to zero. 

A closed conducting surface completely screens, as we have 
seen, the region exterior to it from the field within, and no 
change whatever that may be made in the disposition of the 
charges in the interior, or the character of the electrostatic 
field there, will be observable outside !1—always provided, of 
course, that the change does not include the introduction or 
removal of charges. Experiments have also been carried out 
with electroscopes and other electrostatic apparatus by observers 
situated within closed conducting surfaces, or within regions 
which may be regarded as bounded by such surfaces, e.g. within 
wire cages. These have demonstrated that the conducting 
surface completely screens the interior region from an external 
electrostatic field. 

When the conductors in an electrostatic field are replaced by 
others of different composition, the shapes of the conductors, 
their positions and charges remaining unchanged, the observable 
electrostatic phenomena are not in any way affected. 


§ 18-2. ExrorrosraTio Frecps. PoTentTriau 


An electrostatic field is completely described when we have 
given, for every point in it, the magnitude and direction of the 
1QObservable by any electrostatic measuring devices. We might 


indeed detect a flow of electricity in the interior, since one of its conse- 
quences would be a rise in temperature which would be observable outside. 
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force which would be exerted on a unit positive charge placed 
there, or rather, if we express it with strict accuracy, the quotient 
of the force exerted on a particle with an infinitesimal 
charge (and finite charge density) by the amount of the 
charge taken with its proper sign. ‘This force per unit 
charge is termed the field intensity (§ 2-4) and we shall repre- 
sent it by 


E=(E, & €) . . . . (182) 


Attention should be paid to the way in which the definition 
is framed. The charged particle is to be regarded as a charged 
body for which the quotient, charge over volume, is finite, and 
the quantity which is adopted as a measure of the field intensity 
is the limiting value of the quotient, force over charge, when 
the volume of the particle becomes infinitesimal. It will be seen 
that, with this definition as a basis, any method adopted to 
measure field intensity will not do violence to the character of 
the field being measured. 

Turning to the simple case of the field due to a single particle 
with the charge e, we find as a consequence of the definition of 
field intensity and equation (18-1), that 


S=ed(r). 2 . 2.) . (1821) 


at a point distant r from the charged particle ; and if, in order 
to facilitate descriptions, we suppose the particle to be at the 
origin of rectangular co-ordinates and regard r as a vector, 


r=(x,4,2),. . . . . (2822) 


the vector & will have the same direction as (18-22) when the 
charge e is positive. Therefore 


jG 2/1, 6/6 jy 0) t7/G- S7/t: 
Consequently 
x or 


ee = ep(r) — = ep(r j= 


Ey = op (r= opr )e (18-221) 
€. = op(r) = opr) 


Let dl =: (dx, dy, dz) represent a small displacement. ‘T’he 
work done on a particle, with a small charge on it, when it is 
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displaced from the point rp», with the co-ordinates (Xo, Yo, 20), 
to another point A will be, if reckoned per unit charge, 
A 
Ve | (Edl).. . 2). . (1823) 


If A be a fixed point which has been chosen (it may be quite 
arbitrarily) once for all, V is termed the potential at the point 
(%o, Yo. 20). It is easy to show that it is independent of the path 
of integration between r, and A, and that it is consequently a 
one-valued function of the co-ordinates (%o, Yo, 20) of the point 
In question. In fact 

A 


Ve | (€,dx + €,dy + €dz}, . (18-231) 


and therefore by (18-221) 


V =| ep(rydr, -... (18-24) 


To 
Since 


or or or 
5 ie + 3y 04 + 5 ae = dr. 


It follows from (18-231) that 


aV 

eae 
oV 

fy = — 5 (18-25) 
aV 

é.=— 5. 


It will be noticed that there is an arbitrary element in V, the 
upper limit of the defining integral being arbitrarily chosen. 
On the other hand, there is nothing arbitrary about the field 
intensity €, which is obviously quite unaffected by our choice 
of the constant A. We shall often make A infinite when this is 
convenient, provided, of course, that the integral (28-24) con- 
verges to a finite value as A approaches infinity. In this case it 
will be convenient to write V in the form 

A 00 


Vs | ed(r)dr = e | dir)dr = ef(rs),. . (18-26) 


Ta Fa 
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so that 


(ry) = -Y@) 8-261) 
dr 
It is now evident that, if we have two particles with charges 
e, and é,, the potential due to them at a given point is, in con- 
sequence of the axioms on page 2, 


V =e,f(r,;) +ef(r2),. . . (18-262) 


where 7, and 7, are the respective distances of the particles 1 
and 2 from the point in question, and more generally the potential 
at a given point, due to a number of point charges, will be 
expressed by 


V =Sef(rs). . . . . (18-263) 


For a volume distribution of electricity of density, p, i.e. p units 
of electricity per unit volume, equation (18-263) may be given 
the form 


y= | | | of(r)dedydz, . . . (18264) 


and when the charge is spread over one or more surfaces, instead 
of occupying a volume, 


Vv =| | ofras, 2. (18-268) 


o being the surface density and dS a surface element. In both 
expressions the integration is extended over the whole region 
(volume or surface) in which there are charges. 

In the formulae (18-264) and (18-265) one little difficulty 
has been neglected. The function f(r), as we shall learn (§ 18-4), 
has the form «/r and consequently the integral (18-264), for 
example, is made up of the elements apdxdydz/r. If therefore p 
differs from zero at the point where V is being calculated, this 
element becomes indeterminate, since apdxdydz and r have, both 
of them, the limiting value zero. We shall deal with this point 
in § 18-85. 

We have seen (§ 18-1) that a closed conducting surface 
completely screens the interior region from the external field ; 
so that an electric field cannot exist within such a region (in 
static conditions) as a consequence of an external field. An electric 
field within such an enclosure can only be due to charges within 
it. In the special case where the region within the closed con- 
ducting surface is completely filled with conducting material, 
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charges are completely absent in the interior; consequently the 
field intensity in a conductor in an electrostatic field is necessarily 
zero. When therefore a conductor is placed in a region where 
the field intensity differs from zero, a displacement of electricity 
(electrostatic induction, § 18) occurs in it, the ends of the 
conductor becoming oppositely charged. These induced charges 
give rise to a field which just annuls the original one in the 
region occupied by the conductor, so that the resultant field in 
the conductor is zero. All points in a conductor have therefore 
the same potential. We speak of this as the potential of the 
conductor. Since the potential difference between two neigh- 
bouring points, (x, y, 2) and (7 + dz, y + dy, z+ dz), is ex- 
pressed by 


—dV = €,dxz + &,dy + E,dz, 


in consequence of (18-25), it is evident that in the case of two 
neighbouring points on the surface of a conductor 


€,dx + €,dy + &,dz = (€dl) = 0. . . . (18°27) 


This means (§ 2:1) either that €, = €, = €, =0, or that € 
and dl = (dz, dy, dz) are perpendicular to one another. There- 
fore the electric field intensity, which of course can differ from 
zero outside the surface of the conductor, must be perpendicular 
to it in its immediate neighbourhood. This is merely another 
way of saying that the component of the intensity parallel to the 
conducting surface is zero in its immediate neighbourhood. 
Although therefore the field intensity in general changes dis- 
continuously as the boundary of the conductor is crossed, its 
component parallel to the boundary changes continuously, being 
in fact zero on both sides. This is a special case of a general 
boundary condition which will be described later. It follows of 
course from (18°27) that any equipotential surface is cut ortho- 
gonally by the direction of the electric field intensity. 


§ 18-3. PoTENTIAL DUE TO A CHARGE UNIFORMLY 
DISTRIBUTED OVER A SPHERICAL SURFACE 


Imagine a charge, @, to be uniformly distributed over a 
spherical surface (Fig. 18-3), the surface density being o, so that 


Q=4nR%o,. . . . «. . (183) 


where R is the radius of the sphere. 
Let OP be the straight line joining the centre of the sphere, 
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O, to any point P, which, in the first instance, we shall suppose 


Fic. 18-3 


to be outside the sphere. An element, dS, of the spherical surface, 
expressed in terms of polar co-ordinates, R, 6 and 4, is 


aS = fh? sin 0 dé dd, 
and we find for the potential at P (by 18-265) 


nw Qn 
V= | | of(s)R? sin 0dbd¢, 
0 0 
or 
d= -r 
V = Ro | f(s) sin 0d0. . . . (1831) 
é= 0 
Now 


st? = 72 + R2 — WR cos 8, 
and therefore 
2sds = 2rR sin Odd, 

sas 
or sin 6d§ = —~. 

rR 
On substituting this in (18:31) we obtain 

s=rb- ke 

270 


PR | sf (s)ds, 


s=r—fFh 


or by (18:3) 


s=rih 


ies oa | sf(s)ds. . . . ~~) (18°311) 


gor 
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If now we introduce a function, F(x), having the property 
ak ie) 


= af (2), » . .  (18°312) 
we may express V in the form 
_ se (pis 
Vexr = oR + &#) —F(r — &)}, (18-313) 


where Vyy7 is written to indicate that P is outside the spherical 
surface. If we assume P to be in the interior we must make an 
appropriate change in the limits of the integral in (18-311) and 
we thus obtain 


Ve OA F(R +r) —F(R—r)}.. (18-314) 


For a point on the spherical surface the two preceding expressions 
coalesce and give 


Var = su(P(2R) —F(0)}.. . (18-315) 


§ 18-4. THe Law or FORCE 


We are now in a position to deduce the law of force from the 
observational fact that the charge on a conductor is confined to 
its surface (§ 18-1). Consider two concentric conducting sur- 
faces, the outer one, A, with a radius a and charge Q, the inner 
one, B, with a radius 6 and charge gq. The formulae (18313), 
(18-314) and (18°315) give us for the potentials of the two 
surfaces 


Va = 2 F (2a) — F(0)} + LE F(a + 6) — Fla — 6)}, 


Vp = LF (2) — F(0)} + 2 {F(a + 6) — Fla — 6)}. (18-4) 


Ob? 


Experiment shows that when the surfaces are connected by a 
conductor, q¢ is zero, or so small that it cannot be detected experi- 
mentally. Therefore gq = 0 when V4 = Vg = V, and equations 
(18-4) become 


V = 2{F(2a) — F(0)} 
and. 


_@ Sie: 
V == {F(a +b) — F(a —6)}. 
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Consequently 
b{F(2a) — F(0)} =a{F(a + 6) — F(a — b)}. (18-41) 


Now this equation will still be true if we change b while keeping 
a constant. Let us therefore differentiate with respect to J, 
a remaining constant. We get 


{F(2a) — F(0)} = a{F'(a +b) + F’(a — b)}, (18-411) 


where 
Ff’ (a) means one) . . . (18-412) 
dx 
On differentiating again we obtain 
0O=al{F’(a+6)—F"(a —b)}, .  . ) (18°413) 
where 
F"(%) means ee 2 2 (18-414) 


Equation (18-413) simply affirms that the function F'"(x) is a 
constant. Therefore if 7 be the distance separating two point 
charges, 


F'7~7)=M . . . . . (18°42) 
M being a constant. Consequently 
F'(r) = Mr+N,. . ... (18°421) 
where JN is another constant, and by (18-312) 
F'(r) = rf(r). 
Therefore 
N11 
I(r) = M = oe 


On differentiating this, and making use of (18-261), we find 
N 
p(r) =a a GS (18:43) 


which expresses the law of the inverse square. Obviously N is 
identical with the constant «. 


§ 18-5. THe EXPERIMENTS OF CAVENDISH AND MAXWELL 


The accuracy of the inverse square law was tested by Cavendish 
in 1773 and his experiments were repeated, with slight modifica- 


1 The constant M will be zero when the upper limit A of the integ ral 
(18-24) is infinite. 
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tions, by Maxwell at a much later date. All experiments of this 
type have failed to indicate any charge on the inner of the two 
conducting spherical surfaces referred to in § 18°4. Therefore 
q = 0 or is very small, and if the law of force be assumed to 
have the form 


dir) =art-2, . . 2. . (1855) 


it is evident that s, if different from zero at all, is too small to 
be determined. Cavendish, however, was able to estimate | s |, 
the absolute value of s, to be less than 1/50. He used a gold- 
leaf electroscope in his experiments. Maxwell, using the more 
sensitive quadrant electrometer, was able to reduce this limit to 
1/21600. 

Writing ¢ in the form (18-5) we have for the function f of 
§§ 18-3 and 18-4 


fir) = j dean = o [ arta 


Tr 


s—l 
or f(r) = rr ; 
and 

or 

f(r) = 

Consequently by (18-312) 

orstt 
or F(r) — F(0) = 5 =e" oe, . (18°51) 


and since s is known to be very small compared with unity, it 
will suffice to write this in the approximate form 


F(r) — F(0) =ar(1+slogr). . (18-511) 
Equations (18:4) now become 
Q q 
Va=—4+356, 
2at ab tL . (1852) 
Ve= B+ 20, 
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where 


= 2aa{l +s log (2a)}, 
B = 2«b{1 + s log (26)}, 


_ 8 (a a-+b ‘ _ 
C = 2b] 1 +34 log — aa b )} || 


Now substitute these expressions for A, B and C in (18-52), 
remembering that we may neglect not only squares and higher 


powers of s, but also any term involving such products as sq. 
We thus get 


(18-521) 


oak + s log (2a)} +“, | 
. (18°522) 
Ve= a 44 Shi + 55 OB ate (a? — wh] 


In the experimental procedure of Cavendish the two spheres, 
while connected by a conductor, were charged to a relatively 
high common potential, V. The inner one was then insulated 
and the outer one, consisting of separable hemispheres, removed. 
This was equivalent to making a infinite. The directly observed 
quantity was the resulting potential, V,, of the inner sphere.! 
Cavendish was able to estimate the biggest value of V,/V which 
he would just fail to detect with his electroscope, and from this 
estimate to compute the corresponding value of | s |. 

It follows from the second equation (18-522) that 


ag 
) ne b 9 
and thus 
———! b 1 e 
g= en (18-53) 


For the original common potential, V, we have from (18-53) 
and from the second equation (18-522) 
(a? — ie) |. 


y=, +B +5 at log £5 
(a — 6} |, (18-531) 


—b 
Whence 


g =H th 3h 0 


1 This is a convenient mode of expression. The potential, V,, turned 
out in fact to be too small for measurement or detection. 


a+b 
—b 
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while the first equation (18°522) gives us 


=a + log (2a)}+%% (18532) 


On eliminating @ and q from the three equations (18°53), (18-531) 
and (18-532) we get 


OV ae 5 {log ag — Flog 2+ =, (18-54) 


a V 2 b 


an equation which enables the value of s to be computed. 

In Maxwell’s form of the experiment the outer sphere, instead 
of being removed, was simply earthed, which was equivalent to 
giving it the potential zero; ie. V4, —=—0. There would be a 
consequent very small induced charge @, on the outer sphere 
(Q, vanishing of course if s = 0). At the same time the inner 
sphere would acquire a small potential V,. Therefore we have 
from (18-522) 


0 = mete + slog (2a)} + — =, 


or since @,s is a product of two small quantities, 


O0=Q,+q,.. . . . . (18°55) 
and 
_ gy , as 
V.= pt (18-551) 


If Q and V are respectively the original charge of the outer 
sphere and the original common potential, we have from (18-522) 
the further equations 


= #4 + slog (22)} +2. . (18552) 


yaw 4 af n S(t tog 2 see - (18-553) 


On eliminating Q, q and Q, from the four equations (18-55), 
(18-551), (18552) and (18-553) we get finally 


Vi 4a® aa, a +b : 
r= 3 {8 3 —_ Flog =I . (18-56) 


which again enables us to compute the value of s corresponding 
to the estimated upper limit of the value of V,/V. 
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§ 18-6. FIELD DUE TO A DISTRIBUTION HAVING SPHERICAL 
SYMMETRY 


Since experiment indicates that the number s of the preceding 
paragraph is zero or negligibly small, we may write for the function 
Fir), by (18-51) or (18-511), 

Fir) —F(0) =ar. . . . . (18-6) 
In consequence the formulae (18-313), (18-314) and (18-315) 
become 


V exer = aS . . . . (18-601) 
Vine = Vsur = a i . : (18-602) 
Therefore the field intensity owfside the sphere is 
_ eV _ af 
Or rk’ 


which is precisely what it would be if all the charge, Q, were 
concentrated at its centre instead of being distributed over its 
surface. On the other hand the potential has the same value, 


namely . at all points on and within the spherical surface. 
The intensity in the interior is therefore everywhere zero. We 
have then 


& = za for external points, 
r (18-61) 


€ = 0 for internal points, 


where 7 is the distance of the point from the centre of the sphere. 

Consider now the case of two concentric spherical surfaces of 
radii r, and r, (r,<c7,), each having a charge uniformly dis- 
tributed over it, the respective charges being Q, and Q,. At all 
points within both spheres the electric intensity will be zero ; 
at any point between the two spherical surfaces it will be equal to 


a) 
ye 
where @, is the charge on the inner sphere and r is the distance 
of the point in question from the common centre; because the 
outer sphere contributes nothing to the intensity at a point 
within it, while the inner one contributes as if its charge were 


? 
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concentrated at its centre. Ata point distant 7 from the common 
centre, and outside both spheres, the intensity will be 


a(Q, + Q2) 


2 


Any spherically symmetrical distribution of charge can be 
regarded as built up of concentric spherical shells of infinitesimal 
thickness, the charge per unit area, o, being constant over any 
one shell. It appears therefore that the intensity at the distance 
r from the centre of symmetry is 


e- 8 (1862) 


where @ is the total charge withon the sphere of radius r. 
At a point within a sphere throughout which p is constant 
equation (18°62) gives us 


eae (18°63) 
since 
47073 
Y= 3 


If the centre of the sphere be the origin of rectangular co-ordinates 
r will be the vector 


ree(wy,z) . . . . . (18°64) 
The components of € are consequently 
3 
4 700.p 
Epa nstyep 2... (18°65) 
E, trop | 
Hence, within the sphere, 
0€. es cy ~|~ 0€., — 474 
ac | Oy a 
or divE =4nup. . . . . . (18°66) 


The validity of this result is not confined to the special co- 

ordinates we have chosen. since (§ 2:4) div € will have the 

same value whatever rectangular axes of co-ordinates we employ. 
) 


aa 


18 THEORETICAL PHYSICS [Ch. I 


§ 18:7. THe Equations or LAPLACE, POISSON AND GAUSS 


Nor is the validity of (18°66) restricted to the special case 
for which it has been proved. To demonstrate this we shall 
first show that div € is zero at any point in the neighbourhood 
of which p is zero, or, what amounts to the same thing, that 
V?2V is zero (§ 2-4) at such a point, whatever may be the distri- 
bution of electricity outside this neighbourhood. The potential at 
any point is given by (18-263), in which 

foy= m4 


r? 
= = (§ 18:4). 
: 
We have therefore 
V = od oe (18°7) 


By hypothesis there is no charge in immediate neighbourhood 
of the point in question and we are therefore relieved of any 
uncertainties which might arise from 7, in (18°7) becoming or 
approaching zero. Now it has already been shown (§ 3:1) that 


] 


V2— = 0. 
i 
Therefore it follows that 
V°V=0, . . . . . (18°71) 
or div € — 0, 


at a point in the neighbourhood of which p is zero. The result 
(18-71) is the equation of Laplace (see § 11). 

We now inquire about the value of div € at a point where 
p differs from zero, and in thé neighbourhood of which it varies 
continuously. If we imagine a sphere of radius f described 
with this point as centre, it is clear that, if R be made small 
enough, the density p will be sensibly constant throughout the 
sphere. We find therefore by (18°66) 


div © = 4mup,. . . . . (18°72) 


since by (18°71) the charges outside the sphere contribute 
nothing to div €&. This result is equivalent to 


V?V =—4nop, . . . (18°721) 
which is Poisson’s equation (§ 11). 
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Let us multiply both sides of (18°72) by the volume element 
dx dy dz and integrate over the volume contained within a closed 
surface S. This gives us 


Jf aiv E dx dy dz = ana | | {p dx dy de. 


Applying the theorem of Gauss (§ 3) and observing that, if 
@ is the total charge within the closed surface JS, 


|| fe dx dy dz = Q, 
we obtain the equation 


| | eas) = 4x00, . oo... (18°73) 


which is also known as the theorem of Gauss. 


§ 18-8. Lines AND TuBES oF FoRCE—CoULOMB’s Law 


The Gaussian formula (18°73) takes a specially simple and 
suggestive form when we express it in terms of Faraday’s lines 
of force. These are constructed to represent the direction of 
the field intensity. That is to say, the tangent to a line of force 
at any point on it gives the direction of the field at that point. 
We shall introduce the convention that the number of lines 
passing through a surface element dS, in the sense of its 
vectorial arrow, is (&, dS). Equation (18°73) thus becomes 


N=4nm0Q, . . . . . (188) 


where N is the number (in an algebraic sense) emerging through 
any closed surface within which the algebraic sum of the charges 
is Q. 
It follows from (18-8) that, in an electrostatic field, the lines 
of force start from positive charges and end on negative charges. 
For when a surface encloses a region within which there are no 
charges at all, the algebraic sum of the lines emerging from it 
is zero. The lines therefore pass right through it, or else they 
form closed loops within it. This latter possibility is however 
excluded, because the line integral 6(&, dl) round such a loop 
would differ from zero, and this is impossible in an electrostatic 
field by the equations (18:25) and Stokes’ theorem. The lines 
of force must therefore pass right through any region which 
contains no charges. They can consequently only begin or end 
on electric charges. We have tacitly assumed only one dielectric 
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medium throughout the electrostatic field, or in other words we 
have supposed « to have everywhere the same value in the 
dielectric. It is possible, as we shall see, for the lines of force 
to begin or end at the boundary between two different dielectrics 
even when there is no charge there. 

Obviously the lines of force cut equipotential surfaces 
orthogonally (§ 18-2), and the definition of number of lines of 
force given above makes the number crossing an equipotential 
surface € per unit area. 

Imagine a closed loop on an equipotential surface, and the 
lines of force constructed which pass through the points on the 
loop. The tubular region which they bound is called a tube 
of force. If ab be a small portion of 
the surface of a conductor enclosed 
within the tube of force (Fig. 18-8, in 
which the surface ab is perpendicular 
to the plane of the paper), or if the 
loop mentioned above bound a small 
area ab on the surface of a conductor, 
the tube will begin (or end) there. 
Let its cylindrical surface, indicated 
by ac and bd, be produced a short 

Fra. 18-8 way into the conductor as shown by 

ea and fb, and suppose the resulting 

short cylinder ec, fd closed by the surfaces of arbitrary shape ef, 

cd, the former in the conductor and the latter in the dielectric. 

It is now evident that lines of force, shown in the figure by 

arrows, emerge (or enter) through cd only and that the number 
of them is 


4nao X (area ab) 
by (18°8), o being the surface density. This must be equal to 
€— x (area ab), 


since € is equal to the number of lines per unit area. Con- 
sequently 


E=4nu, . . . . . (1881) 


a result which is usually termed Coulomb’s law. ‘This equa- 
tion may of course be written 


aV 
— = daw. . . . (18-811) 


where OV /on represents the potential gradient just outside the 
conductor, n having the direction from conductor to dielectric ; 
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and since its value is zero within the conductor, we see that it 
changes discontinuously at the boundary surface of a charged 
conductor. 

Instead of constructing lines of force we may, alternatively, 
make a map of an electrostatic field with the help of equi- 
potential surfaces. Let an assemblage of these surfaces be con- 
structed in such a way that the potential difference between 
every pair of consecutive surfaces has the same small value, 
the resulting map will represent the field intensity both as 
regards direction and magnitude. The intensity at any point 
is of course directed along the normal to the equipotential 
surface in which the point lies, and as its value is — dV /dn, 
its magnitude is inversely proportional to the separation of two 
consecutive equipotential surfaces in its neighbourhood. 


§ 18-85. A SoLurion or Porsson’s EQUATION 


If V in Green’s formula (3°15) be the electrostatic potential, 
we may replace the W?V in it by — 4p in accordance with 
Poisson’s equation (18°721) and thus obtain the solution : 


Lpr(lav a(=) 
_ (((% 1ce(pav 
Vo = [[ [Pde dy de + —((\- _ — Vt \as, (18-85) 


in which V, is the potential at any point, r is the distance from 
this point to the volume element dx dy dz (or to dS), and the 
surface integral is extended over a surface bounding any region 
containing the point at which the potential 

is V,. This formula therefore enables us to 

calculate the potential at any point in a 

region, provided we are given the values of 

V and 0V /dn at all points on its boundary, 

and the distribution of charge within it. 

It is convenient to have the co-ordinate 

origin at the point, O, where the potential, 

V,, is to be calculated ; for then we may 

regard r as a vector with the components Fia. 18-85 

x, y and z. 

To illustrate the full significance of (18°85) we shall apply 
it to some special cases. In the first place let us suppose that 
all the charges are contained within a limited region, abc 
(Fig. 18-85), and that therefore the rest of space is devoid of 
charges. We are also assuming that the whole of space is 
occupied by a single dielectric medium. Let us inquire about 
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the potential, V,, at some point, O, within, or near, abc. 
According to (18-264) it is given by 


Ve = || [ae dy de, . - (18-851) 


the integration extending over the whole of the region where 
charges exist, i.e. over the region «abe or, if we chose, over 
any larger volume containing abc; since by hypothesis the 
integration over the extra volume contributes nothing to 
(18-851). To see that the solution (18°85) is in agreement with 
(18-851), let us imagine the volume integration to be extended 
over a sphere of very large radius, &, having its centre at O. 
Since R is very large, the value of V at any point on the 
spherical surface will be, at most, of the order of 1/R, and 
therefore the terms in the brackets. { }. will be, at most, of 
the order 1/R3. On the other hand the area of the spherical 
surface is 42R?, and consequently the surface integral is of the 
order of magnitude 1/f, at the outside. It vanishes therefore 
for a sphere of infinite radius. Thus the expression for the 
potential reduces to (18°851), and incidentally we learn the 
surface integral must be equal to zero whatever R may be, 
provided, of course, that it is large enough to enclose the whole 
of abc. 

The artificial character of the preceding illustration is in- 
tended to simplify it and need cause no misgivings. The follow- 
ing problem is much less artificial, and 
elucidates the meaning of the surface 
integral in (18°85). In Fig. 18-851 abc is 
a spherical surface forming the boundary 
between a dielectric medium, filling the 
interior, and a surrounding conducting 
medium. We imagine a charge @ to be 
concentrated at the centre, O’, and that 
the surrounding conductor is maintained 

W////, ab some fixed potential V. The problem 

Fic. 18-851 is to find the potential V, at a point O 

at a distance s from the centre. As in 

the preceding example, it can be solved by elementary means, 
and without invoking the aid of (18-85). We have in fact 


Vo =aQ{l/s-1/R}+V.. . (18-852) 


In applying (18-85) we may suppose the surface over which 
the surface integral extends, to be just within the spherical 
surface, separated from it by an infinitesimal interval. The 
volume integration then includes merely the charge Q at the 
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centre 0’ and yields the contribution «Q/s. The surface integral 
consists of two parts, the first part being 


lerrlaVv 
ul ran 2°: oe. (18-853) 
Now OV /dn is identical with the component of &, the electric 
intensity, perpendicular to the spherical surface in the inward 


direction. By (18-81) we may imagine a charge density, o, 
on the surface, given by 


av = 4700.1 


on 
The contribution (18-853) to the surface integral thus becomes 


| | 20g, 
Tr 
ie 
or aol | —, 
_T 


since o is constant in the present case. Now it can easily be 
shown that (= = 4n7R.2 This part of the surface integral is 


therefore 
4znaoR, 


47a0.R? 
R 


al)’ 
Rp’ 
Now Q’ must be equal to — Q. Hence we obtain 
—aQ@/R. . . . . (18°854) 
The remaining part of the surface integral is 


or 


or 


oat pre, 


1 This does not contradict (18-311) since m has here the opposite direc- 
tion. 

4 The proof of this is contained virtually in § 18-3 and is left to the 
reader. 
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In the present case V is a constant and 


where 6 is the angle between the directions of r and n. The 
contribution to the integral is therefore 


ly | | cos Odi; 
ye 
Obviously 
cos 6dS _ 


yt 


where dw is the solid angle subtended by dS at O. Therefore 
we have 


dw, 


ae — __ ee a ° 
[|e im = Vo. . (18-855) 


The three contributions «@Q/s, (18°854) and (18-855), yield, as 
we expect, precisely the expression we have found by more 
elementary methods. 

Had we taken the surface owtside abc, the first part of the 
surface integral would have yielded zero, since in the conducting 
medium dV /dn is zero; the second part of the surface integral 
would have given us just the same expression as before, namely 
V; but the volume integration in such a case would have in- 
cluded the charge induced on abc and would thus have given us 
both the terms «@/s and — «Q%/R, with the same final result 
as before. 

This illustration brings to light the significance of the two 
portions of the surface integral. We may regard the first part 
of it as representing the contribution to the potential at O due 
to charges spread over the surface and having a surface density 
dV /42a0n, while the other part takes account of the influence 
on the potential at O of the potential (or potentials) imposed 
on the boundary surface. 

It may be pointed out here that the difficulty referred to in 
§ 18-2 is solved by the solution (18-85), or, strictly speaking, 
by Green’s formula (3°15) out of which it emerges. It appears 


1 Tf, for example, r were a line drawn from the origin, and n were the 
X axis, Or/ox = x/r = cos 0; where @ is the angle between the directions 
of 7 and a. 
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from the derivation of this latter formula that if the indeter- 
minacy in such an integral as 


| | FVi7 de ay de, 


which arises in consequence of W?V differing from zero at the 
point r = 0, be removed by describing a sphere with this point 
as centre, excluding the spherical volume from the integration, 
and then proceeding to the limit r = 0, we obtain the correct 
value for V,. Such an integral is therefore always to be inter- 
preted in this way (see § 3:1). 


§ 18-9. DIsTRIBUTION OF ELEOTRICITY OVER CONDUCTING 
SuRFACES. EQUIPOTENTIAL SURFACES 


When an isolated charged conductor has a simple geometrical 
shape it is easy to determine the distribution of electricity over 
its surface. In the case of an isolated sphere the surface density, 
o, has obviously the same value at all points on the surface. 
In the case of an isolated ellipsoidal conductor the value of o 
at any point is proportional to the length of the perpendicular 


Fie. 18-9 


from the centre of the ellipsoid to the tangent plane at the 
point in question. This can be shown in the following way: 
Let the charged conducting ellipsoidal surface be represented 
by m, n, p (Fig. 18-9). The intensity at any point o in the 
interior is of course zero (§ 18:2). Imagine a cone of infinitesimal 
solid angle dw, with its apex at o, Let it cut the conducting 


26 THEORETICAL PHYSICS [Ch. I 


surface in the surface elements dS,, and dS,. It is clear that 
o has to conform to the condition 
FmtSm _ 7n@Sn (48-0) 


(mo)? = (no) 


It is convenient to suppose the section shown in Fig. 18-9 to 
pass through the centre of the ellipsoid. If we now construct 
a second surface, m’, n’, »’, outside the ellipsoid m, n, p, and 
separated from it everywhere by a very small (infinitesimal) 
distance and imagine the interspace to be occupied by electricity 
of constant volume density, p, instead of having a surface dis- 
tribution over m, n, p, we can easily show that the condition 
of zero field intensity at o leads to 
(mm') =(nn’),. .  .. (18-901) 
provided both are infinitesimal. For then we must have, instead 
of (18-9), 
pad Ap, (mm ) = pad A, (nn') 
(mo )? (no )* 


b) 


where dA,, and dA,, are the projections of dS,, and dS, on planes 
perpendicular to (mn), and consequently 


The result (18-901) must hold for any point, O, and for any 
direction (mn), and consequently the outer surface m’n’p’ must 
be an ellipsoid similar, and similarly situated, to the ellipsoid 
mnp. It dn represent the normal separation of the two surfaces 
at any point, the equivalent surface density, o, is represented by 


o = pdn. 


Let a, b, c be the semi-axes of the conducting surface. Those 
of the outer surface will be 


a(l + ¢«), 6(1 + «), c(1 + 6), 


where ¢« is an infinitesimal number. If P be the length of the 
perpendicular from o to the tangent plane at any point of 
m, n, p, it is easy to show that 


dn = eP. 


Therefore 
o=pdn=epP. . , . (18-902) 
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The total charge, Q, on the surface, m, n, p, is equal to the 
product of p and the volume of the interspace. Hence 


4 
Q = Saari +e) — 1h, 
or Q = 4nabcep, 
since « is infinitesimal; or finally by (18-902) 
P 
CG = hoeabe: - (18 91) 


A simple verification of this result is obtained by applying it 
to the case of a sphere. Here the perpendicular P and the semi- 
axes a, b and c are all equal to the radius r of the sphere, and 
so (18°91) becomes 


7-2 


Ager? 


as we should expect. 
If a suitable system of reference be used, the co-ordinates 
(x, y, 2) of any point on the ellipsoidal surface satisfy the equation 


2 y? a2 
- + Aa a =— |, : ‘ 4 ‘ (18-92) 
Consider now a point (x, y, z) outside this surface. Obviously 
(x, y, z) will satisfy the equation 
x2 y? ge _ : 
a pee aa . (18-921) 


provided a suitable value be given to 4. Given 2, y and z the 
equation (18-921) is a cubic equation in A and if a? > 6? >c? 
the three values of A are all different. This can be made evident 
with the help of Fig. 18-91, which represents the relation between 
f(A) and A, where f(A) means the left-hand member of equation 
(18-921). There is some positive real value, 4,, of 4 which 
satisfies (18°921) and therefore gives f(A) the value unity; for 
any point outside the ellipsoid (18-92) can be regarded as situated 
on a confocal ellipsoid the semi-axes of which exceed a, b and c 
respectively. As A diminishes from 4,, the function f(/) increases, 
approaching + oo as A approaches — c?. For values of 1 between 
—c? and — 6%, f(A) varies from — o to + o, and therefore 
there is a value, A,, between — c? and — 6? for which f(A) = 1, 
Similarly there is a third value, 4,, between — 6b? and — a? which 
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ee eee 4- 
l 
] 
-a A, -L° A, -c° | 
= jl 
Fic. 18-91 
satisfies f(A) =: |. The point (x, y, 2) is therefore the point of 
intersection of the three surfaces 
yA y" 2 
ae eee eee ome —] 
ary alae ales Way ea 
a2 y? ie 1 
Ae. ee ” BB th leer sariear i ee co? + As — 4; - ‘ (18-93) 
a2 g2 


ees =] 
aay tay 1 ag 

of which one is an ellipsoid and the latter two of which are 
hyperboloids. Jf we subtract the first of the equations (18-93) 


from the second one we get 


2 2 
(to hommes aoe one 


a2 


((a?--Ay)(a? Ag) (b?+-A,)(b?+A2) (C2 +Ax)(C2 +A, Sek) | _ 
and since A, ~ A,, 
A i yy" ae 
(@+A,)(@+A2) © (B+A,)(V+A) " ra, \(c2+A,) 
(18-94) 


If D, and D, be defined by the positive square roots of the 
expressions 
2 fe 2 
DS as a ee ee 
: (a? + A,)? - (b? + 4,)° = (c? + A,)® 
rn? 


_ vt we, 
Gea Of ay eee 


2 Set 
2 = 
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the direction cosines of the normals to the two surfaces at 
(uz, y, 2) are 


= 2 ee 
(%1, Bi, ¥1) = (= +4, b+, c®? + z)[?: 


and 


Bs os oe ee) 
(%2, Ba Ye) = (a A? bi Ae ch z)/ 2 
respectively, and equation (18-94) is equivalent to 


a%+ApPetyiy, =O . . (18-941) 


Therefore the two normals are at right angles to one another. 
It is obvious that a similar result is true for any pair of the 
three surfaces. Therefore all three intersect in the point 
(x, y, z) orthogonally. Instead of using the rectangular co-ordinates 
(x, y, z) of the point, we may for many purposes more con- 
veniently use (A,, 4., A3), which we may term its elliptical co- 
ordinates. All points on and outside the ellipsoidal conducting 
surface (18°92) will be represented by values of 4,, A, and A, 
ranging from 0 to oo, — c? to — b? and — b* to — a? respectively. 
The intersections of the associated hyperboloids constitute curves 
which cut the ellipsoidal surfaces including (18°92) orthogonally. 
These curves are therefore the lines of force, while the ellipsoidal 
surfaces are associated equipotential surfaces. In the special 
case where, for example, b? = c? and the ellipsoid (18°92) becomes 
a figure of revolution about an axis, it is easily seen that the 
lines of force are the intersections of a set of hyperboloids and a 
set of planes intersecting in the axis of revolution. 

Many problems concerned with the distribution of electricity 
on spherical surfaces and other electrostatical questions may be 
solved by the method of images devised by Lord Kelvin (see 
§ 20-4 and the sections immediately following it), or by the 
methods of inversion and conformal representation by means of 
which we can, when we have solved one problem of equipotential 
surfaces and lines of force, obtain the solution of another. 


CHAPTER II 


DISPLACEMENT AND POLARIZATION—STRESS 
AND ENERGY IN DIELECTRIC MEDIA 


§19. ELEctricaL CAPACITY 


MAGINE a conducting surface (E in Fig. 19) enclosing a 
| region which, except for the space occupied by one or more 
conductors, is completely filled by a dielectric. We may 
conveniently assign the potential zero to this surface. Any 
charge given to one of the conductors, A, will, as we know, 
be associated with induced charges on the other conductors, and 
on the interior of the surrounding surface; the algebraic sum 
of all these charges being zero. The space occupied by the 
dielectric will constitute an electrostatic field with a definite 
field intensity at every point. 

We may imagine the whole 

of this space mapped out 

by equipotential surfaces 

(among which will be in- 

A cluded those of the con- 

ductors) and by lines of 

force cutting them ortho- 


E gonally. If an exactly 
= similar configuration of 
GK? charges, i.e. one for which 


the surface density, o, has 
precisely the same value at the same points, were superposed on 
the initial one, the resulting field intensity at every point in the 
dielectric would remain unchanged in direction ; but would have 
its absolute value doubled (in consequence of the axiom at the 
beginning of § 18-1). Suppose now that only one conductor, 
A, within the region enclosed by EK has had a charge communi- 
cated to it, all other charges being induced charges consequent 
on the charging of A. It is clear that doubling the charge on A 
will have the consequence that the sign of o and the direction of 
the field intensity, €, will remain everywhere unaffected, but their 

30 
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absolute values will be doubled. A very obvious extension of 
this argument enables us to assert that the multiplication of 
the charge on A by any factor, a, leaves the sign of o and the 
direction of the field intensity, €, everywhere unchanged, 
but multiplies their absolute values by a. If therefore the 
charge on A be equal to Q, 


E&=bQ,...... .. (19) 


where & is the field intensity at a given point, and b is a vector 
which is independent of Q and is a function of (x, y, z) the 
co-ordinates of the point in question. In fact b is the electric 
intensity at this point associated with the unit charge on A. 
The potential, V, of the conductor is expressed by 


Ki 


V = | (Edi), - 2... (19°01) 


the path of integration starting at any point on the conductor, 
A, and ending on the surrounding surface I. It is convenient 
to suppose it to coincide with a line of force, though this of course 
is not necessary. We have then 


K 


V =Q | (bal). (419-011) 
The integral 
EK 
| (ban 1902) 


A 


is a constant, for given positions and shapes of the conductors 
in the region, and for a given dielectric medium. It is in fact 
the potential of the conductor A when its charge is the unit 
one. The reczprocal of (19°02) is termed the capacity of A. 
If we represent it by C, we have from (19-011) 


Q=CV.. . . . . . (19:03) 


When A is a spherical conductor, and when the surrounding 
conducting surface is likewise spherical and concentric with A, 
the intervening space being wholly filled with the dielectric 
medium, the integral (19-02) becomes 


7 


a=a(S 
C rp? 


kr 
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oF Lwaead 
C Cl\R at 


where £ is the radius of the sphere and r that of the surrounding 
conducting surface. Hence 

_ Rr 

— a(r — R) - 


It will be seen that the capacity of such an arrangement of 
conductors can be increased indefinitely by allowing r to approach 
indefinitely close to & in value. Any arrangement of this type 
is called a condenser—this special example being a spherical 
condenser. 

Imagine the radius, r, of the surrounding conducting surface 
increased, so that 1/r becomes negligible by comparison with 
1/R. The capacity (19°04) then becomes 


ca | | | |. (49-041) 


x 
This is the expression for the capacity of an isolated spherical 
conductor. 

Let the conductor, A, be a very long cylinder, so that we 
may assume its length to be infinite by comparison with its radius, 
k. Suppose further that the surrounding conducting surface is 
a co-axial cylinder of radius 7, r >A. If the cylinder, A, be 
charged, the charge per unit length in regions far removed from 
its ends will be sensibly constant. Let it be @. The lines of 
force will pass radially from the inner cylinder, A, to the sur- 
rounding one, the number intersecting the unit length of any 
co-axial cylinder of radius r’ being 


AnaQ 
by (18:8). The number cutting the unit area of it will therefore be 
4nut) 20) 
2ar’ y 


Hence the integral (19-02) is in this case 


(19:04) 


/ 
° / 


adr r 
2a | —- = 2a log — 
R’ 


7" 


and consequently 
C--t.. . (19-05) 


2a log - 


where C is the capacity per unit length. 
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Let us represent r — FR in (19-04) and (19-05) by d and sup- 
pose d <R., The two formulae then become 


caf... . . (19-06) 
ad 
and 
R 
Ca e e e ry (19-061) 


respectively, the former being the capacity of the spherical 
condenser, the latter that of the unit length of the cylindrical 
condenser.! The area of the spherical condenser is 47R?. That 
of the unit length of the cylindrical one is 27R; and therefore 
we find for the capacity per unit area, in both cases, the expression 


] 
op . (19°062) 
and for the capacity of some restricted area S the expression 
S 
OS 7 » 6 « 6 « (19°07) 


of two parallel plates ; since such a\condenser may be regarded 
as part of a spherical condenser of enormous radius. The lines 
of force, over such an area, S, will run perpendicularly to the 
two conducting surfaces ; and the number per unit area cutting 
any surface perpendicular to them, i.e. parallel to the conducting 
surfaces, will be everywhere the same. If however we were to 
cut the portion, S, out and separate it altogether, this would 
no longer be true and the formula (19-07) would then have 
approximate validity only. In order to secure the accuracy of 
(19-07) for a parallel plate condenser Lord Kelvin introduced 
the device of the guard ring, illustrated in Fig. 20-2 (B). 
The effective part of the condenser is represented by the plate 
cd of area S and the corresponding portion of the larger plate, 
ef, opposite to it. The guard ring, g, surrounds cd and is sepa- 
rated from it by a very narrow insulating annular space. The 
effect of this arrangement is that, when a potential difference is 
established between cd and ef (the guard ring, g, having the same 
potential as cd) the electric intensity in the region between 
cd and ef will be everywhere perpendicular to the two plates 


This is the expression for the ch of a condenser consisting 


1 Since log j= = log 1 +°5*) = log +4), and as d/R is 
d 


very small, log (i + £) = 


3 
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and uniform, and the capacity of this portion will be correctly 
given by (19-07). <A similar device is also employed with 
cylindrical condensers. 

It is easy to compare the capacities of condensers experi- 
mentally. This can be done by comparing directly the charges 
associated with equal differences of potential between the plates 
of the condenser. Such experiments (first carried out by 
Cavendish and somewhat later by Faraday) reveal that the 
capacity is not in any way dependent on the material of the 
conductors ; but that it does depend on the nature of the 
dielectric medium. For instance, two spherical condensers, 
for which #& and r have the same respective values, are found to 
differ in capacity when the dielectrics in their interspaces are 
different. This means that the constant « has different 
values for different insulating media. It is usual to call 
the reciprocal of « the dielectric constant of the medium. In 
order, however, to meet the difficulties due to the multiplicity 
of absolute electric units in common use, we shall write 


a= »~ 2. . « « (19°08) 


where A is a pure number and merely introduced to facilitate 
the passage from one system of units to another. We shall 
usually assign to it one or other of the values 


4=1 | | | |. (149-081) 

or A=1/4n} 

K is the dielectric constant. We may therefore write for the 
force between two charged particles (§ 18-4) 


A ee, 
a 19-082 
K 7? ( ) 
while the formulae (19-04) e¢ seg. for capacities become 

C= ae (spherical condenser), . . . . (19°09) 
Gis a isolated sphere),. . . . . ~~ (19-091) 
C= =o (unit length of cylindrical condenser), (19°092) 

log = 

2A log R 
= a 7 (parallel plate condenser). . . . (19-093) 


As a rule A is given the value unity. When the value 1/42 
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is adopted for A we shall call the units Lorentz-Heaviside 
Units. Having decided what value shall be assigned to the 
numerical constant, 4, we may completely define our system of 
units (for electrostatic phenomena) by assigning the value unity 
to the dielectric constant, K, of some arbitrarily chosen dielectric 
medium. When the medium so chosen is empty space—if we 
may be permitted to use the term ‘medium ’ for empty space— 
we shall term the units electrostatic units. 


§ 19-1. PHystoan Unrrs—Divensions oF PHYSICAL 
QUANTITIES 


At the outset of this work (§ 2) we considered a particular 
physical quantity, which we called a displacement. When 
we abstract from its vectorial character, and give our attention 
solely to its absolute value, we speak of it as a length. It is 
one of the simplest physical quantities, and one of those by 
means of which we endeavour to express other physical quantities. 
The unit used to measure it is fixed arbitrarily. For scientific 
purposes the centimetre has been adopted; but we might 
equally well (apart from considerations of convenience) have 
chosen any one of a multitude of other units. The next in order 
of the physical quantities we have met is time. This is likewise 
measured by an arbitrary unit, the mean solar second. It is 
true that in a certain sense these units are not arbitrary. The 
centimetre, for instance, is determined by a larger unit, the 
metre, which was originally intended to be equal to the distance 
from the equator to the pole multiplied by 10-’. The mean 
solar second has a simple numerical relationship to the mean 
period of the rotation of the earth relatively to the sun. These 
facts however do not fix the precise magnitude of the centi- 
metre and the second. The metre, for example, has turned out 
to differ appreciably from 10~’ times the quadrant; but its 
one-hundredth part continues to be our scientific unit of length. 
Most physical units, as we shall see, are, or can be, precisely 
determined in terms of the values adopted in ad hoc fashion for 
the units of length, time and for certain other physical quantities. 
Such units are said to be derived from the arbitrarily chosen, 
or fundamental, units. As an instance of a derived unit we 
may take that of velocity (or speed as we shall term it when 
we abstract from its vectorial character). We may of course, 
and we sometimes do, measure speeds in terms of arbitrary 
units ; but we nearly always determine them by the formula 


dx 
a? (19-1) 


v= 


36 THEORETICAL PHYSICS (Ch. IT 


where v is the speed and dz is the short distance travelled by 
the particle or other object in the short time dt, or in some 
equivalent way. And it is clear that, when we have fixed the 
units of length and time, that of speed is precisely determined 
by (19-1). We might of course use such a formula as 


dat 
dt’ 


where & is a constant arbitrarily assigned once for all. This 
constant does not measure or express any property of a particular 
body or medium, or any physical quantity or relationship. It 
is a mere number associated with the definition (19-11). It 
has a universal significance and we shall say that it has no 
dimensions. Apart from the universal number, k, a speed is 
determined by the ratio of two physical quantities (or two things 
which we measure), namely displacement (length) and time of 
displacement. We describe this relationship by saying that its 
dimensions are those of length divided by time, or 


LT... 2... (19+) 


Another instance of a quantity usually expressed in terms of 
a derived unit is that of volume. Occasionally volumes are 
expressed in terms of arbitrary units such as the pint, gallon, 
etc. The derived unit of volume universally used is that of a 
cube, each side of which is equal to the arbitrarily chosen unit of 
length. With such a derived unit the volume of a sphere, for 
example, is expressed by 


v=k (19-11) 


4. 
V = -ar, 
3% 


where r is the radius of the sphere. We might of course have 
defined this volume by 


V= ka 


where again k is an arbitrarily assigned number—not necessarily 
equal to & in (19-11)—fixed once for all, for the measurement 
of volumes. With this definition of volume, that of a rectangular 
block would be 

V = kabce, 
where a, 6 and c are its length, breadth and height respectively. 
The dimensions of a volume are, obviously, described by L°. 


We now turn to force and mass. In §5 we might have 
defined the measure of a force by 


F=kma, .. . . . (1913) 
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instead of equation (5), & being any arbitrarily assigned number. 
In this equation we have three new measured quantities, namely 
mass, force and acceleration. The last named of these is 
usually measured by a unit derived from those of length and 
time. Its dimensions are obviously 


LT-8, 


since it can be measured by rate of change of speed. It is clear 
that we cannot express either force or mass in terms of units 
derived from those of length and time only, since we have only 
the one equation (19°13) or (5), connecting them both with a 
quantity which can be expressed in this way. We must there- 
fore assign an arbitrary unit to one of them. Let us suppose it 
to be the unit of mass. The unit of force is then fixed by the 
defining equation (19-13), and the dimensions of force are 
seen to be 


F=MLT" ... . . (19:14) 
The scientific unit of mass is the gram. 
The density of a material is usually defined to be mass per 
unit volume. Its dimensions are 
ML~3, 
Here again, of course, we might define density by introducing 
an arbitrary number k, so that 
Mass 


Density = kame’ 


The distinction sometimes made between density and specific 
gravity is misleading. The latter term is usually employed for 
density when an arbitrary unit (for example, the density of 
water or some other selected medium) is used. In all the examples 
given above the numerical factor k has been chosen to be unity, 
and so long as we confine our attention to mechanics, only three 
units need be arbitrary, all others being derivable from one or 
more of these three arbitrary or fundamental units as they 
are termed. As we have seen, the fundamental units chosen 
for scientific purposes are the centimetre, gram and mean 
solar second. These units and those derived from them con- 
stitute a system of units known as the C.G.S. system. If 
we replace the centimetre and gram by the foot and pound 
respectively, we obtain the foot pound second system of 
units. Either system of units, or any other system consisting 
of arbitrarily chosen fundamental units and units derived from 
them, is often described as absolute; and a quantity measured 
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in terms of them is said to be expressed in absolute units. It 
is a very troublesome process to determine certain quantities, 
for example electrical resistance, current or electromotive force, 
in absolute units and consequently certain standards have been 
adopted on the basis of careful measurements, carried out with 
the purpose of making them as nearly as possible equal to the 
derived units for these quantities, or equal to simple numerical 
multiples of them. These standards have been fixed by inter- 
national agreement, and are called international units. We 
have, for example, the international ohm, the international 
ampere, and so on. 

It was generally believed in the days when the basis of 
Physics was purely mechanical, in the old-fashioned sense,! that 
all physical units could be derived from the units of length, 
mass and time, and many electrical units for example are still 
described as C.G.S. units. As a matter of fact, however, certain 
thermal units cannot be derived from one or more of the 
units of length, mass and time; nor can any of the electric and 
magnetic units. To provide a sufficient basis for a compre- 
hensive system of units it appears that we need five fundamental 
units, which are independent in the sense that none of them 
can be derived from one or more of the others. ‘Turning to the 
province of heat, we find that heat itself is a form of energy, 
and can therefore be measured by work. It has consequently 
the dimensions 


Force x Length, 
or Mit 2. 2 =» & & « (19885) 


Other thermal quantities, e.g. temperature, specific heat and 
entropy, never appear singly in equations containing length, 
mass and time or quantities expressible in terms of these. We 
are forced in consequence to introduce an arbitrary thermal unit. 
We may take it to be the unit of temperature difference, for 
example the centigrade degree on Kelvin’s scale, which has a 
simple relationship to the temperature interval between the 
temperature of ice and water in equilibrium under normal 
pressure and that of water and its vapour in equilibrium 
under this pressure.? All other thermal units can now be 
derived from one or more of those of length, mass, time and 
temperature. 

A further fundamental unit is needed for the domain of 
electricity and magnetism. Take equation (19-082) for example, 


1Sece the quotation from Schuster’s Optics in the preface to Vol. I. 
2See §§ 12 and 15:15. 
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which expresses the force exerted by one point charge on another, 
A €,é, 


P= 7 


This equation contains two new quantities, dielectric constant 
and charge, along with others, namely force and length, the 
units of which we have already derived from those of length, 
mass and time. A is a numerical constant exactly like k& in 
(19-13). Not only in equation (19-082), but in all equations 
containing electric or magnetic quantities, we shall find two of 
them present in addition to those quantities which are derivable 
from length, mass andtime. We are therefore forced to introduce 
an electric (or magnetic) fundamental unit. This may be, for 
example, the unit of dielectric constant, which in the electrostatic 
system (or systems) is chosen to be that of empty space. 

The dimensional equation emerging from (19-082) is 


Force = [charge]? x [Iength]~? x [dielectric constant]-}, 
or MIT Web -"k, 
the dimensions of a charge are consequently expressed by 
B= KMpepeeg—-1 2... (19°16) 


We shall return to the subject of units and dimensional 
equations in § 24:4. Meanwhile, we might point out that we 
are not compelled to adopt as fundamental units those of length, 
mass, time, temperature and dielectric constant. We may 
choose any five quantities the unit of no one of which is 
derivable from the others. For example, as equation (19-14) 
shows, we might choose a unit of force instead of mass, or (19°16) 
a unit of charge instead of one of dielectric constant. The five 
fundamental units might, for example, be those of Volume, 
Force, Velocity, Entropy, Electric Charge; though this 
would not be a convenient selection. 

It should be noted that all our formulae and equations have 
been developed in such a way that they are valid whatever 
selection of fundamental units may be made—if we except the 
cases where the use of specified units is expressly intended. 


§ 19-2. MAaAxweELu’s DISPLACEMENT HYPOTHESIS 


For the purposes of this section we shall make use, provision- 
ally, of a mechanical picture of the electrostatic field. The 
picture is not an adequate one, and is only introduced to facilitate 
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the description of one aspect of such fields. Any region con- 
taining conductors and insulators we shall picture as occupied 
by an elastic solid—we may think of india-rubber, for example— 
which contains cavities. Large cavities, such as abc, or def, in 
Fig. 19-2, will simulate conductors ; whereas dielectric media will 
be simulated by the medium surrounding abc, where the cavities 
are too small, we shall suppose, to be perceptible or recognizable. 
Electricity may be simulated by an incompressible fluid of great 
density, which we imagine to fill all the cavities. It will be 
helpful also to think of the septa or walls of the cavities as very 
thin, so that the total volume is practically identical with that 
of the fluid itself; and it will not require too great an imagina- 
tive effort to conceive of the total absence of gravity. Each 
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cavity will contain a certain normal quantity of fluid, when the 
elastic septa are in an absolutely unstrained condition. This is 
the state of affairs which corresponds to the absence of charges 
and fields. If now we suppose the quantity of fluid in the 
cavity abc to be increased in some way, it will simulate for us a 
conductor in a positively charged state, the excess of fluid in 
abc representing the charge on the conductor abe. Similarly, 
if some of the fluid were withdrawn from abc a negatively charged 
conductor would be simulated. Charging a conductor abc 
positively will, of course, be associated with a slight outward 
movement of the bounding surface abc, while a negative charge 
will be associated with an inward movement. The pressure 
inside abc represents the potential of the conductor; and the 
pressure at any other point represents the potential at that point, 
since pressure difference is equivalent to the work done (per 
unit volume) in transferring fluid from one point to another. 
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If we were to accept this mechanical model as a complete or 
exact representation of the state of affairs in an electrostatic 
field, we should of course very soon meet with insuperable 
difficulties ; but it does represent correctly certain important 
features of such a field. To begin with, we notice that when 
fluid is introduced into abc, so that it contains a quantity in 
excess of the normal amount (positive charge), the part of the 
boundary of a neighbouring cavity, def, nearest to abc will be 
forced inwards into def; that is to say, the part of the conductor 
def on the side next to abc will acquire a negative charge. The 
remoter part of the boundary of def will be forced outwards. 
It will represent a positive charge. Moreover, the total quantity 
of fluid in def will remain unchanged, which means that the 
algebraic sum of the induced charges on def is zero. 

The most significant thing, however, which our model or 
picture brings out, is that in the case of any closed surface, fixed 
in position and not moving with the medium, LMN (Fig. 19-2), 
enclosing the cavity (or conductor) abc, for example, whatever 
quantity of fluid may be introduced into the region within 
LMN, whether into the dielectric part of it or into the conducting 
parts such as abc, an equal quantity will pass outwards through 
LMN. More precisely the algebraic sum of the quantities of 
fluid introduced into the region within LMN—or created or 
destroyed within it—will be equal to that of the fluid which flows 
outwards through LMN, and this will be associated with a 
corresponding displacement, D, of the fluid at every point in the 
region or field. If we measure the incompressible fluid by its 
volume, the statement just given may be put in the form: 


Q = |{@, as), ee (192) 


where @ is the algebraic sum of the quantities introduced—or 
created or destroyed—within the boundary LMN, D is the dis- 
placement of the fluid at points on the boundary LMN, and the 
integration is extended over LMN. It is hardly necessary to 
point out that all this is in exact conformity with the results of 
experiments of the Faraday type. If a pressure difference be 
maintained between two points in the same cavity, abe for 
instance, a flow of the fluid from one point to the other will be 
maintained so long as the pressure difference is maintained ; 
whereas if such a pressure difference be established in a region 
simulating a dielectric the flow or displacement of the fluid will 
only continue (assuming the two points are not so close together 
that they are actually in the same cell) until the stresses evoked 
in the septa reach a certain value. There will then be no further 
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displacement of the fluid even though the pressure difference 
does not become zero. 

We shall now leave our mechanical picture ; but will adopt 
the suggestion which is contained in it. This is the famous 
displacement hypothesis of Clerk Maxwell. We may state it 
in words as follows: The generation of electric charges in 
any region is always associated with a displacement of 
electricity in such a way that the total (algebraic) quantity 
which passes outwards through any closed surface is 
equal to the algebraic sum of the charges established 
within it. Its mathematical expression is contained in (19:2), 
where Q@ means the algebraic sum of the charges within the 
closed surface over which the integration extends. We shall call 
the vector D the electric displacement. It is easy to see what 
it means. The scalar product 


(D dS) = Decos 6 dS, 


where 6 is the angle between the direction of D and that of dS, 
represents the quantity of electricity which has passed through 
dS from one side to the other in the sense of the vector arrow 
of dS. In other words, D means the quantity of electricity, 
reckoned per unit area, which is displaced in the direction 
of D through a small area dS, the surface of which is per- 
pendicular to D. 

Let us suppose the surface in (19-2) to enclose a region 
occupied by a dielectric, or dielectrics, and that the charge 
density at any point is represented by p. Then the left-hand 
side of (19:2) may be written 


[fo de dy ae, 


the integration extending over the enclosed region, while the 
right-hand side becomes 


\\| di’ D dx dy dz, 


by the theorem of Gauss, (3:01). We have consequently 


[| Jo ax ay ae = || aiv D dx dy dz. 


If this has to hold for any volume, small or large, we must 
conclude that 
divD=p. .. . . « (19°21) 
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From (18-72) and (19:08) we have further 


dive —*74, | 2). (49-211) 
K 
and we therefore infer that 
K 
Di aT! . oe mee (19-22) 


since D must vanish with €. One of the assumptions underlying 
(19-211) is that of the isotropic character of the dielectric, namely 
that the absolute value of the force between two point charges 
is independent of the orientation of the line joming them. How 
should the formula (19°22) be modified to meet the case of an 
anistropic dielectric ? The simplest generalization of it is the 
following : 

4nA D, = Ky,€, + Key€y + Kae €:, 

4nA D, = Ky,€, + Kyy€y + Kyz€s, 5 - 

42A D, = Ky,€, + Kyy€y + Kez €, J 


where the constants K,,, K,,, etc., are the components of a 
tensor of the second rank. We shall prove that (19:22) is a 
special case of (19-23),1 and we shall see later (§ 25-4) that these 
latter equations furnish a satisfactory foundation for the theory 
of the propagation of light (electromagnetic waves) in crystalline 
media. 

We have already learned that the equations of transformation 
of the components of a tensor of the second rank are identical 
with those of the products of the components (taken two at a 
time) of two vectors (see (2:22) and § 2°3). Thus, if A and 
B are any two vectors referred to a system of rectangular co-ordin- 
ates X, Y, Z, and if A’ and B’ are the same vectors referred to 
the system X’, Y’, Z', with the same origin as X, Y, Z; then 


A’',B', = (a,,A, tr 12.A, a &13A,)(%1B, aie tonB, a o3.Bz) 


or A’,B', es 4 1%,A,B,, + b11%2A,B,, —- 11%,A,B, 
=e 1 021A,B,, ap 12d B, ae @12%3A,,.B, 
a 13%.,A,B, ar i g..A,B,, a h13%e34,B,. 


(19-23) 


Therefore 
Ky = 041%a1 Kae + reek, = 1 1bog Ky 
ae Ob 1209 1K ap So hy 2XeoK yy “3 yoo ye 
= Oy go Ko. aie Oy 3@ooK,,, + hi gkoalh zo. 


1 That is to say, that the scalar quantity K is a special case of the 
tensor Kyz, zy, etc. 
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If now the components with unlike subscripts, K,,,, K,,, etc., are 
all zero, and if 


Kye = Ky = Ky = K, 
we must have 
KY ey = (G1 1%01 + Lre%e2 + Oy stto3)K 
or a0, 
by (2:24). 
Similarly, we may show that 
Ky, = 11011K,, am 11K, i 1 1X3 Kap 
ae hyo Kye ig LyX yoK,, - Oy 213K yp 
+ 531K + iste, + C13 9K. 


Hence in the case we are assuming, namely where 


Kun = Ky = Kw =X, 


and Ky, = Ky, = Ky,, ete. = 0, 

IS = (013° + 19" + 137 )K 
or K'sn = K, by (2:23). 
Similarly, ee Geen 


Therefore the scalar dielectric constant may be regarded as a 
special case of a tensor dielectric constant.! 


§ 19:3. THe DISPLACEMENT ELLIPSOID 


Let D = (D,, D,, D,) be the electric displacement at the 
origin of rectangular co-ordinates and & =(€,, €,, €&,) the 
associated electric field intensity there. We shall represent the 
dependence of D on the value and direction of € in another way. 
Imagine a straight line r drawn from the origin in the direction 
of €, so that 


we aE Sy 2 Se F193) 


where x, y and z are the components of r. The first of the 
equations (19°23), for example, may now be written 


4nAD, = (Ky + Kuy + Ke ¥®, 


1JIn the same way the pressure, p, in a liquid or gaseous medium 
may be regarded as a special case of a tensor Prz, Pry, ete. 


§ 19-3] DISPLACEMENT AND POLARIZATION 45 


or and 'D, = K,.% + Kay + Ky22 
Similarly, 
4A ~ « « (19°31 
= =D, = Kygt + Kyy + Kye ( 
ane D, 7 KynX ae Ky ae K,2 


Now multiply these three equations respectively by 2, y and z 
and add. We obtain 


S2AE (Dr) = Kst® + Koyity + Kast 
+ Ky yx + Kyy®? + Kyyz 
+ K,,2% + K,y,zy + K,,27. . . (19°32) 
The scalar product, (Dr), is equal to D cos Or, where 6 is the angle 


between the directions of D and r, or between the directions of 
D and &. Therefore 


(Dr) = rD,, 


where D,, is the component of D in the direction of €. Sub- 
stituting this in the left-hand side of (19°32) we get 


dn Aer! = K,,2" a K,yry + K,%2 


+ Ky yx + K,,y? + Ki.yz 
+ K,.2% + K,,zy + K,,27.. . (19°33) 


Let us suppose the vector r to have such a length, in all directions, 
that the product 
r2D,,/€ 


is constant, i.e. has the same value for all directions; then 
(19°33) is the equation of a surface of the second degree. We 
shall call it the displacement ellipsoid. It obviously is an 
ellipsoid, since the radius vector r is positive and finite in all 
directions. This ellipsoid has the property that the ratio, D,,/€, 
of the component of the displacement in the direction of & to 
the value of the electric intensity, €&, evoking it, is inversely 
proportional to the square of the radius vector of the ellipsoid 
in that direction. 

By turning the co-ordinate system about the origin we can 
find new directions for the axes, such that (19-33) becomes 


M = K,2" + Ky? + Ky,27,. . . (19331) 


\ 
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where is the constant value of 4zAr?D,/€. In this system 
of co-ordinates all the components of the dielectric tensor except 
Ky, K,, and K,, vanish. We may call these three non-vanishing 
components the principal dielectric constants or the principal 
values of the dielectric constant. The directions of the 
co-ordinate axes which reduce the equation of the displacement 
ellipsoid to the simplified form (19-331) we shall call the principal 
axes of the displacement. Referred to these axes equations 
(19-23) become : 


4n AD, = K,,€,, 
4nAD, = Kyy€Ey, . . « «© « (19°34) 
4n AD, = K,,€,. 


We see from (19-23) that D and € do not in general coincide in 
direction. For example, when the electric field intensity € is in 
the X direction, i.e. when €, and €, are both zero, we notice 
that D, and D, do not necessarily vanish. But, as equations 
(19°34) indicate, D and € coincide in direction when € is directed 
along a principal axis. 


§ 19-4. PoLARIZATION IN DieLEcTRIcC MEp1A 


It is convenient to distinguish, in the displacement D, 
between the part of it due to, or associated with, the material 
medium, and the part of it due to the hypothetical aether. 
Thus we write 


D=D,+P, ... . . (194) 


where D is the displacement and D, is the displacement which 
would exist at the same place with the same absolute value and 
direction of the field intensity €, if the material medium were 
removed. With this meaning of D,, equation (19-4) defines the 
vector P, which we shall call the polarization in the material 
medium. Confining our attention to isotropic media, we may 
write (19-4) in the form 


Ke_ Ke 

4nA 4A 
where K, is the dielectric constant of empty space (aether). 
Therefore 


ELP, . . . . (19-41) 


_K— Ko 
ie 4nA 


GE. 2... (19411) 
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When we adopt electrostatic units this becomes 
K—1 
P= a ae ee ee : 
rey € (19-412) 
and when we adopt the ordinary or old-fashioned electrostatic 
units, for which the value unity is assigned to A, 


K~1 
P=——-€ . ©. . (19-413) 


§ 19-5. Enereay In Dretectric Mrepia 


A little consideration shows that an electrostatic field has 
energy of the potential kind1 (§ 5-1). Consider two charged 
particles having, let us suppose, numerically equal charges of 
opposite sign. If left to the forces due to the associated field 
they will approach one another and acquire kinetic energy. As 
they approach more and more closely to one another the field 
will gradually vanish. By hypothesis the kinetic energy is 
gained at the expense of another type of energy while the field 
is disappearing. ‘This is the (potential) energy of the field. 

The mechanical 
picture of §19°2 sug- py 7)’ A A’ 
gests that we should ee 
regard this energy as | 
seated or localized in : 
the dielectric medium. 
This way of regarding eae 
the energyis associated C€ C B SB 
with the conception of Fig. 19-5 
the dielectric as being 
in a state of strain, of which the displacement is a measure. If 
this conception be sound a definite amount of work must be done 
in each volume element in producing in it an electric displacement 
or strain, and this work we must regard as a measure of the 
energy in the element. Let ABCD (Fig. 19-5) be a cylindrical 
volume element in the dielectric, the cross-sectional area of 
which, AB, is equal to dS; and let the fluid density in it be 
unity. Now suppose, in consequence of a field of force, a dis- 
placement of the fluid parallel to the axis of the cylinder, in the 


1 The term ‘ potential’ suggests that the ‘ real’ energy is the kinetic 
variety, and no doubt the term was originally used to describe conditions 
capable of producing energy (in the sense of kinetic energy or vis viva), 
i.e. conditions in which energy was potentially present. This is not the 
modern usage of the term. Both potential and kinetic energy are on the 
same footing: one as ‘real’ as the other. 
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sense indicated by the arrow, to be brought about. The spacial 
displacement is 4A’ (= 2, shall we say) and the quantity of fluid 
displaced through AB or dS is equal to 


(AA') x dS = ad8. 


Therefore the displacement per unit area is simply x. This is 
our vector D. If &, be the component (in the direction of D, 
or x) of the force exerted on the unit quantity of the fluid, so 
that it corresponds to the x component of the electric field 
intensity, the total force, in the x direction, exerted on the fluid 
element ABCD will be 
p X (volume of cylinder ABCD) x €,, 
= (volume of cylinder ABCD) x €,, 


since the density, p, is unity. The work done in effecting the 
displacement, x, is 


0 | Eade, ek ee (1955) 
0 


where v is the volume of the element. But D,/€ is a constant 
for a given direction n (§ 19-3), or, what amounts to the same 
thing, €,,/D is a constant. In the present case x is the displace- 
ment, and consequently 


C= Ae, 
where c is the constant in question. The expression (19-5) 
therefore becomes 
x 
v | cxdax 


0) 
or 


vic. 
Hence the work done per unit volume is 4cz?. Now replace cx 
by €, and x by D and the work done per unit volume, or the 
energy per unit volume, becomes 
4é,D. 
This is identical with 
(ED), . . . . (19°51) 


since €, is the component of the electric intensity in the direction 
of D. 
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It will be noted that in deriving (19:51) we have not assumed 
the medium to be isotropic. In the special case of an isotropic 
medium D = K€/4nA, and (19°51) therefore becomes 

_ Ke 
— «82 A’ 


E being the energy per unit volume. When we adopt the 
ordinary type of units, for which A = 1, this becomes 


. (19:52) 


| ae (19-521) 

872 
and when we adopt Lorentz-Heaviside units, for which A = 1/42, 
E= — - oe... (19-522) 


§ 19-6. ENERGY AS A FUNCTION OF CHARGES AND 
POTENTIALS 


The expressions (19°51) and (19-52) have been derived from 
a special picture of the electrostatic field which led us to regard 
the energy as seated or localized in the dielectric medium. We 
shall now endeavour to express the energy in an electrostatic 
field in terms of the charges and potentials at various points in 
the field. Imagine a number of elements of volume—we may 
take three of them as an illustration—in a dielectric medium 
(isotropic or anisotropic). For convenience they may be num- 
bered 1, 2 and 3. Let us further imagine charges Q,, Q, and 
@, attached to the three volume elements respectively. The 
energy of the resulting electrostatic field will be equal to the 
work done in assembling these charges. If V,, V, and Vs; be 
the respective potentials of the volume elements—we shall under- 
stand by potential in this connexion the amount of work, reckoned 
per unit charge, required to bring up an infinitesimal charge 
from an infinitely remote point and distribute it uniformly over 
the element—we shall have 


Via = 03101 + GisQe + GisQs, 
Vo = Ge1Q1 + AeQe + AasQs, - - +. (19:6) 
Va = 5191 + Asos + AsaQs, 


Where 11, Gi, etc., are constants and a,, =—a,,. We may 

justify these formulae in the following way: We assume the 

dielectric to be continuous in the sense of § 9:5, and we may 

therefore regard the electric density within each volume element 
4 
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as uniform. The methods of § 19 show that, if we communi- 
cate some charge, @,, to the volume element 1, the resulting 
potential of the element is proportional to Q,. Therefore in 
such a case 


Ve = Bias 


where @,, is a constant depending on the shape, position and 
(possibly) the orientation of the element. If, instead of this, we 
bring up some charge, @., to volume element 2, the potential 
of 1 will become 


VS a40 


where again a,, is a constant depending on the distance between 
1 and 2 and, in the case of an anisotropic medium, on the orienta- 
tion of the line joining the two elements. The two contributions 
together make V, equal to 


Via = 1191 + 1 Qo. 


Similarly, if at the same time a charge Q; be given to element 3 
the potential at 1 will be that expressed by the first of the 
equations (19°6). The constants a,, and a, are identical since 
each depends on the length and orientation of the same line, 
namely that joining the points x and y. It is now easy to cal- 
culate the work done in assembling the charges Q,, Y, and Qs, 
or in other words, the energy of the electrostatic field. It will 
be expressed by 


1 Q» Qs 
B= | V dQ, + | V.dQ, + | VdQs. 
0) 0 0 


Substituting in this equation the expressions (19-6) for V,, V, 
and V, we get 


Qr Or Q: 
= | 4.0.40, ir | A) .dQ, + | ¢nQuQ, 
0 0 t) 
Q: Qs Qs 
a7 | an@.40, ar | 2) .dQ. + | Ba) AQ» 
0 0 ) 
QO Qs Qs; 
1 | A319 dQ, + | B30) AQ, + | aasQudQs. 
0 U 7 
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We take the integrals in which different numerical subscripts 
appear, in pairs, thus 
Q1 Q 


| B40) .dQ, + | 4210.40. 
4) U 
0:Q2 


— | 4ud(Q.2.) = Oyo Gs 
0 
10 


= | Ar 14(Q2Q1) = 42190), 
() 
since @,, and a,, are equal. Or, finally, we may write for the 
sum of this pair of integrals: 
34400192 es 44:0 .Q1. 
We see therefore that 
k= $a14,9. ae £a1.0,9, + $130,903 
a $0190), a bAooQ) 0” i $do30 Qs 
a 3Q31Q3Q, a 3 A300) Qo = 3 AsaQ)5°, 
and this, as reference to (19-6) shows, is equivalent to 
= 20.) E QV 2 ae QV 3. 


The statement may obviously be generalized to apply to any 
number, », of volume elements, so that 


E=15Q,V, . . . . . (19-61) 
1 


Finally, if we regard the electricity as continuously distributed 
throughout the dielectric medium, the density at any point 
x, y, 2 being p, so that p is a function of x, y, z, we may express 
the associated energy in the form 


B= 3| lov dx ay ae, -... (19°62) 


the integration being extended over all regions where changes 
exist. 

Similarly, where we have charges assembled on surfaces (as 
they may be on conducting surfaces) we shall find for the 
associated energy the expression 


u = 4[ lords, . 5... (19-63) 
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where o is the surface density, and the integration is extended 
over all surfaces where charges appear. 


§ 19-7. Tort EQUILIBRIUM OF CONDUCTORS IN AN 
ELECTROSTATIC SYSTEM—QUADRANT ELECTROMETER 


In a mechanical system, in which there is a potential energy 
function independent of the time (§ 5-1), equilibrium can only 
exist when the potential energy is a maximum or a minimum. 
This is an immediate consequence of the principle of virtual 
displacements (§ 8); for 


— OV = L(F,,6%, + FyOy3 + Fs,6%,) = 0, . . (19°7) 


where V here means the potential energy of the system, and 
must not be confused with the rather similar electrostatic poten- 
tial. It is easy to see that the maximum value of the potential 
energy is associated with unstable equilibrium. In fact in any 
departure from equilibrium the forces of the system do work 
at the expense of the potential energy, and so tend to make it as 
small as possible. 

Charged conductors in an electrostatic field can only be kept 
in equilibrium by means of balancing forces of non-electric 
origin. When such balancing forces are associated with a 
mechanical potential energy of the kind described above, as for 
example in the quadrant electrometer where the deflexion of 
the needle is resisted by the twisting of the suspension, the 
whole system—electrical plus mechanical—when it is in or near 
equilibrium, comes within the scope of the above theorem ; for 
the whole energy of the system then depends on its configuration : 
it is potential energy in the sense of § 5-1. Stable equilibrium 
is therefore associated with a minimum value of the total energy, 
electrical plus mechanical. 

We have been supposing the system to be isolated ; i.e. that 
no energy has been transferred to it from external systems, or 
removed from it; and in the illustration of the electrometer we 
have tacitly assumed its electrostatic. energy to remain unmodi- 
fied by electrical connexions with external systems, i.e. we have 
assumed its conducting parts to be insulated. In the practical 
use of the instrument for measuring potential differences, the 
potentials of the needle and quadrants are, however, invariably 
determined by external connexions, and it constitutes a system 
which is not isolated. We shall therefore study the energy 
changes in a system of charged conductors during a slow motion 
from one configuration to another, ther potentials being main- 
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tained constant. The restriction to slow motion enables us to 
regard the electrical field as an electrostatic field. Suppose the 
motion to be in the sense in which the conductors are impelled 
by the electrical forces ; so that the resisting mechanical forces 
are barely adequate for equilibrium. It is clear that, if the 
system were isolated the electrostatic energy would diminish, 
with a consequent change of the potentials; since the charges 
would not be altered (19°61). If the potentials are to be 
kept constant it is therefore necessary that charges should be 
communicated to the conductors. Consider the case where the 
initial charges of the conductors are: 


Qi Qs Sack: 5 78 Qn 


and their potentials : 
V., Ve, .. - Vy respectively. 
The final charges will be 


Q,.4+%, Qo + Ios Ss 28> Se On + Un 


the corresponding potentials bemg unchanged. 
The initial electrostatic energy is 


130, 
1 
by (19°61), and the final energy is 
(Qs + 96) Vs. 


There is consequently an increment in the energy of the field 
equal to 


A 
2 


e bys 


2-95 Vs. é 4 ve ad. .-o VEPORFL) 
The energy supplied to the electrostatic field is clearly 
ZO Vege: & «, a i o (T9972) 
1 


since each V, is constant and is equal to the work which must 
be done, at the expense of some external source of energy, to give 
the unit quantity of electricity to the conductor s. 

We have not yet inquired whether the increments (19-71) 
and (19-72) are positive or negative, or whether either sign is 
possible. We are supposing the motion to be in the direction 
in which the electrical forces tend to impel the system. There- 
fore work is done at the expense of the electrical energy. Now, 


3 
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as (19-71) and (19-72) indicate, the excess of the energy supplied 
to the field over the amount that actually remains in it is 


xa,V, = 1ZaeV 
1 1 
or WqVe . . ss (19721) 
1 


Now this must clearly be equal to work done by the electrical 
forces, and consequently must be positive. Therefore the work 
done by the electrical forces is equal to the increment in 
the field energy. Or, if the work is done in producing 
mechanical potential energy, the increment of the mechanical 
energy is equal to the increment of the field energy. Both 
of these increments depend only on the initial and final con- 
figurations and are therefore independent of the way in which 
the system moves from one to the other ; so that the validity of 
the theorem is not confined to the special case of slow motion. 
It may be remarked, however, that the validity of the expression 
(19-72) is restricted to the case of slow motion. 

The theorem just established can be applied to obtain the 
simple formula for the quadrant electrometer (see Starling, 
Electricity and Magnetism). Let the potentials of the needle and 
the two pairs of quadrants be respectively V, V, and V,. We 
may suppose V, >V,. The needle constitutes, with the two 
pairs of quadrants, a condenser; or, shall we say, two con- 
densers: the portion of the needle overlapping the pair of 
quadrants with the potential V, being the one condenser, and 
that overlapping the other pair of quadrants being the other. 
A deflexion of the needle, 0, increases the capacity on one side 
at the expense of that on the other side, and the needle is so 
designed that, in the ideal case, C0 is the increase in capacity 
on one side, or the decrease on the other, due to the deflexion, 
6: the coefficient, C, being a constant. 

The deflexion of the needle is associated with a change of 
electrical energy in the interior of the quadrants only (vide § 18-1). 
Let us consider first the energy associated with the condensing 
system consisting of the quadrants having the lower potential 
V, and the overlapping portion of the needle. By (19°61) this 


energy 18 
24iV, + 3QV, 


Q being the charge on the overlapping portion of the needle. 
Now Q@, = —@ (§ 18:1), so that we may write 


3Q(V — V4). 
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We know (§ 19) that Q is equal to the product of V — V, and 
the capacity of this part of the system. ‘Therefore our expres- 
sion for the energy becomes 


iL x Capacity x (V — V,)?%, 


and we have a similar expression for the energy of the other 
part of the condensing system. 

Remembering that the increase in capacity on one side, or 
the diminution on the other, is C0, where 0 is the angle through 
which the needle turns and C is a constant; we find for the 
net increase in the electrostatic energy due to a motion in the 
direction from 2 to 1: 


106(V — V,)? — 400(V — V,)?. 


This must be equal to the corresponding increase in the 
mechanical energy, which is }10*, + being the couple per unit 
angular twist of the suspension. Consequently 


gt0? = 3C0{(V — V1)? — (V — V,)*}, 


a G=hG = VV = aso, (19°73) 
where & is a constant. When V is made equal to V., this 
becomes 


6=h(V,—Vi), . . . (19731) 


where again k’ is a constant. 

These formulae are of course only approximate, since the 
assumptions we have made about the constitution of the electro- 
meter do not hold exactly for any actual instrument. Indeed, 
in the form of quadrant electrometer devised by A. H. Compton, 
one of the quadrants can be raised or lowered, so that the sym- 
metry of the system may be upset. This enables such an adjust- 
ment to be made as will cause the equilibrium to be very nearly 
neutral over the narrower range of potentials within which 
measurements are being carried out. Consequently small changes 
in V, — JV, are associated with relatively enormous changes in 06. 
In other words, high sensitivity is secured. 

FEiven if the instrument were so perfectly designed and ad- 
justed that the formula (19-73) might be regarded as exact, it 
would not be easy to use it for absolute measurements of potential 
differences, on account of the difficulty of evaluating the constants 
C or k. In practice the instrument has to be calibrated by 
observing the deflexions produced by known potential differences. 
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§ 19-8. A THEOREM ON THE DISTRIBUTION OF CHARGE 
IN ELECTROSTATIC FIELDS 


The expression (19°61) for the energy associated with a 
number of charged bodies may of course be written in the 
alternative forms : 


120 sV,7 and 150s" 
ra re 


where C, is the capacity of the body s; since Q, = C,V, (§ 19). 
Let us take the case of three conductors for example, and write 
down the formula for the difference of the energies associated 
with a given total charge, Y, in the two cases following : 
(4) When the potentials of the conductors are V,, V, and 
V;, the respective charges being Q,, Q, and Qs, so that 
Q@=@4+42+ Qs; 
(6) when the charge Q is so distributed that the three 
potentials are equal to one another, i.e. 
V, — V, = V; ae V. 
The energy in the case (a) is 
E(a) = 3COi1V 4? + 3C.V 22 + $C3V 37, 
and in the case (b) 
E(b) = 3@V, 
rH ne ee 
° ONGC, 0n) 
and therefore 
CiV,+CV,+C0;V;)" 
Bb) — 1002s t+ Oss + Osh s)® 
OO alga 
Consequently 
E(a) — H(b) = 30,V 2 + $C.V.? + $C3V,? 
— 4 (CiVi + Ove + CsV 5)? 
"(C1 + G, + Cs) 
and therefore 
Ei(a on 4(b) 
a (C10, +005) V1? + (C201 + C203) V2? + (CsC1 + CsC2) V7} 
~~ 57 200V iV; + 2C0,C3V1.V3 + 20.C'3V V3}, 


where C=C,4+0¢0,+ C3. 
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Or finally, 
E(a) — H(6) 


= gq (CCV. — Va)? + C1001 — Val? + C.C(V — Vs). 
(19-8) 


We can easily generalize this expression so that it will apply for 
any number, n, of conductors. It then becomes 


172” 
Eva ee Ew = arrears (V, a V,)?. ° (19-81) 


The reason for the 4 in the denominator is that the summation 
counts every term (like C,C.(V, — V.)? in (19°8) ) twice over. 
It also includes terms C,C,(V, — V,)2; but each of these is equal 
to zero. 

The difference (19-81) is necessarily positive or zero, and 
hence the minimum energy is associated with such a distribution 
of charges as makes the potentials all equal. Charges of course 
tend to distribute themselves so as to bring about equality of 
potentials ; because field intensities only vanish when the 
potential is everywhere the same. Hence we conclude that the 
charges in an electrostatic field are distributed so as to 
give the field energy the minimum value possible. 


§ 19-9. ENneray Denstry In DIELEoTRIO MEDIA 


Expressions for the energy density in dielectric media have 
already been obtained in § 19°5. They were however deduced 
from a certain mechanical picture of the electrostatic field, and 
it is desirable to show that they are in harmony with the formulae 
of § 19-6. The general expression for the energy in an electro- 
static field can be written (19-62 and 19-63) in the form: 


H =a{lovas + 4[ || pVde dy de 2. (19-9) 


In the further procedure it is convenient to give attention 
to the region within a closed conducting surface, such as abc in 
Fig. 19-9. We have already seen (§ 18-1) that such a surface 
completely disconnects, as it were, the interior from the exterior, 
and we are at liberty therefore to deal with the state of affairs 
within abc without referring at all to the region outside. We 
may suppose one or more conductors, def, within the space 
enclosed by abc and the rest of it occupied by dielectric media. 
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Our object is to prove, if possible, that the integral # (19-9) can 


be expressed in the form : 


B= 3( || (ED) de dy de, 5. (19-91) 


the integration being extended over the volume occupied by 


Fia. 19-9 


dielectric. This volume is limited 
by the surface abe and by the sur- 
faces def of any conductors lying 
within abe. The surface elements, 
dS, of the boundary will have 
(in accordance with our usual prac- 
tice) their vector arrows directed 
outwards from the region of integra- 
tion, as shown for the elements 1 
and 2 in Fig. 19:9. The electric 
displacement, D, in the neighbour- 
hood of a conducting surface such 
as abc or def has a component, D,, 
in the direction of dS (or of its 


vector arrow) equal numerically to the surface density, o, but 


with the opposite sign, 1.e. 


D, = —o. 


And as p is equal to div D, we may write (19°9) in the form : 
i {| VD,dS + il{fv div D dx dy dz, 


o B= — 1([cvp, dS) + i{{|v div D dex dy dz: 


and consequently (3°01) 


p22 {| div {VD} dx dy dz +alffv div D dx dy dz, 


the integrations extending over the volume of the dielectric media. 
It is now more convenient to employ the notation explained 
in § 2-4, which enables us to write 


div A in the form (V, A), 


where 


V = (Ve Vy Ve) = (0/0u, 0/0y, 0/02). 


Thus our expression for the energy becomes 


—_— i[([(v, VD) dx dy dz + {| |vovp) du dy dz. 
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But, as is easily verified, 


(V, VD) = (VV, D) + V(VWD). 


Therefore 
—— {| [ovr D) dx dy dz. 
Now VV = — &, consequently 
B= 1{| [ep dodge. 


This result applies to any dielectric medium, whether isotropic 
or not. 


§ 20. MAXWELL STRESSES 


Let F,, be the X component of the resultant force, reckoned 
per unit volume, exerted on a small portion of a dielectric medium. 
We have 

FOSS Bee ee ie me 7S. A (20) 
The force we are dealing with is that due to the field only. This 
force will in general differ from zero, even when the medium is 
at rest ; though in this latter case the resultant of all the forces 
will necessarily be zero. We may write (20) in the form: 
Ff, = €, div D 


by (19-21), or assuming that the diclectric is isotropic and 
homogeneous and that K is a constant, 


: ee co div &. 


4nA 
We have therefore 
4nA ue 7 0€,, 0€, 
— C8 
= =, = 6. = +f c. rans oa 


are F (6.64) +  (ExEs} 
av 


a€& = 
oy ORE ee 
Now 
V oV 
€&. = —— and 2 aaa 
Therefore 0€. = 0c, 
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The last two terms in (20°01) may therefore be written : 


aé, a6, 
mee 0x — Cam 
or 


7] 
5,4 PE ages} 


so that (20°01) becomes 


Art Pee (het —4Eyt— SEA} +e SEE) +5 {Ex €,}, (20-011) 
or 
4n.A 7, 
K 


We may therefore express /’,, and the remaining components of 
the force per unit volume, in the form: 


2 = pl? — 18) + S166) + 5 {6285}. . (20-012) 


Fy = Se 4 Sev 4 De 


: 
1 hy z 
F, — “yx a ow ra ou (20-02) 
Ox 
ot Ot 
F Vex Obey Ze 
= By oy er 
where the ?’s have the meanings : 
K K K 
bare a 4nA ere fos 3&? i, bay — 4nA CnC, bare o— ind 2” 
K K K 
bye = ind vo” bay = 4nA {E,? #3 36? }, bys = ina ov (20-03) 
2 K = K 2_ 1€2 
tow eee ina f°" boy = 4 — € ge yi be “a in *° 3 te 


Reference to § 9:9 leads to the suggestion that the force F 
can be ascribed to a system of stresses in the dielectric, described 
by the tensor t. The components ¢,,, t,, and t,, are like tensions 
along lines parallel to the X, Y and Z axes respectively ; while 
toys taz, tye, etc., are analogous to shearing stresses (§ 9°7). The 
stresses described by the tensor (20-03) are known as Maxwell 
stresses, after Clerk Maxwell, to whom this way of describing 
the mechanical forces in an electrostatic (or electromagnetic) 


field is due. 
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§ 20:1. NATURE or THE MAXWELL STRESSES 


Let us suppose the co-ordinate axes turned so that the X axis 
has the same direction as the electric field intensity, 6, at some 
point (%, ¥; z). At this point then 


€, = &, 
E, = 9, 
E = 0; 
and the stress tensor, t, becomes 
K 
ees ot) 0, 0, 
SrA 
K 
O.. == 2S, 0, 
87 A 
k 
0, 0, —-—{&. 
SrA 


as reference to (20:03) will show. . It thus appears that the state 
of stress at any point may be described as @ tension along the 


lines of force equal to nee and tensions along lines perpen- 
JU 


dicular to the lines of force equal to — =e i.e. pressures 
Tt. 


along lines perpendicular to the lines of force equal to + =e. 
7 


Or (§ 19:5) we may describe the state of stress as @ tension 
along the lines of force equal to the energy per unit volume 
at the point in question and a pressure along lines perpen- 
dicular to the lines of force likewise equal to the energy 
per unit volume. 

Our notion of a state of stress has been derived (§ 9-7) from 
the study of the forces evoked by the deformation of an elastic 
medium. As an ‘llustration, let us take the component, lxy, of 
the stress tensor, (9:721), which is described by Fig. 9°73 and 
the accompanying text. It is really a measute of the resisting 
capacity of the medium to a certain kind of deformation, namely 
a shear. Nowa fluid medium, in equilibrium, offers no resistance 
to this particular type of deformation (§ 10-1), and components 
of the stress tensor like t,, are necessarily zero. But the tyy ot 
the Maxwell tensor (20-03) is in general different from zero, even 
in a fluid dielectric ; since ib is determined essentially by the 
product E,E,, the only physical characteristic of the medium 
which has any influence on it being the dielectric constant. 
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The explanation of the paradox is that, in using the term 
Maxwell stresses, we have tacitly widened the definition of 
stress. We have, in effect, agreed that the state of affairs 
described by a tensor, t, of the second rank, shall be called 
stress when the force per unit volume is given by equations 
(20-02), and we shall continue to use this broader definition of 
stress. But the Maxwell stresses are not stresses at all in 
the narrow sense of § 9-7. Indeed, it is quite clear that the 
forces immediately due to an electrostatic field are exerted 
only on the charged portions of the material media, and 
mechanical deformation, with associated elastic stresses, 
can only arise as a secondary phenomenon ; as, for example, 
when the tractive force between the plates of a condenser brings 
about a compression of the glass or mica separating them. 


§ 20:2. Tur ABSOLUTE ELECTROMETER 


Imagine two conductors, a and b (Fig. 20-2 (a)), with plane 
parallel surfaces, cd and 


YYEZZZ=@' 00 07 ef, the intervening space 
being occupied by an iso- 

- a@ tropic dielectric medium, 
| | J \ \ g ; and suppose a uniform 

e J electrostatic field, &, main- 

i yy tained in the dielectric, 

V2 perpendicular to cd or ef, 

(a) as illustrated in the figure. 

The investigations in the 

7 preceding section show 

J e a that there will be a force, 
tC) ar Eo equal to K&?/82A on the 


unit area, tending to draw 


eL______ 7 the two surfaces together. 


(b) The field being uniform, 


Fia. 20-2 G = (Va — Vo)/d, 
where V, and V, are the 
potentials of a and b respectively, and d is the distance between 
the two conducting surfaces. The tractive force over an area 
S of either surface is consequently 


Sey KS(Vq a Vo)? 20-2 
pam... (202) 


We have in this formula the theoretical basis of the absolute 
electrometer (attracted disc electrometer) devised by Lord 
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Kelvin. The instrument, in its original form, consisted of a 
plate ef (Fig. 20-2 (B)) which could be raised or lowered by a 
micrometer screw, so that the distance, d, separating it from a 
parallel plate, cd, could be varied at will. This latter plate is 
supported by a system of springs, so that ordinarily its lower 
surface is slightly above that of a guard ring, g. The force 
necessary to maintain it in what we shall call its normal position, 
with its lower surface flush with that of the guard ring, can be 
determined by placing weights on it, while no potential difference 
exists between cd and the guard ring on the one hand, and ef 
on the other. ‘This gives the force # of (20-2). The weights 
having been removed, the potential difference to be measured is 
applied between cd and ef, the guard ring having of course the 
same potential as cd. The micrometer screw is then adjusted so 
that the lower surface of cd is again brought into the normal 
position. Finally, the potential difference is removed and the 
distance, d, separating the plates measured by the micrometer 
screw. The difference of potential can now be determined 
absolutely by formula (20-2) from the known values of Ff’, S, d 
and K (for air). Another way of using the instrument is to 
apply some fixed potential, V, to cd and the guard ring. The 
potentials V, and V,, the difference of which is to be determined, 
are applied separately to the lower plate ef. The distances d, 
and d, corresponding to the differences V,— V and V, — V 
respectively do not require to be measured separately, but only 
their difference d, — dy. By (20:2) we have 

82 Al'| | 

en 


da, 


and 
Sr AF 
3 Pe joe a, 
Hence 
SAF 
Va = V, = _ | (da —= cl, ). 3 ‘ (20°21) 


This mode of using the electrometer (employing formula 20-21) 
is preferable to the more direct one. If, for example, the planes 
of the disc, cd, and the guard ring, g, did not coincide, or if they 
were not exactly parallel to that of the other plate, ef, the 
formula (20:2) would cease to represent the potential difference 
V.—V.,, and indeed the distance, d, would become vague. 
On the other hand, the consequent error in the formula (20°21) 
would be of a smaller order, while the difference d, — d, remains 
quite definite and can be accurately measured. 


CHAPTER III 


ELECTROSTATIC FIELDS IN REGIONS CONTAINING 
SEVERAL DIELECTRIC MEDIA 


§ 20-3. BounDAaRY CONDITIONS 
\ ), y NILE we were still dealing with a single isotropic di- 
electric medium we learned that the integral, | (E, dl), 
between two given points is independent of the path of integra- 


tion, and consequently if it be taken round a closed loop, the 
result is zero. Therefore 


b(E, dl) =0 ee. (20-3) 


(see (18-231) and also § 18-8). We shall assume that (20-3) 
holds for any closed path in any electrostatic field—even 
when there are 
several different di- 
electric media, iso- 
tropic or otherwise. 
The assumption will 
be found (§ 22:4) 
to be a special case 
of a more general 
law which we shall 
investigate later. 

Let ab be a portion of the boundary surface between two 
dielectric media 1 and 2 (Fig. 20:3). We may imagine it to cut 
the plane of the paper in the line ab. The integral ¢(€d1) round 
any closed loop, cde, is zero. Consider the two cases: (1) the 
whole of the loop is in medium 1, a portion of it, de, running 
along the boundary ; (2) the portion of the loop, de, which runs 
along the boundary, is in medium 2, and is practically coincident 
with the portion de in medium 1. We have consequently 


| (dl) + | (Edl) = 0, 
ecd dein 1 
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Fie. 20°3 
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and 


| (dl) + | (dl) = 0, 


ecd dein 2 
and therefore 
Edl) = | (Gdl). . . . . (20-31) 
deinl dein 2 
We may write this result in the form: 
| é,dl = | édl, . . . (20-311) 
dein l dein 2 


where €, in each case means the component of € parallel to dl. 
Since (20-311) must hold however short the path dl may be, 
we see that 


é,, (in medium 1) = €, (in medium 2). . . (20-32) 


In words: the component of the electric field intensity at a 
boundary point, in a direction parallel to the boundary, 
has the same value on both sides of the boundary. 

We have seen (§ 18:2) that this is also the case when the 
boundary separates a dielectric medium from a conducting one ; 
in which case it happens that the component parallel to the 
boundary has the value zero on both sides. 

We can obtain another boundary condition with the help 
of Maxwell’s displacement hypothesis. In Fig. 20-31 let ab be 
a portion of a surface (per- 
pendicular to the plane of the 
paper ) separating two dielectric 
media. Let cdef be asmall flat 
cylinder with its axis perpen- 
dicular to the surface ab. We 
shall suppose the portion of 
the surface ab in the figure 
to be so small that it may 
be regarded as plane. The 
cylinder is contained by the Fia. 20-31 
surfaces cd and ef which are 
plane and parallel to ab, and the curved surface, cf—ed, 
cutting ab in a closed loop, the area of which is equal to that 
of cd or fe. We may suppose cf or de to be so short that 
the area of the curved cylindrical surface is infinitesimal by 
comparison with that of either of the flat surfaces cd or fe. 
Let us now apply formula (19-2), which we adopt as an axiom 

5 
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of universal validity, assuming that no changes are present near 
the boundary. We have 


{|@. dS) =0, 


the integration extending over the whole surface of the cylinder 
cdef. Since, however, the curved portion of the cylindrical 
surface is negligibly small, this may be written 


(D,, X area cd), + (D, X area fe), = 0, 


in which it will be remembered that n is directed outwards from 
the cylindrical enclosure, i.e. in the case of cd, upwards and, in 
the case of fe, downwards. When the electric displacement is 
across the boundary from 1 to 2, it is convenient to take the 
direction of n to be downwards for both cd and fe, in which case 


(D, X area fe), — (D, xX area cd), = 0, 
or 


(D,), =(Da)e . sss. (20°34) 


We may express this in words as follows: The component 
of the electric displacement in the direction of a normal 
at any point on a surface separating two dielectric media 
has the same value in the immediate neighbourhood of 
this point on both sides of the surface. 

Turning to the special case where the surface separates two 
different isotropic dielectrics (1 and 2 in Fig. 20-31), equation 
(20°34) becomes 


K K, 


4nA In 4nA 2729 


or 


E,€in= KxEm . . .  « . (20°35) 


where €,,, and €,, are the values of the component of the electric 
intensity at q in the media 1 and 2 respectively in the direction 
of the normal from 1 to 2. The equation may be written 


K,€, cos 0, = K,€, cos 6,, . . (20°351) 


where 9, and 8, may be described as the angles of incidence 
and refraction of the lines of force at the boundary surface. 

A plane containing the normal at a boundary point, and 
parallel to €,, we may term a plane of incidence. Similarly, 
we may term a line of force in 1 passing through this boundary 
point (point of incidence) an incident line of force. The com- 
ponent of the incident field, at the point of incidence, is zero 
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in a direction normal to the plane of incidence ; and, in conse- 
quence of (20:32), so also is the corresponding component of 
the field intensity at this point in medium 2. In other words, 
the plane containing the refracted line of force coincides with 
the plane of incidence. It follows that equation (20°32) may 
be written 

€,sinf,=€,sin@,. . . . . (20°36) 
On dividing (20-36) by (20°351) we get 


tan 6, tan, 


K, K, ° 
which expresses the law of refraction of the lines of force at a 
surface separating two isotropic dielectric media. 

The validity of the formula (20°35) is not confined to the 
case where the boundary separates two dielectric media. It 
must obviously hold when one of the media, say medium 2, is 
a conductor; in which case €,, is zero. In such a case there- 
fore K, must be infinite. A conductor therefore behaves (in 
an electrostatic field) like a dielectric which has an infinite 
dielectric constant. 


. (20-37) 


§ 20-4. ConpvuocTING SPHERE IN AN ELEOTROSTATIO FIELD— 
ELECTRICAL IMAGES 


We shall now study the problem of the electrostatic field 
due to a point charge, e (Fig. 20-4), with a conducting sphere 
in its neighbourhood. 
Let us suppose the 
region under investi- 
gation to be enclosed 
within an infinitely re- 
mote conducting sur- 
face, the potential of 
which we shall take to 
be zero, and that the 
conducting sphere has 
acquired the potential 
zero by having been Fie. 20-4 
temporarily in con- 
ducting connexion with the distant surface. The rest of the 
region is occupied by an isotropic dielectric medium of which 
the dielectric constant is K. We are given then that the 
potential at all points in the conducting sphere, and in particular 
at all points on its boundary, is zero. We are interested in the 
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resulting electrostatic field outside the sphere and in the charges 
induced on its surface. 

Lord Kelvin showed that this and similar problems could 
be solved by the following artifice: We imagine the sphere to 
be removed and its place filled with the dielectric medium the 
constant of which is K. We can establish the potential zero 
at all points on the spherical boundary by placing a suitable 
point charge, e’, at a certain point within the sphere on the 
line Oe (Fig. 20-4). Let the distances of e and e’ from O, the 
centre of the spherical region, be £ and L’ respectively and let 
r and s be their respective distances from any point, P, on the 
spherical surface. Then we require, in accordance with (18:7), 
that 


Ae , Ae’ 
Kr Ke ~° 
shall hold at all such points. Consequently 
: 


The left-hand member of this equation is a constant and con- 
sequently s/r must be a constant. We can meet this require- 
ment by choosing the position of e’ so that it makes the triangles 
OPe and Oe'P similar to one another, and consequently 


ES 

r L R 
Therefore 

es +e ee (204) 
and Re=LL’.. . . . . . (20-41) 


So that a charge, e’, if placed at a distance L’ from the spherical 
centre, O, will, if the relations (20-4) and (20-41) hold, produce 
zero potential at all points on the spherical surface and the field 
outside the spherical region will be identical with that which was 
there before the replacement of the conducting sphere. The 
calculation of the field intensities outside the sphere has now 
become very easy, since the problem is reduced to one of 
point charges. Kelvin called the point charge, e’, an electrical 
image. 

Let us calculate the intensity at a point, P (Hig. 20-4), in 
the immediate neighbourhood of the spherical surface. We can 
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shorten our work by making use of the known fact that the 
intensity is normal to the surface. ‘T'he intensity at P, due to e, is 


Ae 
Kr? 


and is in the direction eP. Imagine it replaced (in accordance 
with the triangle of vectors) by two intensities, one directed 
parallel to eO and the other along OP. The former we shall 
represent by €’, while the latter is obviously equal to 
ee 
kre or 
The corresponding contributions of the image e’ are an intensity 
parallel to eO, which we may call €”, and one along the outward 
normal OP, equal to 


Ae’ Rk 
Ks? sg 
The contributions of the two images give for the intensity at P 


oe ae Ae * [Direction of outward normal], 


} . (20°42) 
€’ + €" [Direction parallel to eO]. 


The latter of these contributions we know already is equal to 
zero, and the resultant intensity reckoned along the outward 
normal is therefore given by the first of the expressions (20°42). 
On substituting in it the appropriate expressions for s and e’ 
we easily find 


Ae 


= 2 [7 ‘ . ‘ - : 
€ = 7 (R* ~ LA), (20-43) 


where € is the intensity, reckoned outwards, at P. 

We may say of the result (20-43) that when it holds at all 
points on the conducting sphere on the outside the condition of 
zero potential is satisfied, or more generally that the external 
field calculated from e and the image e’ placed in the position 
described above, constitutes a solution of the given problem ; 
but we are still in doubt as to whether some other mode of 
attack might not lead to a different result, which might never- 
theless satisfy the given conditions, and in particular that of 
zero potential over the spherical surface. We shall prove in 
§ 20-9 that there is only one solution of the problem, and that 
consequently it must be the one we have found. 
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It is easy to determine the charge density, o, at any point, 
P, on the sphere. By (18°81) we have 


4nAo . 
kK €. 
and consequently (20°43) 
e 
BaP ete eens eb a 2 ° 
O Gein! Rh) 2. 2. . (20°45) 


The force exerted on the sphere by the point charge, e, is evidently 
the same as that exerted by e on e’. 


§ 20:5. INSULATED UNCHARGED SPHERICAL CONDUCTOR IN THE 
FIELD oF A POINT CHARGE 


Here the conditions to be satisfied are: (a) constancy of 
potential over the spherical surface and (b) the algebraic sum 
of the number of lines of force leaving the spherical region has 
to be zero. We can meet these conditions by retaining the 
image e’ exactly as in the last section, and introducing an extra 
image, e”, such that 

e’ te” = 0, 
and consequently 


oe (2055) 


Clearly this extra image must be placed at the centre of the 
sphere in order that the potential at its surface may be constant. 
Since e’ alone would reduce the potential to zero at all points 
on the spherical surface, it is clear that the potential is that 
due to e”. It must therefore be 
Ae" Ae 
KR KL oe) 
by (20°5). 
To get the intensity (in the outward direction) at points in 
the immediate neighbourhood of the surface of the sphere we 
have merely to add the expression 


Ae” a Ae 
KR? KRL 
to (20°43). We thus obtain 
Ae Ae 


© = RL + KPR 


(R2— 12), . . (20-52) 
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and for the surface density at any point, P, 


bet We cs pe pe : 
o= oe + aplBt— 14)... (20°53) 


§ 20-6. CHARGED SPHERE AND Point CHARGE 


Again we consider an insulated spherical conductor in the 
neighbourhood of which is a point charge, e; but this time we 
shall suppose the sphere to have a charge @. On replacing the 
sphere by dielectric, we have to secure that the potential shall 
be constant at all points on the spherical surface, and that the 
number of lines emerging through the spherical surface shall be 
that corresponding to the charge Q. The algebraic sum of the 
image charges must therefore be Q. It is easy to see that we 
satisfy these conditions by images e’ and e” equal to those 
described in the preceding sections, and having the same situa- 
tions, and the additional image, equal to Q, placed at the spherical 
centre. We find, in consequence, for the constant potential over 
the spherical surface the value (20°51) plus that due to the point 
charge Q, or 

_ AQ i Ae 
KR KL 
and for the intensity we have the expression (20°52) plus that 
due to Q, or 


(20:6) 


AQ Ae Ae 


aie oe _7t© (pe 2 : 
é icR a7 RL + 3 (R [*),. . (20°61) 
Finally 
= d e e 2.2 2 ° 
a 47R2 4nxRL inp! E*). .  . (20°62) 


The mechanical force exerted by the charged sphere on the 
point charge e can easily be calculated. It is obviously equal 
to the resultant force exerted on e by the images e’, e” and Q. 
The derivation of an expression for this force may be left to the 
reader. If the point charge, e, be in the immediate neighbour- 
hood of the spherical surface the force becomes an attraction, 
even when the algebraic sum of the charges on the sphere has 
the same sign as e. The force of attraction becomes in the limit 
when the distance, x, between e and the spherical surface 
approaches zero, 


Ae?* 
4Kx 
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§ 20-7. Firetp or A DIPoLe 


In Fig. 20-7, A and B represent two point charges each 
numerically equal to e, the former 
being negative and the latter 
positive. They are separated by 
a short distance which we shall 
represent by 2/. Such a combina- 
tion of charges is called an electric 
doublet or dipole. The product 
of the positive point charge and 
the distance separating the two 
point charges is called the 


Fie. 20-7 moment of the dipole. If we 
denote it by M, 
M=2e. . . . . . (20°7) 


We regard M as a vector, assigning to it the clirection AB from 
the negative to the positive charge. 
The potential, V, at a point, distant r from the centre of 


the dipole is 
Afe e 
V = —(— -— 
K (; =) 


where r, and r, are the distances from B and A respectively to P. 
This becomes in the limit, when 2/ is very small, 
_AM cos 0 
Kk pO 

The component of the electric intensity at P, in the direction 
of the line r from the dipole to P, is 


OV 2AM cos 6 
=. ar = Kp ° ° ° . (20 72) 
Let s represent distances measured from P in a direction at right 
angles to the radial line 7 as shown in Fig. 20-7. The electric 
intensity in such a direction will be 


_oV_ _aV _ AM sin 0 
os —iiar0—“(t;wséiCiK 


V (20-71) 


(20-721) 


§ 20:8. CoNDUCTING SPHERE IN A UNIFORM FIELD 


We turn now to the case of an uncharged conducting sphere 
situated in a field which, before the introduction of the sphere, 
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was uniform, i.e. everywhere constant in magnitude and direction. 
Suppose the intensity to be €. We obtain at once an approxima- 
tion to the solution of this problem by adopting the results of 
§ 20-5 and supposing 


L>>R. 
We shall then have 
Ae 
C= Fi: » oe eee) 6 (20°8) 


Let us replace e in the formulae of § 20-5 by means of (20-8), 
and allow L to approach the limit 0. We find 


e€ = eres 
,, KRL 
e” — + —-€. 


The two images will approach one another infinitely closely, 

since DL’ = R?, and will constitute a dipole the moment of 
which is easily seen to be 

KBE 

ee ag 


The direction of M is that of the field &. 

We may regard the field outside the sphere as a superposition 
of the field due to the dipole, the moment of which is expressed 
by (20°81), on the original 
field €, or, alternatively, 
we may use the formulae 


of § 20-5, replacing e by 
KL*&/A and allowing L to “oN 
approach oo. (Ls <— € 


. (20°81) 


We know that the 
electric intensity just out- 
side the sphere has a 
direction normal to its sur- Fia. 20-8 
face. Formula (20°72) 
gives us, for the contribution of the dipole, the expression 
2AM cos 6 
KR’ 
KRE/A for M (20°81), 


in an outward direction, or, when we substitute 


2€ cos 6; 
(Fig. 20-8) while the contribution of the original field, &, is 
E cos 6. 
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Therefore the electric intensity at the surface of the sphere, in 
an outward sense, is 
3Ecos$.. . . . . . (20°82) 


The surface density, o, is given by multiplying this expression 
by K/42A, so that we obtain 


3K € cos 0 
peg Pe . (20°83) 


§ 20:85. UNIQUENESS OF THE FOREGOING SOLUTIONS 


The methods adopted in § 20-4 and in the following sections 
are such that they leave us in doubt as to whether the solution 
found is the only onc. We can prove, however, that each of 
these solutions is unique. We shall confine our attention to 
the problem of § 20-4; but the same method will establish the 
uniqueness of the solutions of the other problems. We may. 
regard the dielectric medium as bounded by a distant surface 
the potential over which is everywhere zero, and by the surface 
of the sphere over which the potential is likewise zero. We may 
also imagine a sphere of minute radius, p, with the point charge, 
e, as centre. The potential over this spherical surface is also 
given. It is in fact Ae/Kp. If we give our attention to the 
region outside the spheres of radii £ and p respectively, we may 
say that it is bounded by surfaces where the potential is given. 
Now the solution we have found enables us to assign a value, V, 
to the potential at any point in the region, and it gives, as we 
have seen, the correct values on the boundaries. Suppose 
another solution, giving a value. V’’, for the potential at any 
point, were to exist. It is clear that at points on any of the 
boundary surfaces 


w= V— Vv’ =0. 


Since however 


V2V -= 9, 
and W2V' = 0, 
we must also have 

Vrw. = 0: 


Let us substitute the function w for both of the functions repre- 
sented by U and V in (3:1). We find then 


{| \ (grad w)? dx dy dz = { | wias, 
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the integration on the left extending over the dielectric, and 
that on the right over the boundaries. It is clear that the 
expression on the right is zero, because w = 0 at all points on 
the boundary. The integral on the left is a sum of elements 
each of which is bound to be either positive or zero; and it 
can vanish only if 


srad w = 0 
everywhere. Therefore 
w= V — V’ =a constant. 


In order that w may vanish at the boundaries the constant must 
be zero. Therefore 


V—VvV’=0 


everywhere, and the unique character of the solution is established. 


§ 20:9. DreLEctRic SPHERE IN UNIFORM FIELD 


We shall now turn to a problem which is related to those 
with which we have dealt in the last sections. We imagine an 
infinitely extended isotropic dielectric medium for which the 
dielectric constant has the value K,, and at some place within 
it a dielectric sphere of which the constant is K,. We shall 
suppose there are no charges anywhere, and that the field at 
distant points is uniform, i.e. the field intensity, €, is constant 
in magnitude and direction at points very distant from the 
sphere, K,. The problem before us is the determination of the 
field intensity at all other points. The solution of the earlier 
problem of a conducting sphere in a uniform field suggests that 
we should attempt to get an expression for the field intensity 
outside the dielectric sphere by the device of supposing the 
sphere removed and its place taken by dielectric material with 
the constant K,, a dipole of suitable moment, M, being placed 
at the centre and directed along €. We shall endeavour to solve 
the problem by assuming the field outside the spherical region 
to be a superposition of the field due to the dipole on the uniform 
field, &. 

Consider first the tangential component of the intensity, at 
a point on the spherical boundary, due to M. It is equal to 
AM sin 6/K,R? by (20-721), where £ is the radius of the sphere 
and @ is shown in Fig. 20:8. This may be written AM sin ¢/K,R°. 
The component of € in the same direction is easily seen to be 
— &sin ¢. In the direction shown by the arrow, parallel to the 
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spherical surface, the total component of the intensity outside 
the sphere is therefore 


AM sin ¢ 
K,R3 


In order to deal with the field within the sphere let us consider 
any meridian plane, i.e. one containing the diameter which is 
parallel to the direction of E. The symmetry of the field indicates 
at once that it has no component perpendicular to this plane. 
We shall therefore represent the field intensity at any boundary 
point within the sphere as made up of two components: &,,’ 
parallel to &, and €,’ perpendicular to € and directed towards 
the diameter; both being of course in the meridian plane. 
Consequently we find for the tangential component within the 
sphere : 


—€snd. . . . . (209) 


— €,’singd+ €’cosd . . . (20-91) 
The condition (20°32) requires : 
ae —K,Esin d= —K,6€,’ sin 6+4,€,’ cos 6. . (20°92) 


We now make use of the condition (20°35). The normal com- 
ponent at a point on the sphere on the outside is calculated from 
€ and M. Along the outward normal we have 


24M cos 0 
oniad — — € cos 
KB COS d, 
or 
2AM cos ¢ 
ae & cos ¢$ ; 


and hence for the product of normal component and dielectric 
constant we get 


__ 2AM cos 6 


ae — K€ cos gf... . (20-93) 


For the normal component of the intensity in the interior, in 
the outward direction, we have 
’ Pas ‘ 
— €,’ cos d — €,' sin ¢ ; 


and hence for the produce of normal component and dielectric 
constant : 


— K,€,' cos 6 — K€’, sind. .  . (20°94) 
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Kquating (20-93) and (20:94), we get 

2AM cos ¢ 
ag 


For the moment we are concerned merely to constitute the field 
at the boundary in such a way that the boundary conditions 
expressed by (20-92) and (20-95) are satisfied. We can do this 
in the simplest way by making €,’ = 0. We then get 


AM 


+K,& cos $=K,€,' 00s $+ K€,’ sin ¢. . (20-95) 


pr KE =—Ke, . . . (2096) 
and 
~ +KE8= £6, . . . (20-97) 


in which €,,’ has been replaced by €’, since it is no longer necessary 
to distinguish it from €&,’. We find at once that 


8K, 
«Ke + 2K, 


that is to say, the field in the interior of the sphere is uniform 
and parallel to €. 
The moment M is found to be: 
Me Elka — Ki)Rp 
(K, + 2K,)A 


It will be noticed that when K, is infinite this equation becomes 


K RE 

a 
This is identical with the value for M appropriate for a conducting 
sphere (20°81) as we should expect. Furthermore, when K, is 
infinite, €’ becomes zero (20°98), as would be the case if the 
sphere were made of conducting material. Finally, if we make 
K, = K,, we find that €’ becomes equal to & (20-98), while 
M becomes zero (20°99), which again is what we expect, since 
this is equivalent to removing the sphere and filling its place 
with the original dielectric K,. These are verifications of the 
correctness of the solution we have found. 

The preceding investigation does not exclude the possibility 
of other solutions of the problem with which we are dealing ; 
but it is easy to show that it satisfies not only the boundary 
conditions (as we have seen), but also all other conditions. The 
field intensity at any point outside the sphere K, is a super- 


é’ GE; . . . . . (20-98) 


. (20:99) 


M = 
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position of the field of the dipole and the constant field, €. 
It has therefore a potential : 


AM cos 6 
Vee S Ky ae Ve, 
— 3 
or ee — Gem eoee cos 0 + %, 


(K, + 2K,)r? 


where v, is the potential of the constant field € and r is the 
radial distance from the centre of the sphere ; and it is obvious 
that this satisfies (as it is required to do) Laplace’s equation at 
all points outside the sphere, and that it gives the constant 
field € at infinity. The field inside the sphere, being constant 
in magnitude and direction, also satisfies Laplace’s equation. 

We can now (following the method of § 20°8) prove that 
there is no other solution. Let V, be the potential at all points 
outside the sphere, given by the solution we have found, and 
V, that at all points within the sphere; and let V,’ and V,’ be 
the corresponding potentials determined by any other solution, 
if there be one. Let 


4 
we = Ve — Ve’ 
and w,; = V,;, — V,'; 


and substitute w, (or w;) for both U and V in equation (3:1). 
We thus obtain, since 


V°w, = 9, 
and Vu; = 9, 
\\J {grad w,}*? dx dy dz = [ {mega 


(20-991) 
Ow, 


(\f {grad w;}? du dy dz = | fore ds. 


In the former of these two equations the volume integration 
may be taken to extend over the region outside the sphere, 
bounded by two infinitely distant planes perpendicular to &, 
and an infinitely distant cylindrical surface parallel to €. The 
surface integral is extended over these surfaces and over that 
of the sphere. In the latter equation the volume integration 
extends over the volume of the sphere, while the surface integral 
is extended over its surface. The integration over the infinitely 
distant surfaces obviously contributes nothing to the total, 
since w, = 0 at infinity, and we may confine our attention to 
the spherical surface. The differentiation 0/dn is of course 
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in the direction of the outward normal, and in the case 
of the external region it is equivalent to — d/dr at the spherical 
boundary, and to -+ d/ér in the case of the internal region. 
Let us multiply the two equations by K, and K, respectively 
and add. We thus obtain: 


K,| || {grad w,}? dx dy dz + k,({] {grad w,}? dx dy dz 


Ow, OW, : 
= ( ie w_K We as (20-992) 
OW, x, OW; 
mee ar ey 


because the normal component of the electric displacement has 
the same value on both sides of the spherical boundary. Further- 
more, it follows from (20°31) that V, — V; has the same value 
at all points on this boundary. So likewise has V,’ — V,’, and 
as this constant difference is a property of the boundary, 


ee oe 
or WW; = We 


at the boundary. Consequently the right-hand side of equation 
(20-992) is zero. The integrals on the other side consist of a 
sum of contributions, each of which, if different from zero at 
all, must necessarily be positive. We must therefore conclude 
that 


grad w, = 0, 
or ad uu; = 0. 
Consequently V. — V.’ = constant, 


V;, — V,’ = constant ; 


which establishes that the assumed alternative solution does not 
differ from the original one. 
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CHAPTER IV 
MAGNETOSTATICS 


§21. MAGNETIZATION 


hk more obvious phenomena of magnetism are very 
similar to those of electrostatic fields. Indeed, the 
quantitative relationships of a large class of magnetic 
phenomena are exactly similar; though they are nevertheless 
easily distinguishable. They are most prominently associated 
with certain elements, especially iron, nickel and others of that 
class. The lodestone—lode = lead (German, leiten)—an oxide 
of iron (Fe,0,), seems to have been discovered, and its salient 
properties recognized, in early times, in Magnesia in Asia Minor. 
Hence the origin of the names magnetite and magnetism. 
The term ma§gnet is a name for any magnetized piece of material, 
i.e. a piece of material which exerts forces on pieces of iron, 
steel, nickel, etc., and if suspended by a torsionless fibre will 
take up a definite geographical orientation when in equilibrium. 
Pieces of iron, steel, nickel, magnetite, etc., if merely left undis- 
turbed, will gradually become magnetized. Most of the iron retort 
stands in a laboratory, if tested, will be found to be magnetized. 

When a magnetized piece of steel, or other material, is plunged 
into a mass of iron filings, these are found to adhere in thick 
masses io certain parts of the surface of the steel, and not uni- 
formly all over it. These regions over which the attraction is 
predominantly exerted are called poles, though the stricter 
usage of the term ‘pole’ associates it with a point, generally 
one of two points on a joining straight line (axis). Every 
magnet (magnetized piece of material) is found to have two 
poles or more.1 If a magnet with two approximately point poles, 
i.e. a magnet the forces associated with which are directed to 
or from two points, be suspended by a torsionless suspension 


1 This statement is not strictly correct. A piece of iron or steel in the 
form of a ring may be magnetized and exhibit no poles whatever. Perhaps 
one would not term such a magnetized ring a magnet. A piece of material 
cannot be magnetized in such a way as to exhibit a solitary pole. 
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(silk fibre) from its centre of gravity, it will be found that it 
tends to set itself so that the line joining the poles (axis) takes 
up a definite geographical direction. In the northern hemisphere 
this direction is, very roughly speaking, through a point on, or 
near, the geographical axis somewhere above the earth’s equa- 
torial plane. The measurements with a dip circle represent a 
more precise form of this experiment. We can thus distinguish 
between two kinds of magnetic poles—north poles and south 
poles, a north pole being naturally one which is pulled towards 
the northern hemisphere. Every magnet is found to have at 
least one pole of each kind. Very simple experiments indicate 
that two poles (like two electric charges) repel one another 
when they are alike, i.e. both north poles or both south poles, 
and attract one another when they are unlike; and we may 
account in a rough and approximate way for the behaviour of 
the dip circle magnet by assuming a moderately short two-poled 
magnet (dipole) at the centre of the earth, with its axis coincident 
with the geographical axis, and its south pole directed northwards. 

By constructing a magnet in the form of a thin steel rod 
with spherical ends of larger radius, and preferably of soft iron, 
we can produce approximately point poles. That is to say, the 
attractions or repulsions exerted by such a magnet on other 
point poles or on particles of iron (iron filings) are exerted 
approximately to or from points which are near the centres of 
the spherical ends. Generally speaking, however, the poles of 
a magnet are very far from being point poles. It is, however, 
a convenient (mathematical) device to regard a magnet as con- 
stituted of point poles, or more precisely, to regard every volume 
element in the magnet as containing poles, or, as we shall some- 
times say, magnetic charges analogous to point charges in 
electrostatics ; and we shall define the measure of a magnetic 
charge, or, as we more usually term it, pole strength, in a 
way exactly corresponding to the definition of quantity of 
electricity in § 18-1. Only we must bear in mind that an 
isolated magnetized particle will contain (at least) two poles 
of opposite kinds and is not therefore analogous to the simplest 
electrified particle (see § 18-1). There is, however, nothing to 
hinder us from regarding it (for purposes of calculation) as made 
up of two parts, one a north pole and the other a south pole. 
These may be regarded as the analogues of electrified particles. 
We shall adopt the same type of formula as (18-1) to express 
the force between two such point poles, namely 


F=mm g(r), . . . . . (2!) 


where m, and m, are the pole strengths of the poles (or their 
6 
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magnetic charges, as we might term them) and ¢ is the distance 
between them. The footnote on page 2 applies here with 
much greater force than it does in electrostatics. The formula 
(21) represents the facts when the two points poles are in empty 
space, or in air, or in almost any medium which a rather careless 
examination would class as non-magnetic. 

Without any knowledge of the law of force we can assure 
ourselves by simple experiments. which need not be described 
here, that the algebraic sum of the pole strengths of the 
poles of a magnet is always zero. This fact and the further 
one that there are no magnetic phenomena corresponding 
to electric conduction, sharply distinguish purely magnetic 
phenomena from purely electrical phenomena. A magnet is the 
exact analogue of a polarized piece of dielectric material, like 
the sphere of the preceding section ; provided we assign to the 
latter one further property which it does not actually possess— 
at all events not in any appreciable degree—namely that of 
permanence, that is to say of being able to remain polarized even 
when the external polarizing field has been removed. Briefly 
polarization in a dielectric resembles very closely magnetiza- 
tion in a magnet or magnetic material. Indeed, the defini- 
tion of intensity of magnetization which will presently be given 
is precisely analogous to that of polarization in a dielectric 
medium, We shall define magnetic field intensity in similar 
terms to those used in § 18-2 to define electric field intensity ; 
the only difference being that we are here concerned with force 
per unit north pole. Weshall usually represent it by the symbol, 
H. Similarly, we shall introduce the conception of a magnetic 
displacement, D,,, defined by 

D,, i a 
in which yu, the permeability of the medium, is a quantity 
analogous to the dielectric constant ; though for many media, 
including iron and nickel, it is not a constant. The intensity 
of magnetization in a medium we shall define by 


_ = Ho . 
T=" fH. 2... (21-02) 


a formula which is analogous to (19-411). 
Considerations analogous to those discussed in § 19-2 lead to 


Div D, = Pim> 


where p,, means density of magnetic charge. We have seen, 
however, that this is always zero; hence 


Div D, =0. . . . . . (21:03) 


. (21-01) 
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§ 21-1. Magnetic MoMENT 


By the magnetic moment of a magnet we understand a 
vector M = (M,, M,, M,), such that 


M,=Simgy . . . . . (201) 


This equation is to be interpreted as follows: we regard the 
magnet as an assemblage of 
point poles 1, 2,3 ...8, m Y 
being the strength of the pole, 
8, and x, its XX co-ordinate 
(Fig. 21-1). The Y and Z com- 
ponents of M are similarly 
defined. 

If a magnet be placed in a 
field of uniform intensity, H, 
the resultant force exerted on 1 = x 
it is found to be zero, and since aie 
the force is 


F = Jm,H = H2m,, 


it is evident that 
om,=0, . . . ©. . (21-11) 


a result to which we have already alluded (§ 21). 

The resultant couple exerted on a magnet placed in a uniform 
field H will be made up of the moments of the forces exerted 
on the individual point poles of which the magnet may be 
regarded as constituted. We have for the sum of the X com- 
ponents of these moments reckoned with respect to the origin 
(see § 5°43) 

2(y,m,H, — zm,H,) = M,H, — M,Hy. 

So that the resultant couple is 

[M,H]. . . . . . (21°12) 
That is to say, it is at right angles to M and H, in the direction 
in which an ordinary screw would travel if rotated in the sense 
from M to H; while its numerical value is MH sin 6, where 6 
is the angle between the directions of M and H. The work 
done in producing a small increment dé in the angle 6 is 
obviously 

MH sin 6 dé 

or — d{MH cos 9}. 


Hence, apart from an arbitrary constant of integration, the 


84 THEORETICAL PHYSICS [Ch. IV 


potential energy of a magnet in an external field of intensity H is 
—MHecos@, . . . . . (21:13) 


0 being the angle between the directions of M and H or, as we 
often express it, the angle between the directions of the magnetic 
axis of the magnet and H. The magnetic axis of a magnet 
is any straight line which has the same direction as its magnetic 
moment. 


§ 21-2. THe Macnetic PorentiaAL at A PoINtT IN THE FIELD 
OF A SMALL MAGNET 


We are now going to study the potential, due to a magnet of 
any shape or type of magnetization. at a point outside the magnet 
in air, or preferably in vacuo, and very distant from any point 
on or in the magnet itself. That is to say, if r (Fig. 21-2) be 
the distance of the 
point, P, where the 
potential, V, is to be 
determined, from some 
arbitrarily chosen point 
within the magnet, then 
r is very great when 
compared with the 
linear dimensions of the 
magnet. This explains 
the sense of the de- 

Fie. 212 scription small magnet 

used above. We shall 

suppose the fixed point, from which r is measured, to be the 

origin of rectangular co-ordinates (Fig. 21-2). Let m be the pole 

strength of any small element of volume in the magnet, and 

let us represent its distance from the origin by e. We shall 

treat r and e as vectors directed away from the origin. Let 

s be the distance from m to P. The contribution of m to the 
potential at P may be written in the form : 


my (s); 
where w(s) has the property : 


Y 


b(s) = — Ly(s). 


aad gies) eigen e 


where (x, y, z) and (é, 7, ¢) are the co-ordinates of P and m 
respectively. Therefore 


se = 7? + y? +. 2? — 2 (ve + Y1) + 2€), 
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or Ss? = rfl — cd ie Lf a) s/n =, 

r2 
if we neglect small quantities of the second order. To the same 
degree of approximation we have 


s= me — (aé + yn + 26)) 
| r? 
or finally, 
gr — 8), eee (242) 
where (r, e) is the scalar product of the vectors r and ep. 
By Taylor’s theorem the function y(s) is therefore 


2m) 


or 


v(s) = v(t) + 2 4qr), 2. (24-21) 


neglecting second order small quantities. 

In the summation 2my(s), the first term of (21-21) con- 
tributes nothing, since y(r) is a constant and Xm = 0 by (21:11). 
Therefore, if V represent the potential at P, 


V = SEP g(r), 
whence V = PD tes + yn + 22mb}, 


an = AO) eM, +yM, +2M.}. . ©. (21-22) 
For the X component of the magnetic field intensity at P we 
have of course 
aV 
Js a Ox” 
or, if we remember that ér/dr = x/r, and if we denote sEA 


by ¢'(r), 
fz = — =$'(t) (eM, + yM, + 2M} 


+ = $(r){eM, + yM, + 2M,} 


¢(r) 
Sr 2), 
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Of special interest is the component of the field intensity in a 
direction parallel to the axis of the magnet. We shall therefore 
imagine the X axis of the co-ordinate system to be turned into 
this direction. In consequence 


M,, =™M, 
M,, = 0, 
M, = 0 


and (21°23) becomes 
pa ; ve r 
f= — "gy + 24M — Py. _ (21-24) 


If the point P be on the axis through O, 
a 

= ), 

= Q) 


Yn & 


b) 


and (21:24) becomes 
fo =afe = ~$'(r).-M, «©. . (21°25) 


while, if P be on the Y axis, for example, 


C220. 
y=", 
2.2, 
and we get from (21:24): 
a HM. 5. (21-26) 
Experiment indicates that 
a 
ofa 
for the same value of r in the two cases; therefore 
$y 
¢(r) 
or 
é 2 
a ce eee) 
ee 


where 4(r) and ¢’(r) are abbreviated to ¢ and ¢’. Hence 


d log ¢ dlogr 
2—__-— = 0 
dr 7 dr 


and consequently 
r?é = constant, 
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that is to say, 
oA 
¢(r) = wo tt (21-27) 

where « is a constant, analogous to the constant « of § 18-1. 

This result expresses the law of force between point poles 
separated by a medium like empty space, air or anything which 
possesses very feeble magnetic properties. It is convenient to 
express « in a form similar to (19°08). Thus 


A 
d(r) = ee 2.2 -e 3 (21-28) 
where again A is pure number depending on our choice of units, 
and is usually either unity or 1/42. 
If we substitute (21°28) in (21-22), we get 


A 
V = me + yM, + 2M,} 


or 

P= ee . (21-29) 
This is of course equivalent to 

y = re , _ (21-291) 


where @ is the angle between the direction of r and that of the 
axis of the magnet. This formula should be compared with 
(20-71). 


CHAPTER V 
FOUNDATIONS OF ELECTROMAGNETISM 


§ 21:3. ELEcTRIc CURRENTS 
) eas shows that when a charged conductor, or 


condenser, is discharged through a coil of wire a magnetic 

field is produced in the surrounding neighbourhood. We 
shall define the strength of an electric current (in a conductor 
such as a piece of wire, for example) as the quantity of electricity 
passing any cross-section of the wire per unit time. To make 
the notion of an electric current, and of current strength and 
direction, as clear as possible, we may note that a transference 
of positive electricity—to fix our ideas, let us say a transference 
of + 7 units—from a conductor A to another B produces charges 
on A and B which are identical with those due to a numerically 
equal transference of negative electricity from B to A, as we 
have already learned in the sections devoted to electrostatics. 
Similarly, we cannot distinguish the magnetic effect of a current 
of + 7 units per second transferred in one direction from that 
of a current of — 7 units per second transferred in the opposite 
direction. When we speak of the direction of a current 
we mean that direction in which positive electricity would 
have to travel to produce the magnetic or other effects of the 
current. 

The current strength in a wire may vary from one cross-section 
to another ; but we shall usually be concerned with cases where 
this variation does not occur, or is negligible. Electrostatic 
devices are occasionally used for measuring currents, as, for 
example, in the measurement of ionization currents. That is to 
say, the quantity of electricity passing some cross-section in a 
measured time is determined from the rise of potential of some 
system of known capacity. More usually current strengths are 
determined from measurements of the intensity at some point 
of the associated magnetic field. 

Just asin § 19-2 the quantity of electricity displaced through 
the vector element dS, in the sense of its vector arrow, is (D, dS), 

88 
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so the quantity passing per unit time through dS in this sense 
may be written 

(i,dS), . . 2. . . . (21:3) 
We shall term the vector i the current density in the neighbour- 
hood of dS. A study of the mechanical picture of § 19-2 leads 
at once to the conclusion, 


Ot, , Oy , Ot, : 
oe oy ae oe » . . (21-31) 
or by the theorem of Gauss, 
| (idS)=0,. . . . . (21-32) 


where the integration is extended over any closed surface. This 
equation states that the algebraic or net quantity of electricity 
emerging per unit time from any closed surface is equal to zero. 
We shall apply this result to the case where a conduction current 
is flowing along a wire, and where a steady state exists, i.e. such 
a state that the field at all points remains constant. It is clear 
that, in such a case, the displacement currents in the surrounding 
dielectric must be everywhere zero, and consequently equation 
(21-32) necessitates that the current strength has the same value 
at all cross-sections of the wire. 


§ 21-4. MAINTENANCE OF CURRENTS 


When a current is maintained in a closed conducting circuit 
(ABC in Fig. 21-4), it is clear that the associated phenomena 
differ from those of an electrostatic 
field, since we have here electricity é 
in motion and an associated mag- dl 
netic field in the neighbourhood of 
the circuit. But even when a steady 
state exists, and the electric field 
intensity at all points remains con- 
stant, and in this broad sense may 
be described as static, it nevertheless 
differs in one very important respect Co: 
from an electrostatic field. Since the 
electric intensity at every point on Fie, 21-4 
the circuit must have a positive 
component in the direction of flow of electricity (see Fig. 21-4), 
it is clear that the line integral 


 (E, dl). owe ew (284) 
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round the circuit cannot vanish. It therefore follows that the 
electric intensity, &, cannot everywhere be expressed by 


&E=—gradV,. . . . . (21-41) 


as would be the case in an electrostatic field. This does not of 
course mean that such a function as V does not exist. It means 
that in general there are other factors contributing to € besides 
the negative gradient of the scalar potential (as we may term 
it; since the term ‘electrostatic ’ is now rather out of place). 
Our general expression for € must therefore take the form 


€=—€'—gradvV, . . . . (21:42) 


where &’ is the part of the electric field intensity not derivable 
from a scalar potential. It may happen that &’ only differs 
from zero in some restricted region such as A in Fig. 21-4. A 
familiar example of this is furnished by the case whcre a steady 
current is being generated by a cell of some kind. Inside the 
cell we have 


€& = &' — grad J, 


&’ and — grad V being approximately in opposite directions, 
Outside the cell we have € = — grad V. When the wire 
connecting the poles of the cell is cut, or removed, the current 
through the cell sinks to zero, and we have in consequence 
everywhere within it : 


G&'—gradV=0; . . . . (21-43) 


since the interior of a cell is a conductor and zero current is only 
compatible with zero intensity. 

In order to maintain a current in any circuit a continuous 
expenditure of energy is necessary. When the current is increas- 
ing, for example, magnetic and electric fields are being built up 
in the surrounding neighbourhood, the energy per unit volume 
in the latter case being (§ 19-9) 1(&, D), where & is the electric 
intensity and D the associated displacement. A similar formula 
expresses the energy per unit volume in the magnetic field. 
Even when the current is steady an expenditure of energy is 
necessary, since heat is produced in the circuit. In the case 
where the current is generated by a cell, the energy is supplied 
through the agency of the chemical reactions occurring in it ; 
in the case of a thermo-circuit energy in the form of heat is 
supplied or abstracted at the junctions and in other parts of the 
circuit ; and a current may be maintained by the excess of the 
heat absorbed over that emitted. 
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§ 21-5. ELECTROMOTIVE FORCE 


The quantity of energy supplied to a circuit, per unit quantity 
of electricity passing round it, is called the electromotive force 
in the circuit. Since the intensity, &€, means the force per unit 
quantity, the work done in the displacement of the unit quantity 
through the distance dl is of course (€, dl), and consequently 
if E be the electromotive force, 


B=  (€, dl), 


where the symbol ¢ indicates that the integration is extended 
round the whole circuit. Therefore 


E = o (&', dl) — (grad V, dl), 
and consequently 
b= o (S',dl),. . . . (2485) 
since, by Stokes’s theorem (3°32), 


. (grad V, dl) =0. 


Turning to the simple case where the current is due to a single 
cell, the integral (21:5) is termed the electromotive force of the 
cell. When the current is a steady one (not varying), &’ differs 
from zero within the cell only, and the electromotive force of the 


cell is the integral | (€'dl) taken through the cell from the 


negative pole to the positive pole. When the cell is on open 
circuit, in other words, when the wire connecting its poles is 
broken, we have by (21:43) 


| (&’, dl) = | (grad V, dl), 


the integration extending from the negative to the positive pole. 
Therefore if E be the electromotive force of the cell, 


-|-pole 
OV OV oV 
ie =e th —dz 
| (55 = oy yr dz ) 
—pole 
or 
-+pole 


B= [av=7,-V., 


—pole 
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where V,. and V_ are the potentials of the positive and negative 
poles respectively. We may therefore say that the electro- 
motive force of the cell is equal to the potential difference be- 
tween its poles when no current is flowing through it. It will 


be noticed that, while the integral | (€’, dl), taken through the 


cell, means the supply of energy, reckoned per unit quantity of 
electricity passing through it, this integral is not equal to the 
work done on the unit quantity within the cell. This latter 
quantity is equal to 


| (dl) = | ce — grad V}, dl), 


the difference, namely 


| (grad V, dl), 


being done on the unit quantity outside the cell. 

When a current is maintained in a circuit by several current 
generating agencies, e.g. by a number of cells, the electromotive 
force of each cell—we shall usually denote it briefly by E.M.F.— 
in any direction is represented by 


EMF. = | (S',dl),. . . . (21°51) 
the integration being extended through the cell in that direction. 


§ 21-6. ELECTRICAL RESISTANCE AND CONDUOTANCE 


The work that has to be done to maintain a current in a 
circuit will depend on various factors. It may be done in 
building up a magnetic field, in driving a motor which may be 
in the circuit, and in other ways. The simplest case is that of 
a steady current in a conducting circuit; the work is done 
exclusively in generating heat in the circuit, and the circum- 
stances are precisely analogous to those where work is done in 
making one body slide over another with a constant velocity. 
In such a case the work is done in overcoming the frictional 
resistance, with a consequent development of heat. We are thus 
naturally led to the conception of electrical resistance. We 
shall take as a measure of the electrical resistance of a con- 


ductor (a piece of wire for example) the value of Kc dl) 
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along the wire when the unit current is flowing through it, 
and the resistance, R, is therefore 


a | (E, a) 


7 (21-6) 
We are supposing, of course, that the work is done in over- 
coming a hindrance due to the inherent properties of the con- 
ducting material, with a consequent development of heat in the 
conductor ; that it is not done, for example, in contributing to 
the energy of a magnetic or electric field, or in driving a motor. 
The reciprocal of the resistance of a conductor is called its 
conductance. 
We have then 


| (€, dl) = Ri 


or 


| (g’, dl) — | (grad V, dl) = Ri 


and consequently, if we number the terminal points 1 and 2 
and represent the E.M.F. and the current in the direction 1 to 2 
by E,,. and 7,, respectively, 


Ei. ai Vv, a V5 —= BR yotio. . ° e (21-61) 


The resistance of a conductor is always independent of the direc- 
tion of flow of the current, so that R,, = RB. 


§ 21-7. Laws OF OHM AND KIRCHHOFF 


It is an eicnimental fact that in many conductors, e. g. in 
all solid and liquid metallic” or electrolytic conductors, 
independent of the current strength, though it pee Ae on the 
temperature of the conductor, and in some cases on other factors 
as well. The independence of F of the current strength is 
known as Ohm’s law. Gases and vapours furnish conspicuous 
exceptions to Ohm’s law. 

Problems concerning the distribution of current and potential 
in a network of conductors are most conveniently solved by the 
use of the relationships usually called Kirchhoff’s laws. One 
of these we have met already. It asserts that the algebraic 
sum of the strengths of the currents flowing into (or away from) 


1'We are assuming that the current, 2, is a steady current, i.e. that 
it remains constant. 
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any point of the network (the point 2 in Fig. 21-7 (a) for 
example) is equal to zero. The remaining law of Kirchhoff can 
be deduced from (21:61). It asserts that the E.M.F. round 
any mesh of the network (the mesh 1, 2, 3 in Fig. 21-7 (a) for 
example) is equal to 
Ryotis als Pystog = Bs 1%s1, 

or briefly 

ER S 2g ¢ & » « (217) 
We infer from (21°61) : 


Ey. iy V, ~~ V. am TN ita 
E,, + Ve— Vs = Rayiog . .  . (21°71) 
Kis, ae V; ic V, a: Besiss| 


and Kirchhoff’s law is seen to be an immediate consequence of 
adding these equations. 


(b) 
Fre. 21-7 


Imagine a circuit (not part of a larger network) such as 
that illustrated in Fig. 21:7 (6). Let us suppose the E.M.F.’s 
in the portions 12, 23, 34, etc., all equal to one another. That 
is to say, 


Kyo] ha = ha = © 6 6 fl ee 


if we think of the circuit as built up of m such portions. Clearly 
in this case 


tye a bug = 134 — a . e == tas = 0. 
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Then we have: 

E +- Vi- V. = Riv 

E +- V.— Vg = Rast 


EK + V; ro V, = Rat e . . (21°72) 
E + Vs, = V; one nit. 
Consequently 
nH = 1(Rip + Rog +... +R), 
or E = pire + Bos +. Ra 
n 
and therefore E =:R, 


where R is the average resistance of the portions 12, 23, 34, 
. ni, of the circuit. Substitute this result for E in any one of 
the equations (21-72) : in the 34 equation for example, and we get 


iR +- Vs ome Vi = Bag. 
If now the resistance #, happens to be equal to the average 
resistance &, we must have 


V,.—V,=—0), 
or Vs=Vi; 


and indeed if we suppose the resistance, R, and the electromotive 
force, E, in. the branch, 34, to be uniformly distributed along 
it, that is to say if the component of €’ in the direction of 
flow of the current is constant along 34, it is easy to show the 
potential has the same value at all points along it. 


§ 21-8. ExeorricaL CONDUCTIVITY AND RESISTIVITY 


If in (21-6) # represents the resistance of a piece of material 
of length dl measured in the direction of the current, and if we 
use the letter ¢ to represent the current per unit area (current 
density), instead of representing as in (21-6) the total current, 
the formula becomes 

€,dl 
Yee te 
td ’ 
where dS is the cross-sectional area of the conductor and €, 
is the component of the field intensity in the direction dl. 
This formula may be written 
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The quantity 


RdS 
ae (21°8) 
is called the resistivity of the material, and its reciprocal, 
GS 1p. 2 ue « « & (PSL) 
is called its conductivity ; so that 
E, = pt, ] 
and ) OC». | nee) 


§ 21:9. JouLn’s Law 


The work done in maintaining a current against the resistance 
of a conductor (a wire) is evidently 


; | (Edl) 
per unit time, where 2 means the fofal current in the wire (not 


the current density), since | (Edl) is the work done per unit 


quantity. And in this case 


| (Edl) = Ri: 
consequently the rate of production of heat is 
To owe GB we we w@ 219) 
or 
Wp Ky he owe ce ge ke ow EAD) 


when K represents the conductance of the wire. Consequently, 
when & (or K) is constant, as it will be when Ohm’s law holds 
and the physical state of the conductor (its temperature in 
particular) is not allowed to vary, the rate of generation of 
heat is proportional to the square of the current strength. This 
is usually called Joule’s law. If we consider a small piece of 
conducting material of length dJ in the direction of €, or of the 
current, and of cross-sectional area dS, we have from (21°9) 
for the rate of generation of heat 


RdS 2d8, 


where 7 now means current density. On dividing by the volume, 
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dSdl, we get for the rate of generation of heat per unit volume 
the expression 


RdS... 

“a 
or 

pi,. . 2. 1. ee (21°92) 
which may of course be written 

v/ow . . . . « « (21°93) 


§ 22. MaGnetTio FIELD OF A SMALL CIROUIT 


It is an experimental fact that when the current strength 
in a small circuit, or its dimensions, are suitably adjusted, as 
also the orientation of the circuit, the consequent magnetic field 
can be made exactly like that of 
a given small magnet. By ‘small 
circuit’ and ‘small magnet’ is - 
meant a circuit, or magnet, the ) 
linear dimensions of which are small 
compared with the distances (from 
the circuit or magnet) of the points 
in the magnetic field with which 
we concern ourselves. When the 
circuit consists of a plane loop of 
wire (Fig. 22), the direction of the 
magnetic axis of the equivalent 
magnet is perpendicular to the 
plane of the loop and is related to Fia. 22 
the direction of the current in 
precisely the same way as the direction of travel of an ordinary 
screw is related to the direction in which it rotates. Experiment 
shows that the magnetic field intensity at any point is propor- 
tional to the product of the current strength and the area of 
the loop. The formulae (21-29) and (21-291) therefore become, 
when applied to the field (at distant points) of the circuit: 


—_ piles a) dS) 


a 


. (22) 
and 


v= ts - 5. (22-01) 


In these expressions the vector dS is numerically equal to the 
area of the small loop and is assigned the direction of the magnetic 
7 
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axis. The positive constant # has the same value for all media, 
and is therefore a pure number. It is convenient to replace 6 
by A/a, where A is the same numerical constant (usually 1 or 
1/42) as that represented by A in the formulae of electrostatics 
and magnetostatics, while a is a new numerical constant. We 
shall consequently write (22:01) in the following way : 


AidS cos 0 


yo es (2202) 


§ 22-1. Systmms or UNITS 


The constant A is always, or nearly always, chosen to have 
one or other of the values 1 or 1/42. In the former case we 
shall describe the units used as ordinary units ; in the latter 
case as Lorentz-Heaviside units. The usual choice for the 
constant @ is either 1 or, alternatively, the number which ex- 
presses, as we shall see later, the velocity of electromagnetic 
waves in empty space. It must be emphasized, however, that 
a is &@ pure number and not a quantity with the dimensions of 
a velocity. We shall use the letter c to represent the velocity 
of electromagnetic waves in empty space. The following table 
exhibits clearly various systems of absolute units which are 
in use: 


K=1- At Ordinary electrostatic. 

er Se ed A =1/4x Lorentz-Heaviside electro- 

in empty space eodie 
a=1 A=] Ordinary electromagnetic 

w= units. 


in empty oa = ]/4x Lorentz-Heaviside electro- 
magnetic units. 


As we shall learn in § 24:8, the velocity of electromagnetic 
waves in an isotropic medium of dielectric constant, K, and 
permeability su is 
ee 
V ek 
Consequently we have 
ab 
C= —_—_-_::= >», . 
V io K o| 
where jt, and kK, are respectively the permeability and dielectric 


constant of empty space. If therefore we choose a definite 
numerical value for a we cannot arbitrarily fix both of the units 


(22-1) 
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for K and uw. For instance, when we adopt electrostatic units, 
whether of the ordinary or of the Lorentz-Heaviside type, we make 
a = 1 (for all media of course, since it is merely a number) and 
K =1 for empty space. The unit for uw is thereby fixed. It 
is the unit which makes uw for empty space equal to 1/c?, in 
consequence of (22-1). Similarly, when we adopt electromag- 
netic units we give a the universal value 1 and make uw = 1 
for empty space. In consequence we find for empty space 


] 
ce 
If we choose the numerical value of a so that a = c we may 


then, as formula (22-1) indicates, choose units for K and yp, so 
that both 


K=1 
|for empty space. 

and pet 

When our units are chosen in this way we shall call them mixed 
units, since they will be found to express the electrical quantities 
in terms of electrostatic units, and the magnetic quantities in 
electromagnetic units. Whether they are of the ordinary or the 
Loreniz-Heaviside type will depend, of course, solely on the choice 
made for A. Reference will be made later (§ 24:3) to the units 
usually known as practical units. 


§ 22-2. Maanetio FIELD oF A CURRENT 


In order to approach the general problem of the field of a 
current let us imagine a loop of thin wire round which a current 
of strength 7 is flowing, as indicated in Fig. 22:2. The portion 
of the loop repre- 
sented by a broken 
line may be sup- 
posed to be behind 
the plane of the 
paper. Let Prepre- 
sent any point. It 
may be conveni- 
ently thought of as 
in the plane of the 
paper. It will be Fia. 22-2 
seen that the mag- 
net, to which the current is equivalent, will have its north pole 
side towards P, and a point north pole at P will experience a 
force tending to drive it farther away from the current circuit. 
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If P be very distant from the latter the formula (22-02) will suffice 
to describe the field near P, if dS be replaced by the equivalent 
area. We shall, however, still be able to make use of this formula 
even when FP is not a distant point. Let us imagine a thin 
sheet or surface having the loop of wire as its boundary. This 
sheet may have any shape subject to the condition about its 
boundary. Now suppose a network to be traced on the sheet, 
so as to divide it into a very large number of small surface 
elements dS, as shown in Fig. 22-21 (a). Instead of the original 
current of strength 7 flowing round the boundary of the sheet 
as shown in Fig. 22-2, let us imagine 
a large number of minute circuits, 
the current in each flowing in the 
same sense round the boundary of a 
surface element dS. Every element 
dS, we shall suppose, has such a 
current flowing round it, and we may 
take the linear dimensions of every 
dS to be infinitesimal by comparison 
with the distance between it and the 
point P. Such a system of small 


—— | == circuits will give rise to a magnetic 

| {| || (4) field identical with that due to the 
ek ee original circuit consisting of the cur- 

Fie, 22-21 rent 7 flowing round the boundary 


loop. This will easily be understood 
by studying two contiguous elementary circuits as illustrated 
by Fig. 22-21 (b). Equal and oppositely directed currents, 
it will be seen, flow along their common boundary, so that 
the current strength in any boundary between two or more 
such elements is zero. The only current not annulled in 
this way is clearly that flowing round the loop bounding the 
sheet. 

In applying (22-02) to any one of the elements dS, we 
shall lay down that the vector arrow of dS is directed in the 
sense of the screw rule (see the last paragraph of § 3-3), so that 
in Fig. 22-2 it is directed to the same side of the sheet as that 
on which P is situated. It is now evident that 

dS cos 0 _ dQ, 
r2 
where dQ is the small solid angle of the elementary cone which 
has P for its apex, and the element dS for its base. The angle, 
dQ, may be described as the area which the elementary cone 
cuts out of the sphere of unit radius described round P as 


§ 22:2] FOUNDATIONS OF ELECTROMAGNETISM 101 


centre. We have then for the contribution of the element dS 
to the potential at P: 


dV = se eee (222) 
and for the potential at P, 
v = Se we (2221) 


This last result needs a little further elucidation. First of all, 
we have fixed the arbitrary constant in V in such a way as to 
make V = 0 at infinitely distant points. This is implied in the 
use of (22:02). Secondly, V would have turned out to be 
negative at P if this point were on the negative side (as defined 
by the screw rule) of the sheet. To make the formula apply 
universally we must therefore use 2 algebraically. That is to 
say, 2 represents not the numerical value of the solid angle, but 
the numerical value preceded by + or — according as the 
point P is on the + or on the — side of the sheet. Lastly, 
the position and shape of the sheet may be chosen arbitrarily 
(subject to its having the loop for its boundary); but once 
chosen it may only be changed in shape or position if certain 
precautions are taken, and the path of integration of the line 
integral which represents V must not pass through the sheet. It 
is instructive to consider the potentials at two infinitely near 
points situated on opposite sides of the sheet. The value of 2 
on the positive side of the sheet might be, for example, 


Qa = +- $ x 4x. 
Obviously the value of 2 for the other point would then be 
Q_ = —} x 4a, 


since it has the opposite sign and in absolute value it represents 
the remaining or complementary part of the area of the unit 
sphere. Therefore 


Q, = $2_ = 47 
Consequently | . 
V,-V. =... . (2222) 


If therefore the sheet were moved so that a point previously 
on its negative side might come to be on its positive side, the 
potential at such a point would increase discontinuously by 
4nxi1A /a. The sheet therefore represents a boundary where V is 
discontinuous. At all points outside this boundary V is a one- 
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valued and continuous function of the co-ordinates of the point. 
If however we abolish the sheet, or, what amounts to the same 
thing, we assume the privilege of taking the line integral, which 
defines the potential V, along any path whatever, we find that 


(22-23) 


_ Gamer reas 4dainA 
function of «, ¥, 2 


where n is any integer, positive or negative. ‘This must be so, 
since if we take the line integral once round the wire or loop, 
along which the current, 7, is flowing, from the positive side 
of the sheet to the negative, i.e. in the positive direction (Fig. 22) 
relatively to that of the current, the value of V decreases by 
4x1A/a. It increases by the same amount when we take the 
line integral once round the wire in the neyatove direction. It 
will be noticed that the terms positive and negative are used in 
such a sense that when we assign the term positive to the 
direction of the current, the corresponding positive direc- 
tion of the line integral is related to it in the same way 
as the direction of rotation of an ordinary screw to that 
in which it travels. The formula (22-23) is reminiscent of the 
analogous definition of a logarithm as a line integral. 

A very important purpose of the function V is to enable us 
to calculate the field intensity H by means of the formula 


H = — grad I. 


When we apply this formula, the many-valued constant term, 
4ninA/a, of (22-23) gives simply zero, with the result that, 
though V is many-valued, H is one-valued, as of course it should 
be, since it represents a physical characteristic of the field at 
the point in question. 


§ 22:3. First Law or ELECTRODYNAMICS 


We conclude from the analysis, given in § 22:2, of the 
magnetic field of a current flowing round a loop of wire, that 


“ne = OH, dl), . . . . (22:3) 


where the line integral is taken once round a loop enclosing the 
wire, and in the positive direction relatively to that of the 
current. It is easy to see that when we have two or more 
wires conveying currents, and when the line integral is extended 
round a closed path embracing all of them, that 


SAT taste 4 > (H dl), . (22-301) 
a b) b 
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attention being paid to the sign. It is convenient to express 
this result in a different way. Imagine a thin sheet or surface, 
the boundary of which is the closed path round which the 
integral ¢ (H, dl) extends. Then 7, +72, +7, + ... may be 
written 


\| (i, dS), 


where i means current density, and dS is a vectorial element 
of the surface or shect. Equation (22-301) may therefore be 
written 


4taA 
a 


|\G. dS) = o(H, an. / (22-31) 


We shall adopt all that is implied by Maxwell’s displacement 
hypothesis (§ 19-2), so that the current density i may be 
regarded as the vector sum of one or more parts i, and i, and i, 
where 

a oD 
sb. 
i, = o&[o = conductivity of medium], . (22-33) 


[D = dielectric displacement], . (22:32) 


= le = electric density and 2. (2234) 
Vv = velocity of transport 


Equation (22°31) has a very fundamental significance. It is 
sometimes called the first law of electrodynamics. 


§ 22-4. SeconpD Law or HLECTRODYNAMICS 


Let us turn back to (22-21). It represents the work that 
we must do per unit pole strength to bring up a point north 
pole from co to the point P (Fig. 22-2) without crossing the 
barrier of the sheet ; or the work the field must do when the 
pole travels from P to o. If instead of being reckoned per 
unit pole the work is reckoned for a point north pole of strength 
m, we shall have 
Aim $2 

a 


The presence of the pole m at P will give rise to a displacement 
(in Maxwell’s sense) of magnetism through the loop of wire. 
This must be represented by 


— || @,., 4s), ost a » 221) 


Work =: (22-4) 
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the integration being extended over the sheet. The minus sign 
is necessary because the sense of the displacement is through 
the sheet in the direction away from P, whereas the vector 
arrow of the element dS is directed towards P. On the other 
hand the quantity of magnetism displaced through the loop 
must be equal to 


ma/4n, . . . . . (22-411) 


since the total amount m is displaced uniformly in all directions. 
This amounts to m/4z per unit solid angle, and therefore to the 
quantity expressed by (22:411) within the angle 2. This 
formula appears to contradict the fundamental principle that 
the algebraic sum-total of magnetism displaced through any 
closed surface is zero. The contradiction is however only 
apparent. The north pole 2 may be pictured in the way shown 
in Fig. 22-4. We may regard it 
as terminating an infinitely thin 
and long magnet. The quantity 
m is displaced inwards through 
the part of any closed surface 
surrounding the pole (such as that 
represented by the broken line), 
within the (infinitely narrow) cross- 
section of the magnet, as indicated 
by the arrows in the figure. 
While an equal quantity m is dis- 
placed outwards and uniformly 
through the remaining part (which 
is practically the whole) of the 
closed surface. On equating (22°41) and (22-411) and substi- 
tuting in (22:4) we get: 


Fig, 22-4 


A-Anzi 
a 


Work = — | |Dns dS)... . (22-42) 


This then is the amount of work we should have to do to estab- 
lish the flux {\@,. dS) through the loop of wire in which the ~ 


current 7 is flowing. In arriving at this result we have assumed 
4 to be kept constant while the flux was being established. Let 
us now suppose the constant current 2 to be very small, so 
that we may regard the energy of that part of the magnetic field 
due to 7 as vanishingly small everywhere. The whole energy of 
the magnetic field may then be supposed to be that of the pole 


m which contributes the flux | | (D,,, dS). It is obvious that 
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the energy of the field is not altered by the establishment of the 
flux, while nevertheless work has been done in the process. 
What form of energy then has been produced, and where ? 
We can only conclude that the work has been done in maintaining 
or partly maintaining the current in the wire, and, of course, if 
the circuit consists merely of a piece of wire, the form of energy 
generated will be heat. We are thus led to the result that the 
external E.M.F. (due to a cell or other device) necessary to 
maintain the constant current 7 will be less during the establish- 


ment of the flux [@n» dS) ; that, in fact, while this flux is 


being produced there is an induced electromotive force round 
the loop of wire and a consequent electric field intensity, at 
every point of the loop, tending to maintain the current 7. Now 
in accordance with § 21-9, if €& be the intensity of the induced 
field, the rate at which work is done by it will be 


id (Edl), 
and by (22-42) this must also be equal to 


_ “1(G2 dS). 
a ot 


We arrive therefore at the result : 


$(, aly = — 220 ( (Fm m , aS). (22:43) 


It is often convenient to represent the magnetic flux through a 
surface by lines (just as we represent the intensity of an electric 
or magnetic field by lines of force). These are usually called 
lines of induction, and we shall define the number, N, of them, 
which cut any surface, by 


W = ||@n, 48). -. (22-431) 


The left-hand member of (22°43) represents, as we have seen, 
the electromotive force induced in the loop of wire, while the 
right-hand member becomes — 42AdN/adi. Therefore 


Induced Electromotive Force = — sie pe (22-432) 


This is Faraday’s law; sometimes also termed Neumann’s 
law, after Franz Neumann, who first gave mathematical 
expression to it. 
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It has become customary—rather untortunately—to define 
the number of lines of induction through any surface by 


N’ ~ ||, 4s), 3. (22-433) 


where 
B = wH = 4nAD 


The quantity B (number of lines of induction per unit area) is 
termed simply the magnetic induction. We may consequently 
write (22°432) in the form : 


Sette Se 1S) eee Se ee SS ee ee 


, 


dL? 


Induced Electromotive Force = — ! 


7,» | (22-434) 


and when we adopt electrostatic or electromagnetic units, for 
which @ = 1, as we have scen. it simplifies to 


/ 


Induced EKlectromotive Force = — aN" 


7: | (22435) 


The vectors D,, and B become identical when we employ Lorentz- 
Heaviside units, and in this case, of course, NV and N’ also become 
identical 

The significance of the sign in (22-435) and similar equations 
must be kept in mind. The left-hand side of this equation 
represents a quantity directed round a closed loop or curve, 
while the right-hand side refers to a quantity directed through 
a sheet or surface which is bounded by the loop. The positive 
directions for the two quantities are related to one another in 
the same way as the directions of rotation and of travel of an 
ordinary right-handed screw. For instance, if the closed curve 
or loop be in the plane of the paper and the positive direction 
round it be the clockwise one, the corresponding positive direction 
for a flux through the paper would be downwards, or away from 
the reader. The negative sign in (22-435) therefore asserts that 
when the downward flux is actually increasing the induced 
E.M.F. has a counter-clockwise direction. It has therefore such 
a direction that it produces. or tends to produce, a magnetic 
flux in the opposite sense to that which gives rise to it. This 
is the law of Lenz. 

The integral 


§ 22-5] FOUNDATIONS OF ELECTROMAGNETISM 107 


in (22°43) represents the strength of the magnetic current through 
the imaginary sheet or surface which we supposed to be bounded 
by the wire or closed curve round which the line integral ¢ (€, dl) 
is extended. This magnetic current is the exact analogue of an 
electric displacement current in a dielectric, and no other kind 
of magnetic current is known. There is no magnetic phenomenon 
corresponding to conduction or convection currents of electricity. 
We shall represent the magnetic current density by i,,, so that 


aD,, 
coer a (22-436) 
We may now write (22:43) in the form: 
- sii { | (ins dS) = b(E, dl).| .  . (22-44) 


The line integral is extended round any closed curve, while the 
surface integral is extended over any surface bounded by the 
closed curve. We shall term (22-44) the second law of electro- 
dynamics. It should be compared with (22-31). 


§ 22-5. Foroz on A CONDUCTOR IN WHICH A CURRENT 
IS FLOWING 


Let AB (Fig. 22:5) represent a wire forming part of a circuit 
in which a current of strength 7 is flowing. We shall suppose it 
to be situated in a magnetic field of ex- 
ternal origin. The magnetic displace- 
ment at any point of the field may be 
represented by D,,,. 

If the wire or circuit be moved so 
that a short portion of it, dl, sweeps out 
the small parallelogram shown in the 
figure, a certain amount of work (positive 
or negative) will be done. The work 
done in moving the whole circuit can be 
obtained by the help of (22:42). Leav- 
ing the sign out of account for the 
moment, this work is equal to the pro- Fig. 22-5 
duct of 47Az/a and the change in 


the value of {{@n. dS). Now we may associate a certain 
part of this work with each element, di, of the wire as follows : 
The change in the value of {\@.., dS) is due to the fact that 
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each element, d/, of the wire in suffering a displacement, ds, cuts 
the magnetic flux. If » be the angle between the direction of 
the current, 2, and that of ds, the areca swept out by the displace- 
ment of di is 


di ds sin y, 


and if the direction of D,, makes an angle ¢ with the normal, JN, 
to the plane of the parallelogram, the corresponding contribution 


to the change of {|@.. dS) is obviously 


D,,, cos f sin p dl ds. 


Therefore the part of the work done by the displacement of dl is 
2D, cos ¢ sin py dl ds. 
t 


This must be equal to 
Fd ds, 


where Ff, is the component of the force (reckoned per unit length 
of the wire) in the direction ds. On equating the two expressions 
for the work done on dl, we get 


4nA 


Yee wD, cos dsin yp. . . . = (22°5) 
a 


If the displacement, ds, be in the direction of the current, 7, the 
angle y, and consequently sin y, will be zero, and in this case 
therefore the component /, of the force 
per unit length will also be zero. The 
torce on the wire must therefore be at 
right angles to its length. Further, if 
the direction of ds should coincide with 
that of D,,, the latter will lie in the plane 
of the parallelogram, and ¢ will be a 
right angle. Hence the component, F,, 
of the force in the direction of D,, is also 
zero. We thus arrive at the conclusion 
that the force on the wire is perpendicular 
to the plane which contains the directions 
Fie. 22-51 of the current, 7, and the magnetic dis- 
placement, D,,. In Fig. 22-51 the current, 

2, and the displacement, D,,, are represented in the plane of the 
paper. Let direction of ds be perpendicular to this plane. We 
need not for the moment decide whether it is directed upwards 
or downwards. The parallelogram now becomes a rectangle, and 
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its plane is perpendicular to that of the paper. Since yp is 
now a right angle, we find for the force per unit length the. 
expression : 


sie iD,,, Cos ¢, 


or, if 0 be the angle between the directions of the current and 
of D,,, 


ot Dn sin®. . . . . . (2251) 


We have thus obtained an expression for the absolute value of 
the force per unit length; but we have still to decide whether, 
in relation to Fig. 22-51, it is directed upwards or downwards. 
This we can easily do in the following way: Suppose D,, to be 
due to a north pole at O. The relations we have already studied 
(§ 22) between the directions of the current and its magnetic 
field indicate that the force on this north pole is directed 
upwards (screw rule). The law of action and reaction therefore 
requires that the force on the current element must be directed 
downwards. The expression (22:51) therefore represents a 
vector product directed downwards. If therefore F represents 
the force per unit length of the wire, and if we indicate the 
vectorial character of the current by i, we find for F: 


F = 24h, Dale... .- (2252) 


Since D,, = uH/4xA, = B/4xA this formula becomes : 
F = “ti, BL... . (2253) 


and when we employ electrostatic or electromagnetic units, for 
which a = 1, we have 


F=[i,B}. . . . . . (22°54) 


If the medium be air, or empty space, for which uw in E.M. units 
is unity, or practically unity, 


F=[i,H];. . . . . (22:55) 


while with mixed units, for which a = c, 


F =—[i, H] oe. ea (22556) 
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It will be well to recall the significance (§ 2-1) of the symbol [ ]. 
Taking (22°55) for example, [i, H] means a vector the absolute 
value of which is iH sin 0, where 0 is the angle between the 
directions of i and H. It is also intended to indicate that the 
direction of this vector is that in which an ordinary screw would 
travel if it rotated in the sense which would turn i across the 
angle, 0, towards H. 


§ 22-6. Force on A CHARGED PARTICLE IN AN ELECTROMAGNETIC 
FIELD 


We shall now consider a charged particle or small charged 
body which is moving with a velocity, v, in a magnetic field. 
We imagine the small body—we take it to be small in order that 

every part of the magnetic field over which 


ee it extends may be considered uniform— 
(as divided into small cylindrical elements of 
volume, any one of which has a length, 

dl dl, in the direction of motion, v, and a 

Fie. 22-6 cross-sectional area, dS. Let the electric 


density in the element be p. We may 
regard this element in motion as constituting a current. This 
current, which is a convection current, is clearly equal to 


p as v. 


It follows therefore from (22°52) that the force on such an 
element is 


ae, dS di[v, D,,], 


and since the charge on the element is equal to 
p aS dl, 


the force on the element is equal to 
charge x “tA, D,,).. . . . (22-6) 


The factor in (22-6) multiplying the charge on an element is 
common to all the elements in the body, and consequently the 
force on the whole bocly is given by (22-6) if in this formula 
‘charge ’ means the whole charge on the body. We have there- 
fore, if e be the charge on the small body, and F the force : 


F = “ay, D,J- . . (2261) 
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This represents, of course, only the force due to the magnetic 
field. If an electric field of intensity € be present as well, we 
have for the complete statement of the force: 


4nA 


F = ef + “lv, Dr (22-62) 


In empty space, and with the use of mixed units, we find, since 


a=, 
and do = K, = 1, 
F = aE + fv, H]}. 5. (22:63) 


§ 22-7. ELECTROMAGNETIO FIELD EQUATIONS 


If we apply Stokes’s theorem (3°32) to the right-hand side 
of (22°31) we get 


= (i, dS) = {{ (curl H, dS). 

This equation must hold for any surface, large or small. If 
therefore the surface be reduced to a mere element dS we 
get 


ane, dS) = (curl H, dS), 


and since no restriction can be placed on the direction of the 
vector dS, this last equation will be equally true if we turn dS 
so that its vector arrow points in the X direction. We have 
then 


dS, = dS, 
dS, = 0, 
dS, = 0, 


and consequently 


ky d§,, = [curl H],.dS, 


or 


A, = [curl H],. 
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There are, of course, two further equations similarly associated 
with the Y and Z directions. We shall associate with these 
three equations the divergence equation (19-21). The appro- 
priateness of this association will presently appear. The four 
equations may be written: 


4nA OH, OH, 


a oy a2” 
4nA. 0H, oH, 


a % Oz ox” 


(22-7) 


dad . _ off, oll, 
7 Aa oy’ 


p = div D. 


Similarly, we get from the second law of electrodynamics (22°44) 
and the associated divergence equation : 


4nxA. 0€, o€, 
as Cig oF a 8 
a oY Oz 
472A 0€. 0€ 
ee) ee ee ee oe OS 71 
a Oe Oat’ Cae) 
_ 4A 06.) .. 08% 


= div D,,. 


We shall direct our attention to a medium with a dielectric 
constant K; but which is not a perfect insulator. That is 
to say, it has a conductivity o which is not zero. Let us 
further suppose that its permeability u is a constant. We have 
then 


K @€, 


a nace heey 
~ 47A at si 


in consequence of (22°32) and (22:33), and corresponding 
expressions for 7, and z,. For the components of the magnetic 
current density we find 


ne LEE 
™ dn A at 
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and similar expressions fori,,,, and t,,. Substituting in equations 
(22-7) and (22°71) we obtain: 


Koe, 40d, _ OH, dH, 

a oo ae” oy az’ 

Ko€é, , 4A _ 0H, 0H, ; 
Ca a a oe ee 
K0e, 407A, _ OHy He 

@ ot @ "~ a day’ 


0€., dé, 0€, _ 4nA 


& —_—_—_— ——sses 
ic Gy a KP 
and 
gaol ta ee OR, 
a ot ay az” 
gos Oa Es 
a at dz Oe e209) 
_wOH, a8, 06, 
a ot 6 Oo oy” 
aH, , oH, , aH, _ 
a oy ee 


These are the electromagnetic field equations which we owe to 
Clerk Maxwell. 

We shall sometimes use the following notation, or a notation 
similar to it: 


ck 
H, = fF“, fa = F*, 


cK 
H, = yates — fy — Fy, 


H, = PF, = , = F*, 
a 
st = eee 
a 
y= Stee. 
a 
sa lead 
a 
We 4nd . 
= as Ps 
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and we shall combine with it the convention : 
Fru = ~— Pye, fa = = fis, 


etc., so that 
Fre = Puy = P= = Fl = 0, 


and we shall use / to represent the product ct. The factor c is 
a constant with the dimensions of a velocity. We shall regard 
it, for the present, merely as a device for introducing symmetry 
into the field equations, and leave till later any inquiry as to 
whether a physical meaning can be attached to it. 
When we introduce this new notation into equations (22°72) 
they take the rather surprising form : 
of 4 oFtY OF aR! 


Mo eg ee el 


one | arw | are | Oru 


a — oo 
a og oe op 


oF oF are  aFel 
ae ae” oe Or 
ax ay a | ob 


We have here again, as in § 10°5, a prevision of the restricted 
theory of relativity. We learn that we may regard the com- 
ponents of the field vectors as those of a tensor of the second rank 
in a 4-dimensional continuum, while the current density becomes 
part of a 4-dimensional vector. 
We may deal with the remaining four field equations in a 
similar way; but we shall leave this till a later chapter. 
If we differentiate equations (22-74) partially, the first with 
respect to x, the second with respect to y and so on, we find 
Os®™  OdsY as? ds! 
ant By i rata 0, . . . (22°75) 
or the 4-dimensional divergence of the vector s is equal to zero. 
This is easily seen to be equivalent to 


— s®, 


(22°74) 


div (08) +P =0, 2. (22/751) 


an equation which expresses the conservation of electricity. 


CHAPTER VI 
INDUCTIVE CIRCUITS 


§ 22-8. SELF INDUOTANOE 


E have seen (22°435) that the induced electromotive 
force round a closed loop is equal to — dN’ /dt, when 
N’ means the integral (|, dS) or [| can, dS) 


extended over a surface, or imaginary sheet, having the wire for 
its boundary, and when we adopt units (e.g. E.M. units) for 
which the numerical constant a is unity. The magnetic induc- 
tion, B, in the region in which the circuit or loop of wire is situ- 
ated is commonly represented by lines (lines of induction, 
§ 22-4), the number passing through any surface element dS 
(in the sense of its vector arrow) being (B, dS) or B cos 6 dS. 
This may also be expressed by saying that the number crossing 
any small plane surface dS which is perpendicular to the direction 
of B is numerically equal to BdS. We can visualize the whole 
field as mapped out by these lines of induction, and it will be 
helpful to us to endeavour to describe NV’ in terms of them. The 
circuit to which N’ refers may be a simple loop of wire in a 
plane, or it may be coiled in a more or less complicated fashion ; 
but in either case we think of a surface or imaginary sheet 
which has the wire for its boundary. If we distinguish the sides 
of the sheet by the letters « and f, the direction of the vectorial 
arrow of dS being from « to 8; and if we further associate the 
positive sign with all lines of induction cutting the sheet in the 
sense a to f, and the negative sign with those cutting it in the 
opposite sense, then the contribution of a single line, of those 
representing the flux in the field, to the number N’ will be the 
algebraic sum of the number of times it cuts the sheet. It is 
convenient to call N’ the linked flux to distinguish it from the 
flux mentioned above. 

Let us now consider the case where the magnetic field is 
due solely to the current flowing in the loop of wire, and no part 
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of the field has any other origin. The absolute value of H at 
any point is of course proportional to the current strength, 2, 
and consequently, if we confine our attention to a medium for 
which « is constant, the value of B at any point is proportional 
toz. Itfollows that NV’, the integrated value of B over the sheet, 
is proportional to 7. Therefore 


MW=Li 2. . 1 2). (228) 


The constant, L, is called the self inductance of the circuit 
or loop of wire. We may of course regard Z as localized, and 
speak of the self inductance of a wire or coil forming part of a 
circuit, in which case the corresponding NV’ represents the flux 
linked with that part of the circuit. 


§ 22:9. MuruaL INDUCTANCE 


If N’ 4, represent the part of the flux linked with a circuit or 
coil, B, in consequence of a current 7, in another coil, A, we shall 
have, if the permeability of the medium in which the coils 
are situated is constant, 


N’ ap = M ap 1 As . . . ° (22-9) 


where M,, is a constant depending on the positions and shapes 
of the circuits, and of course a corresponding equation for the 
flux linked with the coil A in consequence of a current 2, in the 
coil B; or 

N' pa = M34 Up. , ° . . (22°91) 


In these equations we may choose directions so that both My, 
and M,, are positive, and we shall prove in § 23:2 that 
Min = Mz,= M. The coefficient M is called the mutual 
inductance of the pair of coils. 


§23. Some MATHEMATICAL THEOREMS 


Let ¢ represent a one-valued function of position, i.e. a func- 
tion of «, y and z, such for example as electric density or scalar 
potential, and let y mean the function : 


w= [[[E ae ay ae ee (23) 


where 7 is the distance of the point (x, y, z) from a specified point 
(%o, Yo, 20), the integration being extended over all values of 
x,yandz. The integral is of course assumed to be convergent. 
What this means may be briefly described as follows: We 
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imagine the integration to be carried out over the region enclosed 
between two spheres described about (2, ¥5, 2,) a8 centre, one 
with a small radius, 7,;, and the other with a large radius, 1,. 
The assumption of convergence means that this integral 
approaches a finite limiting value as r, approaches zero and r, 
approaches infinity. The function yw is obviously a function of 
(x 0> Yo Zo) : 
We shall now show that 


op 
wf | 
we NN ae dy de... - (28-01) 


In Fig. 23 two identical volume elements, dx dy dz, are shown ; 
one of them having 

its centre at (7%, y¥, Y 

z), and the other 

having its centre 


at (x + day, y, 2). 

Obviously the two L,Y, x+hL,,Y,z 
lines, 7, one joining r r 

(%o, Yo, 20) to the 

element at (x, y, 2), 


and the other join- XoYo~o Lq*+dL, Yoo 
ing (% + di, Yo, 

2,9) to the element 9g 
at («+ dao, Y, 2), Fia. 23 

are equal and par- 

allel to one another. The first volume element contributes to 
wy (Xo, Yo, 20) the amount 


f das dy de 


xX 


the other contributes to the value of wy at the point (x, + dx,, 
Yo, 29) the amount 


e+ oan, 
~ dx dy dz, 
and clearly Od de 
\J=- 
YProt-d2oo%o ~~ Watre,Vorto = 7 dx dy dz. 
Therefore O¢ 
oP ae, = dx.{| (= dx dy dz, 
OX 5 Ya 


and the formula (23-01) follows in consequence. 


118 THEORETICAL PHYSICS [Ch. VI 
Let us now study the vector 


1 curl t 
s = 5 ([ [SE de dy ae, - .. (23-01) 


the integration again being extended over all values of x, y and 
z, and s meaning the value of the vector at the point (%o, Yo, 20) 
from which the distances + are measured. The theorem (23) 
gives 


curl s = =I [corteurit dx dy dz, 


TU 


and by (2°45) therefore 


— lyrrpsrad divt , Beats a V't : 
curls = 7 | || RSS de dy a: all] dw dy dz. 


IU r 


If t approaches zero sufficiently rapidly with increasing r (sec 
§ 3-1), the second integral represents t at the point (2%, Yo, 20), 
and if further 


div t = 0, 
we obtain 


t=curls. . . . . . (23-02) 
If any other vector, s’, have the property 
t = curl gs’, 


then the two vectors s’ and s must differ by a vector which is 
a gradient, 1.e. 
s’—s=gradd, . . . . (23:03) 


where ¢ is a scalar quantity. We can demonstrate this in the 
following way : 
curl s’ — curls = 0 


by hypothesis, and therefore 
curl (s’ — s) = 0, 


and consequently 
((( curl w Paid: 
ge 


where 
w means Ss’ — Ss. 
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The theorem (2°45) gives 


: 2 
grad div w dau dy dz = vee dx dy dz, 
Tr r 


or grad | (f—S"* da dy dz} =). 
| 4.2 r 
This is identical with (23:03) if we write 
ee x Ss dx dy dz... (23-04) 
rs 


§ 23:1. THe VEcTOR POTENTIAL 


The formula (3-16) is valid for H when H means the field 
intensity due to a current circuit of finite dimensions, since in 
this case it behaves at infinity like 1/r*. If, further, the per- 
meability of the medium be constant, i.c. independent of H, 
div H = 0, and we may make use of (23°02) and write 


H=curlA. . .. . . (23-1) 
If we adopt for A the vector 
] curl H 
= | | MS dudydz . . . (23-2) 


(see (23°01)), it will have the property 
div A = 0, 


since, by (2°42), the divergence of a curl is identically zero. 
Turning to equations (22-7) and substituting curl A for H, 
we find at once 


472A. 5 

a 1, = — W°A,, 
tne, -~_Wd4, . . . . (23-11) 
“,, = — Vr4,, 


since div A = 0. 

If now the current density i, and consequently its compo- 
nents 2,, 2, and 2,, are functions of position and independent of 
the time, these equations are mathematically identical with 
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Poisson’s equation (§ 18-7). The solution of the first one, for 
example, may be written : 


A,(X%o, Yo: 20) ==(|{% da dy dz, . . (23°12) 


the integration extending over all the region where 1, differs 
from zero. 

We may apply this result to the special case of a single loop 
of wire carrying a steady current. Instead of the volume 
element dx dy dz we shall employ an element like that shown 
in Fig. 22-6, which we may now regard as representing a piece 
of the wire through which the current is flowing, dl in length 
and dS in cross-sectional area. ‘Therefore the contribution of 
any element d/l to the value of the component A, of the vector 
A at some point 2%, Yo, Zo is 


Ai cos fadl 

ar 
where 1(= i dS) is the total current in the wire, and must be 
sharply distinguished from the current density i; and ¢ is the 


angle between the direction of the current, 7, and the direction s. 
We have consequently for A, the expression : 


—_ “O° COE gs ~~ 10843) 


r 


in which, as the symbol ¢ indicates, the integration is to be 
extended round the current loop. 


§ 23-2. NruMANN’S THEOREM 


We now consider two circuits—we may suppose them to be 
two loops of wire—round one of which the current 7 is flowing, 
and we inquire about the flux linked through the other. That 
is to say, if as usual we suppose each loop to be the boundary 
of a surface or sheet, we wish to find an expression for the 
algebraic number of lines of induction cutting the second sheet. 
We shall confine our attention to the case where the permea- 
bility of the medium in which the circuits are situated is constant 
(i.e. independent of H), and distinguish the two circuits by the 
numbers 1 and 2. Then the linked flux will be: 


Mi = constant x | | (H, dS), 


the constant being u/42d. H is the magnetic field intensity 
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at points on sheet 2 due to the current, 2, in the circuit 1, and 
dS is an element of the surface 2. By (23:1) this may be 
written : 


Mi = eal] (cunt A, dS), 
4A 


and therefore (Stokes’s theorem) 


Mi = 


This is equivalent to 
|| {44 dl, =... . (23-2) 
where A, is the component of A in the direction dl,. By (23°13) 


A, = SG Res -. (23201) 


where r is the distance between the elements dl, and dl.,, and 
@ is the angle between their directions. On substituting in 


(23-2) we get 
Mi = foo? cos ¢ dl,dl, 
doa T 


Whence 
COs cok pO: dl, dy 


(23-21) 


=f 


The current, 2, is flowing round circuit 1 in the direction dJ,. 
If instead we have a current, 2, flowing round circuit 2 in the 
direction of di,, it is quite obvious that we get precisely the same 
expression, (23:21), for the consequent flux linked through 
circuit 1, which proves the statement J2,, = Mp, (22:9 and 
22°91). This is known as Neumann’s Theorem. 


§ 23:3. Murua INpucTANCE OF Two COAXIAL CIRCLES 


We shall apply Neumann’s formula (23-21) to the special 
case where the two circuits are circles with a common axis. 
Having adopted a direction along the common axis (a in Fig. 
23:34) as the positive direction, we shall carry out the two 
integrations of Neumann’s formula in the positive sense round 
both circles, Let £ be the axial distance between the two 
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circles, R, and &, their respective radii, and ¢ the angle shown 
in Fig. 23-38, in which the two circles are shown projected on 


B 


<h 


(6) 


Fig. 23-3 
a plane perpendicular to the axis. The square of the projection 
of the line 7, joining the points A and B, is 
RY? +- R,2 — 2k, cos ¢, 
and consequently 
r= (7? + RR? + R22 —2R,R, cos dV". . (233) 


The tangential component, A,, of the vector potential at 
any point, B, on the circle, 2, due to the unit current in circle, 1, 
is (23-201), with units for which A = a =1, 


A,—R boris ae 
TY (2? + Re + R,? — 2RiR, cos $}/” 
1 
since dl, = R,do. 


It is easy to see that A, has the same value at all points on 
circuit 2, so that the further integration (23-21) with respect to 
I, is simply equivalent to multiplying by 27R,. The flux of 
magnetic force through 2 is therefore 
2 
s 6 dd 
POT cece Ot, g 08S 
res :| {2 + kh? + R.2 — 2R,R, cos 6}! 4 ) 


0) 
If the permeability of the medium be unity, this will be identical 
with the mutual inductance of the circles, as defined in § 22:9. 
To evaluate (23°31) we introduce a new variable, 6, defined by 


$=0+n, 
and on substituting we get 
br 
; — 0.d0 
M = 2nR3R, | spas Ra OE os 
ww’? | (2 + RY + RZ + 2R,R, cos Gyir 


IE 
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On making the further substitution 


2s = 0,7 
“we (2 sin? « — 1)d 
sin* € — € 
M = 40RRe| Oe EE) = 4B Ea a 
—1/2 
+r/2 
oe M= 4nRk fh, | (2 sin? e — 1)de 
{02 + (R, + B,)?} ) (1 — «? sin? e}/?? 
—nr/2 
in which 


4h, R, 
{L? + (R, + R,)*} 


K 
This may be written 
w/2 


a 2 sin? e« — l)d 
M = 42VEB,\« | So eee 


V1 —x«? sin? ¢ [ 


which is easily seen to be identical with 


M = 4nVRR,| {¢ = «)F(«) = B(x), _ (23-32) 
where F(x) and H(«) are the elliptic integrals of § 7: 

w/2 
r de 

F(«) = | ——————., 

(«) | v= 

0 
w/2 

E(x) = | V1 — x? sin? €| de. 


0 

The modulus « is, of course, less than unity, and if we write 
K = sin 7, 

LT? + (F Loo R,)? 

L? + (R, + R,)* 

or cosy=?r'/r", . 2. 2...) 6 (238321) 

where 7’ means the shortest distance separating two such points 


as A and B (Fig. 23:3), and r” the longest possible distance. 
The logarithm of expression, 


we find cos? y = 


(= — «) Fe) — 2H te), -. (2333) 


K 
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has been tabulated by Clerk Maxwell for values of y» ranging 
from 60° to 90° (Treatise, Vol. II, second edition, p. 317). 

If the square root expressions (1 — «? sin? <)—!/* and 
(1 — x? sin? «)? in the integrals F and LH respectively be ex- 
panded by the binomial theorem, and the integrations then 
carried out, it will be found that the resulting expression for 
(23°33) approaches the limit 


ric? 


m, (23-34) 


when « approaches zero. We may verify this result by applying 
it to two very simple cases: firstly, that in which circle 2 is 
coplanar with circle 1 (£ = 0), and of infinitesimal radius (R, 
very small). Elementary considerations make 


M=27*h2/R,, . . . . (23341) 
while (23°32) in association with (23°34) yields 


eaathee pe? 
M=4nVE.R.| 7g... . (23:342) 
4RR R 
In this case Be ik SSE ae ae 
(RFR) OR, 
and therefore K3 = 8 | RS ; 
R,3 


On substituting this in (23-342) we obtain the result (23°341) 
as we should expect. The other simple illustration is that for 
which the circles are separated by a distance very great com- 
pared with either radius (LZ very great). Elementary methods 
yield in this case : 


_ 2th 2R,? 


M peo 


while the same result will be seen to emerge from (23°32) in 
association with (23°34). 


§ 23-4. ENercy 1n THE MaGyetric FIELDS oF CURRENTS 


We shall now investigate the energy in the magnetic field 
of a current of strength, 2, flowing round a loop of wire abe 
(Fig. 23-4). We may think of the part of the loop represented 
by the broken line as below the plane of the paper, Imagine 
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a sheet with abc as its boundary, and suppose the magnetic 
lines of force constructed which 
cut the sheet at points on the 
boundary of a surface element, 
dS,, of the sheet. These lines 
will mark out a tube of force, 
def. We shall begin by writing 
down an expression for the mag- 
netic energy in an element, O, of 
the tube. In accordance with 
§ 21-4, this will amount to 


4D,,H ds di, 


where di and dS are respectively 
the length and _ cross-sectional 
area of the element, or Fia. 23:4 


1D,,dS (H,dl),. . . . . (23:4) 


in which dl represents the linear element as a vector having the 
same direction as H. The total energy in the tube will be 


1D ndS(H, dl),. . . . . (23-41) 
since D,,dS has (§ 21) the same value at all cross-sections of 
the tube. But by (22°3) this is equal to 


47At 
a 


4nAt 
a 


x 4D,,a8, 


or 


X (Dinos dS,), 


where dS, is the surface element cut by the tube out of the 
sheet which we have supposed to be stretched across abc, and 
Dino 18 the magnetic displacement at points on the sheet. When 
we add up the energies of all such tubes associated with the 
circuit we get 


i x and { (Dinos dS,), 


- pe i x 40AN, 
| - ee a (23-42) 
or U = i-N’, 
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where U is the energy and N and N’ have the meanings already 
described. In accordance with the definition (22°8) this is 
equivalent to 


‘2 
U = ye eg (23-43) 
or, 1f we employ units for which a = 1, 
Ce) 5 a a a ee (23-431) 


§ 23:5. Firtp ENercy Associatep with Two Crrcurrs 


Let the two circuits be represented by closed loops 1 and 2 
in Fig. 23-5, the broken parts of the lines representing the parts 
of the loops below the plane of the paper. Let us further suppose 
currents 2, and 7, flowing round 
the loops 1 and 2 respectively in 
the directions indicated in the 
figure. Some of the lines (or 
tubes) of induction will travel so 
as to go round one loop only (a 
in Fig. 23-5); others, like 6b, will 
embrace both loops. Let us 
imagine a surface, cutting the 
plane of the paper in the line AB, 
and dividing the whole space 
where the magnetic field is appre- 
ciable into two parts, one contain- 
ing the circuit 1 and the other 
containing the circuit 2. In deal- 
ing with such tubes of induction 
as a, which envelop the current 7, only, we can proceed exactly 
as in § 23:4. In dealing with tubes like b which envelop 
both currents we shall divide the line integral ¢ (H, dl) which 
appears in the expression (23°41) into two parts—one part 
extending along the tube from y to x, points where it is cut by 
the surface AB, and the remaining part along the tube from 
x to y, on the other side of A, and we shall not introduce any 
error if we add to the first part of the integral any quantity, «, 
provided we subtract « from the second part. We shall take 


kia. 23:5 


for e the integral | (H, dl) along a line in the surface AB 


from 2 to y. The complete integral ¢ (H, dl) round the tube 
may thus be expressed as the sum of two integrals, one en- 
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circling 7, only, the other going round 7, only. Remembering 
this we see that we may write tor the whole energy 


1 .. ; ; 
U == (iN +iNe}. 2 2. (2355) 


where V,’ is the number of lines of induction linked through 
circuit 1, while WV,’ is the number linked through circuit 2. 
Now if the permeability of the medium in which the circuits 
are situated be constant (independent of H), 


Ny ra Lyi, nape 
Ny = Mi, + Lara, | 
where L, is the self-inductance of circuit 1, J7 is the mutual 


inductance of the circuits and L, the self-inductance of circuit 2. 
On substituting in (23:5) we get 


U = aan 4 2M iis + Lyi2}. .  . (23°52) 


ons 


(23:51) 


§ 23:6. ALTERNATING CURRENTS 


Let us consider a circuit like that illustrated in Fig. 23-6, 
in which we have resistance, self-inductance and capacity in 
series, and a cell or other source 


of current with an E.M.F. equal Vv 
to EK in the sense of the arrow, L 
which in the first instance we shall O = 


assume to be constant. Let J be E 

the current at any instant in the Vig. 23-6 
direction of the arrows. We have 

then an E.M.F. in the cell equal to E, and a consequent E.M.F., 


due to the varying magnetic field, equal to — Le in suitable 


units ((22°435) and (22-°8)), and if we represent the potentials 
of the condenser plates by O and V, as indicated in the figure, 
the net work done in overcoming the resistance of the conduct- 
ing parts of the circuit will be 


i] 
E-fL-—V . . . . . (236 
a (23-6) 
on each unit quantity of electricity flowing round the circuit. 
In accordance with the definition of resistance. this expression 


must be equated to #/. Thus we have 


BDA y= 2K - 2... (23-61) 
C2 
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If @ be the quantity of electricity which has reached the con- 
denser at the instant f, 


V=@Q/C, 
where C' is the capacity of the condenser, and 
F=dQ/dt; 
consequently equation (23-61) becomes 
_ -#Q , plQ 1 
or 
a’  RdQ 1, £ 
AD Fat roe =F - 4  « (23°62) 


This equation gives us information as to the dependence of the 
condenser charge on the time. 

If we differentiate (23°62) with respect to the time, remem- 
bering that Ei is constant, we easily get 


ar kdl ] 
qe +t ta + Tot 0 . . . (23°63) 
This equation enables us to express the current J as a function 
of the time. 
These equations, (23-62) and (23-63), are the familiar equa- 
tions of damped simple harmonic motion. Both of them can be 
written in the form 


dx da om ‘ 
Gp tag tow =0, . . . (2364) 


in which a and b? are real and positive constants. The general 
solution of (23°64) is 


n= Ae’ 4+ Be,  . . . , (23641) 
where A, = —a +Vat— 8?|, 
A ey | ae V a? (as b2 | 9 


and A and B are constants of integration. The expression 
(23°641) fails to be a general solution in the special case where 
6b? =a, It may readily be verified that, in this case, the general 
solution is 


x= (A+ Bie, . . . . (23-642) 


where again A and # are constants of integration. 
From the point of view associated with our electrical problem 
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the most interesting case is that in which 5? >a}, and the j’s 
consequently complex numbers. In this case it is convenient 


to write 
4,=—a+ive? — ail, 
A, = —a — ivb? — a? |, 
where i means V —1]|. We shall use the letter w, in the sense 
wo, = Vb? — a? |, 


so that the general solution (23-641) becomes 


t= eat {A etoot +. Bee wot i, 
Or 
a=e “{A’ cosa, + B’ sinw ot}, . . (23°65) 


where A’ and B’ are constants of integration. If we multiply 


this expression outside the brackets { } by K( = VA’? + B’”| ) 
and divide by K within the brackets, we get 


x = Ke-“ cos (wg — 7), . . «. (23°651) 
where tan y = B’/A’. 


In this expression we may regard K and 7 as new arbitrary 
constants. When the damping factor, a, is zero, x is a strictly 
periodic (simple harmonic) function of ¢, its period being 


T= 20/0 . . . . . (23°66) 


Even when a is not zero, and x consequently not a strictly 
periodic function of #, it is usual to speak of 1r(= 27/w,) as the 
period of oscillation of x. The quantity, Ke-“, is the ampli- 
tude of x. It will easily be seen that, so long as a is not less 
than 6, x approaches zero the more rapidly the smaller a is 
(23-641). On the other hand, so long as a is not greater than 
6, the amplitude of x, namely Ke~™, diminishes the more rapidly 
the greater is the value of a. In fact the disturbance, of which 
2 iS &@ measure, disappears most rapidly when the damping 
factor, a, has its critical value, namely a = b. 

Equation (23°62) becomes identical with (23:64) when we 
substitute 

x for Q — EC, 


a for &/2L, 
and 6b? for 1/LC. 
Consequently 
~ BO =e *“K cos DD FO pre \ . (23°67 
Q oo ans n ( ) 


9 
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The constants K and y, or A’ and B’, are determined by the 
initial conditions. Let us take. for example, the case where the 
impressed E.M.F. is zero, i.e. KH = 0, and as initial conditions : 


Y= Q, 
“i (20) <0 


This is the state of affairs at a moment when the plates of a 
charged condenser are connected through a conducting wire 
possessing self-inductance. ‘Taking the form of solution (23°65), 


at the instant ‘= 0. Therefore 


Qi =A «ow & « « (@S67)) 
Differentiating (23-65) we get 
“ = — ax + e-“{_ A’ sin wot + woB’ cos Wot}, 
da dQ 
d — aig (poe =) 
ca alm has 
therefore 
0=—aA’'+a,B’. . . . (23672) 
Consequently 
A’ = Qo 


B' = RQ,/2LV1/LC — R2/4L? |, 


§ 23:7. Forcep OscILLATIONS—RESONANCE 


If the impressed E..M.F. in (23-61), instead of being constant, 
have the form : 


K = E, cos at, 
or K = EK, sin at, 


where I, and w are constants, the former being the amplitude, 
the latter the angular frequency, of the impressed E.M.F., 
we get on substituting : 


(A) E, cos wt — Lo as ee RI, 
a (23:7) 
(B) E, sin of —L? — V, = RI,,| 


I, and f, representing the current strengths in the two cases 
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respectively. We shall multiply (23-7 (B)) by i= vV — 11}, 
and add (A) and (B) together. We thus get 


E, eit — Le Teal (Ve SR eT. 


or, if we write 


l=1,+ 4,, 
V => V;, + tVo, 
Q =S 0: + Q., 
and differentiate : 
: rh) a | dl 
twh Se gies a eur 
iw La ra ke. 
We shall write this in the form: 
a2I al oy _. WE, «4 
ag + 2a— + bil = —-—e ; »  » (23°71) 


in which, it will be observed, a and b have the same meanings 
as in § 23°6. 
This equation has the particular solution : 


I = Me™, re ee er rane (Ly #7) 
provided 

M=E,//{R +1(@L —1/oC)}, . . (23°721) 
or 

M = ¥ e-*/{R? + (aL — 1/HC)?}4, 
where 

tan @ = (wh —1/wC)/R.. . . . «= (23°722) 

The general solution of the equation is: 


I = Ae + Bet + Me, . . . (23-73) 


where A and B are the constants of integration, and 4, and 4, 
have the meanings described in § 23°6. It will be noticed that, 
after the lapse of a sufficiently long time, the complementary 
part of this solution, namely 
Ae + Ber, 

becomes negligibly small by comparison with the particular 
solution (23:72), so that usually J is described by the latter 
with sufficient accuracy. In this case then we have 


p= ———_ ogi (23-7) 


ey 
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The real part of this is the solution of (23-7 (A) ) and the purely 
imaginary part is the solution of (23-7 (B)). Thus 

I, =I, cos (wt — 9), 

I, =1, sin (wt — 9), 
where I, =E,/{R? + (aL — 1/00)? }” 
is the amplitude of the current. ‘The quantity, ol — 1/wV, is 
called the reactance of the circuit and 

VRP + (oL — 1/00)? 


is its impedance. The angle, ¢, represents the amount by 
which the current lags in phase behind 
the impressed E.M.F. The relationship 
between these quantities is illustrated in 


(23-74) 


Q 
NS J : Fig. 23-7. 
et) g If we regard the current amplitude, 
@ J , as a function of the angular frequency, 


w, we observe that it is a maximum when 


w has the value V1/ZC |, the reactance, 
and consequently tan ¢, then being zero. 
This special case is called resonance. 
It occurs when the period of the impressed E.M.F. is 


t = 2nV1/LC|. 


If at the same time the resistance, Rh, happens to be relatively 
small, the period 


T)(= 20V1/LC — R?/40?|) 


of the natural oscillations in the circuit is practically equal 
to t, the period of the forced oscillations. Resonance occurs 
then, provided the coefficient, 2a, in the so-called dissipative 
term of (23:64) is negligibly small, when the period of the 
impressed E.M.F. is equal to, or nearly equal to, the natural 
period of oscillation of the circuit. 


Resistance 
Fig. 23-7 


§ 23-8 ActTiviry or tHE ImMpREssEeD E.M.F.—Rootr MEAN 
SQUARE VALUES 


The work done by the impressed E.M.F. during the whole 
period, t = 27/o, is expressed by 


2a /w 2ir/w 
| Eldt = E,I, | cos wt cos (wt — 6) dt, .  (23°8) 
U 


0) 
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in consequence of (23-7) and (23°74). The integral is equal to 
Qn /us 
| cos wt cos (wt — )dt= eos g. . . (2381) 
0 
Consequently the work done by the impressed E.M.F. during a 
whole period, t = 27/w, is 


It 
Ely COs ¢, 


Ef t cos ¢ 


5 (23-82) 


or 


The average rate, therefore, of supply of energy to such a circuit is 


— cosd. . . . . . (23°83) 


a 
The average value of E, is 
2r/w 


2 
Ey | cos? wi dt, 
ar 


and since, by (23°81), the integral is equal to z/w, or to 1/2, we 
have 


Ee=B2 . . .) . . (2384) 
Similarly, 
P=P/2. . . . . (23841) 
If we write 
VE | =E 
e * (23°842) 
VI | = Ip, 
we find that (23°83) becomes 
Eprlp cos @p. ‘ é : ; ‘ (23-85) 


The factor cos ¢ is called the power factor, while HK, and I; 
are termed the root mean square values of the E.M.F. and 
current, respectively. We may therefore say that the rate of 
supply of energy to the circuit is equal to the product of 
the power factor and the root mean square values of the 
E.M.F. and the current. 
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It is a consequence of (23°85) that the rate of supply of 
energy approximates to zero as ¢ approaches + or — 7/2. 
This happens when the resistance is very small compared with 
the reactance. In the circuit we are studying, the energy sup- 
plied is converted into heat in conducting part of it. The value 
of Ip can, for given Kp, be kept down to any desired limit by 
arranging that the impedance in the circuit is big enough; and 
this can be done by making the reactance large—by a large 
value of LZ for example—while the resistance & may be quite 
small. That is to say, the current may be kept below some 
desired limit by a means which makes the power factor small 
and thus avoids the waste of energy in the form of heat. This 
is the principle of the choking coil, which is simply a coil of 
variable self-inductance and low resistance. It should be 
observed that the power factor becomes equal to unity when 
resonance sets in, since the reactance is then zero. 

The consequences of making the capacity, which is in series 
in a circuit, very large are (a) that the amplitude of V, the 
potential difference between the condenser plates, will become 
very small, since V is always equal to Q/C, and (b) that the 
term 1/wC in the reactance likewise becomes small. Conse- 
quently if the condenser be removed, i.e. if the wires joined to 
its terminals be joined to one another, the change in the circuit 
is equivalent to making C' infinite, and the impedance then 
becomes VR? + wl? |. 

We shall, when there is no danger of confusion or misunder- 
standing, speak of the complex quantities E (= E, e), V and 
I as the electromotive force, potential difference and current 
respectively ; and we shall speak of the complex quantity, 
R+iéi(@L —1/wC), or R + 10L, in the case where C = ©, as 
the resistance.! 


§ 23-9. Tru TRANSFORMER 


We shall now study the case of two circuits, each having 
resistance and self-inductance in series, but no condenser (i.e. 
C =o). In one of the circuits, the primary one, we shall 
suppose an impressed sinusoidal H.M.F. like (23-7). In the 
secondary circuit we shall suppose no impressed E.M.F. except 
such as is due to the mutual inductance between the two circuits. 


1 Whenever it becomes necessary to distinguish between the real 
quantity, FR, usually termed ‘resistanco’, and the complex quantity, 
R + u(woL — 1/wC), to which it is often convenient to apply the term 
‘resistance ’, we shall call the former Ohmic Resistance. 
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The appropriate differential equations are easily seen to be: 


pee = ute + Rl’ = Ee, 

dt dt | 

a] dl" \ : , (23-9) 
M— ee ; faunas R" ut =— x 

Tia ae ae 


in which L’, I’, R’ refer to the primary circuit, while LD”, I", R” 
refer to the secondary circuit. M is the coefficient of mutual 
inductance of the circuits, and with suitable choice of the positive 
direction of the current in the secondary, it will be a positive 
constant. 

A particular solution of (23-9) will be : 


I’ _ Ac, 
ie oa 


if suitable values be assigned to the constants, A and B. These 
values can be determined by substitution in (23-9) as follows: 


Iwh'A +i0MB+ R'A = E,, 
IOMA +10L"B + R’B= 0, 


(23-91) 


or 
(h’ + 10L')A + ioMB = E,, 
23°92 
iwMA + (R” + ioL")B =0 | ( ) 
whence 
2M 
A= Big UR a ies ee 
0 { + 4 "Be gone | 
or 
_ (fp OMPrk" \ pe ae 
er R a NWR AL +10 RB? 02h) ( > - (23-93) 
while 
ro MM 
Po ask, tas see 
R" + tol" ’ 
or = OM gtr, .  . (23°94) 
/R"2 os wh”? | 
in which 


tan ¢ = wL"/R". 
If the secondary were absent, or MZ = 0, we should have for A, 
A=H,/{f’ + wl’). 


so that the consequences of the presence of the secondary circuit, 
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for the primary one, are equivalent to an increase in its 
resistance equal to 


wm? M2R" 


together with a diminution of ats self-inductunce equal to 


wo? ML" 
R" = a ae 


anc a consequent increase of tts power factor. 

Equation (23-94) shows that the current in the secondary 
circuit lags in phase behind that in the primary circuit by an 
amount which lies between 2/2 and x. In fact we may write 
for the current in the primary : 


K 
ae “—--- COS (wt — 9), 
Vp? + w?A? | ? 
where tan d = oA /p, 


and p aud dA are respectively the apparent resistance and apparent 
self-inductance of the primary, i.e. 

p=f 4+ a0°M?R’/(R" + wD"), 

A=L! — wMAL"/(R" + wD"), 
The current in the secondary is 


oM Ek , 


[ ‘ —_— OA ee SS ea ID aE RE IIS SEINE SDI RN SNIPE TROL TE SES C 
© Vp? | VR” + oD” | 


os (wt — d — m/2 — «). 
The reader can easily verify that the force of attraction between 
the two circuits is equal to 


where K is a postive constant. Hence the average force of 
attraction is equal to the product of a positive constant and the 
integral : 


Pr /w 


— | cos (wl — ) cos (wt — d — a/2 — «e)dd. 
27 
0 


The value of the integral is 
5 cos (2/2 + 6), 


and is consequently negative. Repulsion therefore predominates 
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between the two circuits. This is the explanation of the classical 
experiment of Elihu Thomson. 

We have tacitly assumed in the foregoing theory of the simple 
transformer that we are justified in adopting the particular 
solution described by (23°91) and the succeeding formulae. It 
is easy to show that the complementary parts of the solution, 
involving two arbitrary constants, rapidly approach zero, and so 
leave us with the particular solution we have been using. To 
get this complementary part of the solution we replace the 
right member of (23°9) by zero, and try to get a solution of the 
resulting equations, which we may term the modified equations, 
of the form : 

I’ = ae”, 
" ny . (23°95) 


a and 6 being constants. On substitution in the modified 
equations we obtain : 


(AL’ + R’)a + AMb = 0, 
AMa + (aL" + R"\b = of 1 S28) 
If a and b are not to vanish, we must have: 
AL’ + BR’, AM 
aM, aL’ +R"| ~% - - (23-961) 


Thus we learn that there are two possible values of A, say A, 
and A,. It is easy to see that, if both of these values are real, 
they must also be negative, and if complex they have real parts 
which are negative.1_ Imagine one of these roots, 4,, to be sub- 
stituted in (23-95) and call the amplitudes a, and b, to distinguish 
them from the corresponding amplitudes when the root, 4,, is 
used. We learn from (23-96) that 


a,/b, = AM / (AL + R’) 
= — (A,L" + R")/AM. 
Only one of the constants a, and 5b, is therefore arbitrary, and 
the solution (23-95) is not the general one. If, however, we use 


the root, A,, we find another solution with one arbitrary constant. 
We combine these two solutions and thus obtain : 


I’ = a,e" + ayer, 
; : . (2397) 


I" — be! + b,e* 


1'The coefficients of A?,A and the remaining term in the quadratic 
equation (23°961) have all the same sign, since L’L” — M®? is positive. 
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in which the constants a, and a, may be arbitrary, b, and b, 
being determined from them by means of (23-96). Equations 
(23-97) thus represent the general solution of the modified 
equation, and if we add them to the particular solution of (23-9) 
we obtain its general solution. The property of the A’s mentioned 
above ensures that the expressions (23-97) will asymptotically 
approach zero as ¢ increases. 


§ 24. ExtTENnsiIon or Krronnorr’s Laws 


Kirchhoff’s laws (§ 21-7) constitute a comparatively simple 
implement for solving problems associated with networks of 
conductors in which constant E.M.F.s are seated. They reduce 
such problems to that of solving sets of linear algebraic equations. 
We can extend these laws in a simple way to networks the 
branches of which have ohmic resistance, self-inductance and 
capacity in series, including of course cases where, for example, 
the resistance or the self-inductance, or both might be vanishingly 
small, or where the capacity might be infinite (condenser absent). 
The extension only applies when the impressed E.M.F.s in the 
branches vary with time in a sinusoidal or simple harmonic way, 
and when all the impressed E.M.F.s have the same frequency.! 

These extended 

om laws reduce the 

L. » mathematical cal- 

See te a} [b culations associ- 

aoe ated with such 

WAKA network problems 

S are to the compara- 

Fie. 24 tively simple one 

of solving lnear 

algebraic equations: in fact, any such problem becomes, mathe- 

matically, identical with a corresponding one for a network in 

which constant E.M.F.s are seated, and in which only ohmic re- 
sistance is involved. 

Let us consider first a typical branch, 12 in Fig. 24, of such 
a network, the positive direction being from 1 to 2. Seated in 
it is an impressed [i.M.I°., which we may call E,,, directed from 
1 to 2, and which may be expressed as the product of a positive 
constant and cos wt. Superposed on this E.M.F. may be one or 
more Hi.M.F.s due to the inductive influence of other branches 
of the network, such as stin Fig. 24. Further, the branch 12 may 


1 We shall not exclude the possibility of mutual induction between one 
branch and another. 
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contain self-inductance, L,,, and capacity, C,,. The differential 
equation for the branch has therefore the form : 


al dl 
Ei, ~~ Mar 2 Ta 
in which V, — V, will be replaced, at a subsequent stage, by 
Q12/C12. We must make use of the device explained in § 23:7, 
and give E,, the form: 


E,. = Aye, 


= Ly, + V, — Va + Vn = V, = Ril 2, (24) 


where A,, is a real and positive constant. On differentiating 
(24) we obtain the equation 


d*f, L d*I,. 1 


wwA,,e! == Ma = 122 i: Gj 
dV, dV,» dy, . 
+o 8 Ry (24:01) 


When we add together all the equations for a mesh, or closed 
loop, in the network, the terms dV /dt annul one another, as in 
§ 21-7, and we obtain an equation which has the form: 


d?I., dT xg dL yg 
dit? at? B dt 


In this equation the «f refer to the branches of the closed loop, 
the st refer to those parts of the network which produce induced 
K.M.F.s in it, and c,, is an abbreviation for 1/C,,. We have 
a, differential equation like (24:02) for every closed loop in the 
network, and it is easy, by a simple extension of the method 
indicated in § 23-9, to obtain the general solution of the whole 
set of equations. For the reasons explained in §§ 23-7 and 
23°9 the complementary part of this general solution soon 
becomes evanescent, and we are left with expressions for the 
currents of the form : 


et SiwAyg = SM yn + ELigg + ER ag + Baglap. (24°02) 


Tip =e, 2 2... (24-03) 


where I,, is a constant, and not necessarily real. We can infer 
at once that the potential, V, at any point on the network has 
a similar form, namely 


V=Vem™ . . . . (24031) 
Similarly, the charge @ on any condenser is 
Qis = Qi e, 


and consequently 
Teg — 10Q 19: e ° ° ° (24-032) 
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It is now clear that we may write instead of (24) 


. ] 
By—ioM aly +Vi—Va= {Basti oly ) Hts . (24-04) 
12 


remembering that Q,./Ci, = Vq_—V, and making use of 
(24-032), or finally 


Ey + Vi—Ve=Raulin . . - (2405) 
where E,. = Eye =e 10M il se, 
and R,. — Ris -- i(oLa a | ) 
WC x. 


The variable part of every term in (24°05) is simply contained 
in the common factor e’, so that when we divide by it we are 
left with an equation in every way comparable with (21-71), 
except for the fact that the quantities involved are in general 
complex. It follows that for any mesh in a network, in every 
part of which the impressed E.M.I. is sinusoidal and of the 
same angular frequency, w, everywhere, we may adopt equations 
analogous to (21°7), namely : 


SE=SRI, . . . . . (24:06) 


in which E, R and J are the complex quantities, the meaning of 
which has already been explained. 

We have been assuming, while dealing with alternating 
currents, that the conduction current along a wire has the same 
strength at all cross-sections of the wire. This is not of course 
strictly true, since the variation of the electric field will give rise 
to displacement currents in the surrounding air or insulating 
medium. These displacement currents are, however, inappreci- 
able except through the condenser itself (or through the con- 
densers). This becomes obvious when we remember that for a 
given rate of change of the field intensity the associated displace- 
ment current is proportional to the area through which it is 
passing ; and the area of the surface of the conducting wire, or 
wires, in the circuits we are studying is very minute compared 
with that of the condenser plates. We may therefore adopt 
Kirchhoff’s first law here, though strictly speaking it is only 
approximate. In the widest sense, namely when applied to 
currents of every description—conduction, convection or displace- 
ment currents—Kirchhoff’s first law is of course always true, 
since it expresses the fundamental law of conservation of 
electricity. 
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§ 24-1. ALTERNATING CURRENTS IN NETWORKS 


By way of illustration we shall apply the extended Kirchhoff 
laws to some simple cases; firstly, to Anderson’s method of 
determining a self-inductance in terms of a capacity and resist- 
ances. This is illustrated in Fig. 24:1. Fundamentally it is a 
Wheatstone bridge, the four arms of 
which have the resistances, in the 
ordinary ohmic sense, P, Q, # and VS. 
The arms P, Q and & have negligible 
inductance. The portion, 7, is also 
non-inductive and has an ohmic re- 
sistance, r. The branch, C, has a 
condenser of capacity, C, in series 
with a negligible inductance and neg- 
ligible ohmic resistance. The branch, 
S, has ohmic resistance, S, and a self- 
inductance, L,in series. FE represents 
a sinusoidal E.M.F. of angular fre- 
quency, w. Finally, G is a telephone 
(or galvanometer when this is needed). Fie, 24-1 
The method of experiment is to 
adjust so that the current through G shall be zero. The arrows 
indicate the directions selected as positive. Applying the ex- 
tended second law of Kirchhoff to the three meshes C, r, P; 
R, G, C and S, Q, r, G respectively, and remembering that the 
current in G and the E.M.F. round each mesh is zero, we get: 


— lo +r, — PIp = 0, 


i 
RIp +—aIc — 0, 


(S + ioL)Ig — Q[g — rl, = 0. 
The first law gives us in addition : 


Ip + 1 = Ig; 
Io = I,, 
Ip == 5. 


When we eliminate the currents from these equations, we are 
left with : 


§ +t@L — iwORQ — ioORr — intr = “ =0. (241) 


From this equation we get by equating the real parts: 
S—QR/P=0, . . . . (2411) 


142 THEORETICAL PHYSICS [Ch. VI 


which means that the bridge must be balanced for steady currents. 
From the purely imaginary part of (24-1), remembering (24:11), 
we get 

D/C =QR+r(R +8)  . . . (2412) 


It will be observed that the frequency, w, cancels out, and that, 
consequently, the formula (24:12) applies for any frequency. 
Furthermore, the linear character of the differential equations, 
on which our theory is based, leads to the consequence that 
(24-12) will hold for E.M.F.s and currents which are super- 
positions of sinusoidal E.M.F.s and currents, and Fourier’s 
expansion, or Fourier’s theorem, enables us to represent any 
varying quantity as such a superposition. It therefore follows 
that we may apply any sort of 
periodic EH.M.F. in Anderson’s (or 
Maxwell’s, infra) bridge; or even 

one that is not periodic at all. 
The special case where 7 is made 
zero represents the original form of 
this experiment, and is due, like 
several other similar experimental 
methods, to Clerk Maxwell. The 
original method has the disadvan- 
tage that both PS and L/C must 
be equal to the same quantity, 
Qk, to produce silence in the tele- 
phone. Anderson’s improvement 
consists in giving us liberty to leave 
the adjustment, PS =QR, un- 
touched after it has once been 
Fie. 24-11 made, since the requirement (24-12) 
can be secured (if QR or PS are 

initially made small enough) by changing + only. 

As a further illustration let us consider the method, illustrated 
in Fig. 24-11, of determining a self-inductance in terms of a 
mutual inductance. The former, L, is the self-inductance of the 
coil 6, while the latter, 1/7, is the mutual inductance of the coils a 
and b. Applying the extended Kirchhoff second law to the 

meshes ft, G, P; S,Q,G and P, Q, r respectively, we obtain : 


iwM = (k + t0L)Ip — PIp, 
since 1wMTJ functions here as the impressed E.M.F. in the arm R;; 
0 = SIs — Qo, 
0 = PIp + Q[g — rl,. 
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The first law gives us: 


IT=Ipt+Ip+TI,. 
Ip = Ig, 
ILp= Ig. 
When we eliminate the currents we are left with: 


ioM}1 +5+7(@ +4) Err ayn Toys 


Equating the real parts of this yields 
R=PS/Q, . . . . . (2413) 
and we get by equating the imaginary parts : 
m1 Le +==*| =D... . (2414) 
Q r 
The last formula indicates that LZ must necessarily exceed UM. 
Just as in the case of Anderson’s bridge, and for the same reasons, 
we may here use any periodic E.M.F., not merely a sinusoidal 
one, a telephone being placed in the arm G@. Or we may use 
any cell and key in conjunction with a ballistic galvanometer. 
Furthermore, this method, like Anderson’s, is an improvement 
of an older method due to Clerk Maxwell. In Maxwell’s original 


method, the arm, 7, is absent; i.e. 7 is infinite, and the formula 
(24°14) becomes 


PS 


Mi ra 5| —L. . . . . (2415) 
The later method has the advantage that the condition (24°14) 
can be satisfied (by suitably adjusting 7) without necessitating 
any change in the original adjustment for (24°13). 


§ 24-2. A DIGRESSION 


There are certain bridge methods resembling those described 
in the foregoing section, which however are founded on a some- 
what different theoretical basis. In these latter a constant 
E.M.F. is suddenly impressed in the system (or removed from it) 
by the use of a cell and key; so that the initial state of affairs 
is one of zero current everywhere, followed by a rapid rise to 
final steady values (or initial steady values followed by a rapid 
drop to zero). Such a device can be used in the methods already 
described, if a ballistic galvanometer be placed in the arm G. 
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The device will succeed however in cases like those about to be 
described, in which the current in the arm, G, cannot be made 
equal to zero until the steady state has been reached, provided 
the algebraic quantity of clectricity discharged (in the sense of 
the arrow, for example) through the galvanometer is zero. Jt is 
necessary that the moving system of the galvanometer should 
have a big moment of inertia in order that no appreciable motion 
may be set up during the short time or times when the current 
may actually differ from zero. The theory of the preceding 
section fails here, since it is, of course, directed to secure zero 
current (and not merely zero algebraic quantity). 

We shall deal first with Rimington’s method, which closely 
resembles Anderson’s. ‘The reader will easily verify by the 
method used in the last section that 
the current in the branch, G, cannot 
in general be made equal to zero. 

In order to deal with quantity, as 
cistinct from current strength, we 
apply Kirchhoff’s laws in their original 
form. Rimington’s bridge is shown 
diagrammatically in Fig. 24-2. As 
usual there are four arms with resist- 
ances P, YQ, &, S. The arm S is 
divided into two portions, the resist- 
ances of which are s and s’, so that 
S =s-+s’. A condenser of capacity 
C is connected on one side to the 
junction of s and s’, and on the other 

BuO eee to the point where the current emerges 

from (or enters) the bridge system. 

A self-inductance, D, is contained in the arm, P. On closing the 
key, K, the current rises rapidly from zero to steady final values 
in the various branches of the network. Taking the mesh, 
P,G, R, there is an E.M.F. through P, in the direction of the 


arrow, equal to — ee and consequently 


— 
dt 
On multiplying by dé and integrating over the period of time 


during which the currents rise from zero to what is practically 
the final value, we get 


— Llp = PQp — RQn,. . . . (242) 


where J; now represents the final steady value of the current in 


2 Pl Gis he. 
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the branch, P, and Qp and Qp are the respective quantities of 
electricity discharged, in the senses of the arrows, through P and 
R respectively. By hypothesis Q,g the algebraic quantity dis- 
charged through the galvanometer is zero. 

Turning to the mesh Q, G, s’, s, we find, since the E.M.F. 


in it is zero, 


0o= — Qo =e Glo + s'T + sI,. 
Integrating, as before, we get: 
o> — Qo + s'Q., + sQ.. . ° . (24-21) 


Now Q,- must be equal to 2p since Qqg is zero, and for the same 
reason Q5g = Qp. Further, when the final steady state has been 
reached, the p.d. between the condenser terminals is slp, and 
the quantity which has entered the condenser is sCIp. Hence 


9, = Qr — SCI pz. 
Substituting in (24-21) we get: 
0 = — QQp + 8'Qp + 8(QR — sClR) 
0 = SQp —QQp — SCIp.. . «. «  . (2422) 


If now we suppose the bridge to be adjusted so that no current 
flows through G when the final steady state is reached ; i.e. 
PS = QR, then (24:22) becomes: 


$°0Ip = (Han — QQp, 


or 


~ Pe 
or 
2C'PI 
: , RF _ RQ, —PQp. . . . (2423) 
On comparing this with (24:2) we see that 
°C PI 
1 eect 
“ @Q 
and obviously 
Ip/Ip = R/P, 
consequently 
LL s*P 
Roe s & ey e & (24°24) 


When the condenser terminals are joined to the ends of the 
arm S, i.e. when s = S, (24-24) becomes : 


L/C = SP = QR, 
10 
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and we see that Maxwell’s 
bridge is a special case of Rim- 
ington’s bridge, as we have seen 
it to be a special case of Ander- 
son’s. 

Another example is the 
method of determining a mutual 
inductance in terms of a _ self- 
inductance illustrated by Fig. 
24:21. The self-inductance, L, is 
in the arm, #&, and MW is the 
mutual inductance of the coils a 
and 6. Applying Kirchhoff’s 
second law to the meshes R, G, 


P and S, Q, G respectively, we 
Fic. 24-21 get : 


So EE dcp i eG Pl. 
dt dt 
0 = SI, — Qa + Gla. 
Integrating as before we find, since Q, = 0, 
— Li, + ML, = RQr — Pp, 
0 = SQ, — QQo. 


If now we arrange that PS = QR, and remember that Q, = Qp 
and Qy = Mp, the second equation becomes : 


0 = FQ, — PQp. 
Hence the first equation becomes : 
LI, = MT. . . ‘ : ‘< (24-25) 


On applying Kirchhoff’s second law to the steady state in the 
mesh fi, S, r, we get: 


Oo: = RI, + STI = rl, 


and, since the bridge is balanced for steady currents, 


hence 5 Ty. 


Substituting this in (24:25) we get finally : 
i= oT oe as =} 2. (2426) 
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In this case L may be cither greater or less than MW as the 
formula (24°26) indicates. 

Carey Foster’s method of determining a mutual inductance 
may be given as a final illustration of the ballistic or integrated 
type of balance. It will 
be understood by refer- 
ence to Fig. 24-22, in 
which the two coils of 
mutual inductance, , 
areindicated by l and 2. 
A cell, KE, a ballistic 
galvanometer, G, and a 
condenser of capacity, 
C, are arranged as 
shown. When the key, ; 
Kk, is closed a current Fie, 24-29 
starts in coil 1 and in 
consequence an .M.F. is induced in 2. The throw of the galvano- 
meter can be reduced to zero by suitably adjusting the resistances, 
r, and 7,, in two non-inductive branches shown in the figure. 
By applying Kirchhoff’s second law to the mesh containing 1,, 
G and the coil 2, we get: 

dl, dl, . 
leery Lae = GL; =P rls, 
in which the meanings of the various symbols are obvious. On 
integrating we obtain: 


MI, =7.Q, . . 2)... (2427) 


where 2 means the quantity of electricity discharged along 1,. 
It is in fact the quantity of electricity that has entered the 
condenser, as Qg is zero. When the final state is reached, the 
p.d. between the terminals of the condenser is r,J,, and hence 
its charge must be 7,J,C ; consequently 


Q=r,1,C, 
and on substituting in (24:27) and dividing through by J,, we 
arrive at the formula : 


M=rrC. . 1... .) (24:28) 


§ 24-29. PROPAGATION OF AN ExLEectRicAL DISTURBANCE ALONG 
A CABLE 


We shall now study what happens in a long wire or cable 
after the removal of some temporary I.M.F. which has produced 
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a local variation of potential in it. We shall suppose that the 

self-inductance, capacity and resistance per unit length of the 

cable are constants, i.e. have the same value at all parts of the 

cable, and represent them by ZL, C and # respectively. The 

current passing the cross-section at 2 (Fig. 24:29) and the 

potential at that point may be represented by J and V respec- 

tively, the potential of 

ie hee ee, —>X the surrounding neigh- 

x wedi bourhood being taken as 

Wie, 24.29 zero. We shall not 

assume the cable to be 

perfectly insulated, so that in general a current will flow between 

it and the surrounding neighbourhood. Let us suppose this 

current to be SV per unit length of the cable, where Sis a constant : 

the leakance per unit length. We may write down two ex- 

pressions for the algebraic quantity of electricity entering the 
element dx (Fig. 24-29) during the interval dt, namely : 


Cdad V, 


obtained by multiplying the corresponding mean increase of 
potential by the capacity of the element ; and 


Idt — (I + dlI)\dt — SdxVdt, 


obtained by considering the currents flowing into and out of 
the element. Therefore 


CdadV = — dldt — SVdadt. 


In this equation dV means the rise in potential at a definite 

place (« constant) during the time dt. It is therefore equal to 
A 

ae Similarly, dl = oda, since it means the amount by 
ae 

which the current at x + da exceeds that at x at the same time. 


Making these substitutions in the last equation we get: 

Cage ee 

at x 

We obtain a second equation by considering the electromotive 

force along the element dx and the potential difference between 
its ends, namely : 


(24-29) 


— Lae — dV = Radcl, 


where dV’ now means dadV /dx. 
Therefore 


al av 
S+RI=—-“ l,l 
Le + = (24-291) 
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From these two equations we may eliminate V and its differential 
quotients, or, alternatively, £ and its differential quotients. 
Adopting the latter alternative, we differentiate (24-29) partially 
with respect to ¢, and (24-291) partially with respect to x, and 
then eliminate 0?//dxdt from the resulting equations, thus 
obtaining : 
07V oV ol a#V 
LC-5 + LS = i soar 
Finally, we get rid of of /ox in this last equation by the aid of 
(24-29) and so arrive at the following differential equation for V : 
02V OV 02V 
LC. DS + &C)— + RSV =—. . 
C aD + (LS + > + BSV a8 (24-292) 
When LS happens to be equal to RC the equation is identical 
in form with (9-12), as we see when we denote LC by 1/u? and 
RS by a?; and a solution of it is: 


Via=e VRS f(t/VEC| — ax), . . (24-293) 


where f is an arbitrary function. Subject therefore to the 
condition that ZS = RC, an electrical disturbance of any form, 
since f is arbitrary (see § 9-1), will be propagated without 
change in form (without distortion we may say) and with a 
velocity, namely 1/V ZC |, which depends only on the con- 
stants of the cable. The amplitude of the disturbance will 
diminish exponentially, the rate of attenuation depending on 
the product BS. 

When LS + RC we can easily obtain particular solutions of 
(24-292) by Bernoulli's method. If we substitute for V the 
product 

eel X, 


where X is some function of x only, we can determine the form 
of X, and we thus find a solution which represents a damped 
harmonic wave. In this case, however, the velocity of propaga- 
tion is found to depend on the frequency, w. Since an arbitrary 
disturbance can be represented by Fourier’s methods as a super- 
position of harmonic components, and since each of these has 
its characteristic velocity of propagation, we realize that in 
general the disturbance in the cable cannot be propagated with- 
out change in form, or distortion. The subject of this section 
has an important practical bearing: the condition LS = RC 
being essential for successful telephony, especially when the 
cable is a submarine one.! 


10. Heaviside: Hlectromagnetic Theory, Vol. I, p. 368. 
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§ 24-3. PrRaotTicaL UNITS 


Practical considerations have led to the introduction and 
common use of certain units, called practical units, to which 
reference has been made in § 22:1. The practical unit of work 
and energy is the joule, which is defined to be 10’ ergs. The 
practical unit of current strength is the ampere, defined as 
1/10 of an ordinary electromagnetic unit of current strength, 
and consequently the coulomb (the practical unit of quantity) 
may be defined as the quantity transported by an ampere 
during one second. The practical unit of E.M.F. and P.D. is 
the volt, which is defined by the work, expressed in joules, 
done on the unit quantity expressed in coulombs. The prac- 
tical unit of capacity is of course one coulomb per volt, 
and is termed the farad. This unit is inconveniently large for 
laboratory purposes, and standards of capacity are usually 
expressed in microfarads. One microfarad is equal to 
10-* farad. The practical unit of resistance is the ohm, 
defined of course as one volt per ampere. ‘The practical unit 
of inductance is the henry and is defined (whether we are 
dealing with self or mutual inductance) to be the inductance 
of a coil or circuit in which an induced E.M.F of one volt is 
occasioned by a rate of change of current equal to one ampere 
per second. 

The numerical relationships contained in the definitions just 
given enable us to evaluate those which hold between any of 
the various electrical and other units of whatever type. First 
of all we start from 


Vis = W,;/Q.; 


where V, means a P.D. expressed in volts, W; means work 
expressed in joules and QY, means quantity of electricity expressed 
in coulombs. Therefore 


V, = 10-7W,./10Q. ms 


where W, means the same amount of work as does W,, but 
expressed in ergs, and Q,,,, means the same quantity of elec- 
tricity as before, but expressed in ordinary #.M. units. Hence 


108 V, =a We P/Q ean 


or 
| 108 V, can Vie 


Hence 


one volt = 10° x E.M. unit of P.D. 
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Consider next two equal point charges separated by the unit 
distance. We have 


Ves, Vem. 


IS oe, ae is 


since either of these expressions represents the force (in dynes) 
between the two charges. Therefore 


Q eee 
Cem __ Tax 


Qes. Kis. 


These ratios are not the ratios of the units themselves, 
but of the measures of the respective magnitudes, quantity 
and dielectric constant, in terms of the ordinary E.M. 
and E.S. units respectively. We are thus led to 


(§ 22:1), or 
Pos. 3 109) 


| 


It follows that : 


Ordinary E.M. ~ 3 1010x abet E.S. a, 
of quantity of quantity 


and further that: 


Bebanien E.S. unit of | — 300 volts. 
potential difference 


The definition of the coulomb implies that the second is the 
practical unit of time; but the system of practical units has 
never been completed. One way in which it might be extended 
further would be to adopt the kilogram as the practical unit of 
mass and the metre as the practical unit of length. The unit 
of force would thus be 10° dynes, and the choice would be con- 
sistent with the practical unit of work being 107 ergs. If we 
define dielectric constant by using for the force between two 
equal point charges the expression 


= OR’, 
the practical unit for K, with the choice given above for units 


of mass and length, would be 1071! times the ordinary E.M.U. 
of dielectric constant, or 9 x 10° times the ordinary E.S.U. 
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§ 24-4. DIMENSIONS OF ELECTRICAL QUANTITIES 


One expression for the dimensions of an electric charge has 
already been given (19-16). If Q, K, M, L and T represent 
charge, dielectric constant, mass, length and time respectively, 


Q=KIVOM IRC T-1 |. (24:4) 
Similarly, 
m= weMeTs/ep-t | (24-41) 


where m and s« mean respectively pole strength and magnetic 
permeability. 

The dimensions of electric field intensity, EK, and magnetic 
field intensity, H, are easily obtained by dividing the dimensions 
of force (§ 19-1) by those of charge and pole strength respectively. 
We thus get: 


KB = M“D-127-1K-12 ) 


H = ML 1ap-1,- 1/2. | Gaia) 


And difference of electrical potential and E.M.F. being measured 
by work per unit charge must have the dimensions : 


Vi = MIMLVeP-iK 2, (2443) 
Kquation (22-3) leads at once to the dimensional equation : 
Q'T-' = HL, 
or (24:42) 
QU! = MY2LV2p 1-1/2. 
whence 


Qa=MPLy-2 2... (24-44) 


[Tf we equate the expressions (24-4) and (24-44) for the 
dimensions of Q, we get: 


ui PK-V2 = LTH (24-45) 


a result which is verified by the fact that the velocity of electro- 
magnetic waves is equal to a/VK |, a being a numerical 
constant (§§ 19-1 and 24°8). The reader will easily be able 
to find expressions for the dimensions of other electrical or 
magnetic quantities by writing down the dimensional equations 
which emerge from the formulae connecting the measures of 
these quantities with those of the fundamental quantities. We 
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shall mention only those of inductance, 2, capacity, «, and 
resistance, R. 


je jw, | 
« = KL, (24-46) 
— uLT-", | 


It should be emphasized that in the foregoing account of 
the dimensions of electrical quantities no mention has been made 
of any particular choice of units, electrostatic, electromagnetic 
or other. The expressions for the dimensions have nothing to 
do with the choice of units. 


CHAPTER VII 


THERMODYNAMICAL ASPECTS OF ELECTRIC 
CURRENTS 


§ 24-5. ELECTROMOTIVE ForRcE AS A FUNCTION OF THE 
TEMPERATURE 


HE E.M.F. of a cell is a function of its temperature. 

It is convenient and instructive to study the more 

general possibility of a circuit in which the impressed 
E.M.F. is a function of the two variables : temperature, 7’, and 
the algebraic quantity of electricity, g, which has passed round 
the circuit. The circuit constitutes a thermodynamical system 
to which equation (15°6) must apply; so that 


dQ = dU + dW, 


where dQ represents energy supplied from outside in the form 
of heat, dU is the associated increment of the internal energy 
of the system and dW the work which might be done externally 
by a motor in the circuit. We shall suppose the moving parts 
of the motor to be free from friction and that it does work at 
an infinitely slow rate.t The current differs infinitesimally from 
zero, and if we suppose the state of the cell (or whatever it may 
be which provides the impressed E.M.F.), chemical or otherwise, to 
be uniquely determined by the temperature, 7’, and the quantity 
of electricity, g, which has passed through it; that is, if we 


1 A motor may do work at zero rate in either of two cases: (1) the 
load may be just so great that the motor docs not move at all; (2) it 
may rotate so rapidly that the induced back E.M.F. balances the im- 
pressed E.M.F. and the current is reduced to infinitesimal dimensions. 
In the former case the efficiency is zero; in the latter case (which is 
that we are supposing) the efficiency is unity. The relevant equation is 


HC = RC? + w, 


where E is the wmpressed K..M.F., C is the current, R the resistance and 
w the rate of working. The left hand represents energy supplied per 
unit time, while RC? represents heat generated per unit time. It is 
obvious that w vanishes when EH = RC (case (1)) and when C = 0 
(case (2)), When w is @ maximum (i.e. when dw/dC = 0) we have 
EH 2RC and the efficiency, w/HC, in this case is 1/2. 
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assume an equation of state exists which expresses the internal 
energy, the E.M.F. and other thermodynamical variables in 
terms of 7’ and gq, just as in earlier studies we have found 
internal energy, pressure, etc., to be functions of 7 and the 
volume, V ; then we have a reversible thermodynamical system. 
The work done, dW, may now be written Edg, the E.M.F. taking 
the place of the pressure in (15-91) and dq that of dV. Hence 


dQ) =dU-+Hdg . . . . (24:5) 
This may be written (cf. equation 16°92) : 


0oU 0U 
#0 (5) # + [(ar), +B 


vi 
and the method of § 16:9 gives at once: 


0U oh) 
an 6 
& ), ’ (Fn), 


which may be put in the form : 


oU 7A 
Se eee es ties ° 
EK ( ). {- Pa ~ 2. « (24-51) 
when E depends on the temperature only. The last equation is 
due to v. Helmholtz, and is easily seen to be a special case of 
the equation (17-151), which is usually called the Gibbs- 
Helmholtz equation, since E represents the diminution of. the 
free energy of the cell reckoned per unit quantity passing through 
it. The quantity — (dU/dq), represents the diminution, per 
unit quantity of electricity passing, of the chemical energy within 
the cell in consequence of the chemical changes occurring within it. 


§ 24-6. THERMOELECTRIC PHENOMENA 


Such phenomena as the Joulean cevelopment of heat (§ 21:9) 
in the conducting parts of a circuit might quite properly be 
called thermoelectric ; but the term is usually confined to certain 
phenomena which appear in circuits made of two or more different 
metals. Experiment shows that, when the junctions in a circuit 
consisting simply of two or more wires A, B,C. . . have not all 
the same temperature, a current is generated in it, and associated 
with such a current is a corresponding E.M.F., which may be 
called a thermo-electromotive force. This electromotive force 
may be regarded as the algebraic sum of a number of parts, 
some of them seated in the junctions, and the others distributed 
along each metal. We shall use the symbol // for the former 
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and K for the latter; so that in a circuit made up of three 
metals, A, B and C, for example, 


E=/1(AB)+II(BC)+I(CA)+K(A)+K(B)+K(C). . (246) 


The E.M.F., /7(AB), we shall term a Peltier E.M.F. It is 
the E.M.F. seated in the junction AB and directed from 
A to B, and its measure is the quantity of energy (in this case 
energy in the form of heat) entering the junction from outside 
per unit quantity of electricity crossing the junction AB, from 
Ato B. Similarly, the E.M.F. K(A) means the energy supplied 
(in the form of heat) to the wire A per unit quantity of electricity 
passing through it in the direction indicated by the order of the 
letters A, B, C, and we shall call it a Kelvin E.M.F. It is a 
fact which can be directly demonstrated experimentally that a 
definite quantity of heat (positive or negative) is absorbed at a 
junction AB when the unit quantity of electricity crosses from 
A to B, and that an equal quantity is emitted when the unit 
quantity of electricity crosses the junction in the opposite 
direction. This is the quantity, //, which is found to depend 
only on the pair of metals AB, and on the temperature of the 
junction. It is sometimes called the Peltier coefficient of the 
junction, after Peltier who discovered it. Experiment demon- 
strates further that the net E.M.F. in a circuit consisting of a 
number of metals A, 6, C ... is zero when all the junctions 
have the same temperature, however the temperature may vary 
along the individual metals. This would be the case if we were 
to assume that the Kelvin E.M.F., A(A), in a metal A is 
expressible in the form : 


K(T) — K(Dy).. 2... (24°61) 


T and 7', being the temperatures at its ends, and we shall adopt 
the convention that (24°61) represents the E.M.F. in the sense 
from the point at the temperature, 7’,. to the point at the tem- 
perature, 7’. Consequently the Kelvin E.M.F., in the direction 
of rising temperature, between two points differing in temperature 
by dT is: 


dK(T) = a 
or dK(T) =o(T)dT, . . . . (24:62) 
if we represent dK /dT' by o. We can now prove that 
H(A,A,) + H(A,A,) + H(A3A4) + . . . H(A,A1) =0,. (24°63) 


where H(A;A,), for example, means the thermoelectromotive 
force in the circuit consisting of the two metals A, and Ay, the 
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junctions having the temperatures T' and 7), and the E.M.F. 
having the sense from A, to A, across the junction at the tempera- 
ture, JT’. This must be the case since the algebraic sum of the 
ITs corresponding to the temperature, 7, is zero and that corre- 
sponding to the temperature, 7’), is likewise zero, while the 
Kelvin E.M.F.s vanish in each of these cases in virtue of (24°61). 
Another consequence of the facts and hypotheses mentioned 
above is that the E.M.F. in a circuit consisting of n metals, 
A,, Az, A3, . .. A,, in which the junction A,A, has the tem- 
perature, 7’, while all the remaining junctions have the tempera- 
ture, 7’), is identical with that in a circuit consisting only of the 
two metals A, and A, when the junctions have the temperatures, 
T and T,. Finally, we may note the formula : 


i; (AB) + EAB) + H(AB) +... +E," (AB) 
Tn 
—E,,(AB),. . . . . . (24-64) 


in which E#7/(AB) means the E.M.F. in the circuit AB, the 


junctions having the temperatures 7’; and ‘l’, and the positive 
direction being from A to B at the 7’, junction. The proof may 
be left to the reader. 


§ 24:7. THr APPLICATION OF THERMODYNAMICS TO 
THERMOELECTRIO PHENOMENA 


The electromotive force in a circuit consisting of the two 
metals A and B in the sense A to B across the junction at the 
temperature 7’ may be written : 


BE =I] —II,+K(A) —K.(A) + K,(B) —K(B),. (247) 


where Jf and K mean the values of these functions corresponding 
to the temperature, 7’; while //, and K, correspond to the 
temperature, 7',. Apart from the Joulean development of heat 
at the rate AC, and the transport of heat by conduction, all 
the phenomena are reversible in the thermodynamic sense. If 
we ignore the latter of these irreversible effects, we can imagine 
a Carnot engine taking heat from a source at 7’ and rejecting 
heat to a sink or refrigerator at 7',. We have only to imagine 
the resistance of the circuit made infinitesimal. The entropy 
increment due to the passage of the unit quantity of electricity 
round the circuit will be equal to zero. Therefore 
i 


74 OBGT, | | (24-71) 
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by (24:62). We may regard (24°71) as valid notwithstanding 
the fact that we have ignored the increment in entropy due to 
thermal conduction, because this increment is not expressible in 
electrical terms at all. 

If we now imagine the temperature, 7',, maintained constant 
while 7 is variable, we get by differentiation of (24-7) and (24-71) : 


dk all 
aT = aT -- O4 — G 73. ° ° . ° (24 72) 
dil it 
and Op —— 04 = aT Pot Vin . ° e . (24-73) 
Elimination of og — o, from the two equations gives us: 
di 
VO ad eee 2 oe eee (24°74 
aT” ( ) 


and, finally, when we substitute this expression for Jf in (24°73) 
we get: 


op —~O4= Te. 1... (2474) 


The forms of equations (24:73) and (17°63) are identical. 
The Kelvin coefficient, op, is the exact analogue of the specific 
heat of a saturated vapour and o, that of the saturated liquid. 
In fact, Kelvin termed the coefficient o the specific heat of 
electricity. It will be further observed that JZ might be 
described as the latent heat of evaporation of electricity out 
of A into B at the temperature 7’, and (24-74) is in fact just 
Clapeyron’s equation. The factor corresponding to V, — V; of 
(17-6) is here the quantity of electricity which has crossed the 
boundary, and this is unity. The phenomena of conduction of 
electricity in metals and those of thermoelectricity can indeed 
be fairly adequately accounted for by the simple electron theory 
(§ 26) in terms of which JJ and o are not merely the analogues 
of latent heat and specific heat respectively, but are identical 
with these quantities. 


CHAPTER VIII 


THE ELECTROMAGNETIC THEORY OF 
CLERK MAXWELL 


§ 24-8. HKLECTROMAGNETIC WAVES IN AN INSULATING MEDIUM 


OR an isotropic insulating medium the first of the equations 
(22°72) takes the form : 


K€, 0H, aH, 


a oat oy ez 


On differentiating this equation partially with respect to t we 


obtain 
K @€,, 0 (oH, @ off, 
ot ot} 


Oz 


and on substituting in this the expressions for 0H,,/et and 
0H,/ot given in equations (22°73) we get: 


uk BE, 2 & 261) a & *e2) 


Oz 


a® af dy\dy ax On Oz 


uK @E,  (é, a a {26 26.1 


or uate in Sy 
a* at? | ay? 02? ax | oy Oz 


It is obviously desirable to add and subtract the term 0?€,,/dxz? 
on the right-hand side of the last equation ; so that it may be 
written : 


wk 07€., 

a* dt 
Similarly, by differentiating the first of the equations (22°73), 
we shall obtain 

uk off, 

a* dt? 
We have already met with equations of the form of (24:8) and 
(24°81) in § 9-2 and in the chapter on elasticity. The dis- 
cussion of equation (9°23) brings out that the longitudinal 
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= Ve, — . div&.  . . (248) 


=Vill,— 2 divH. . . (2481) 
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wave associated with (24°8) must travel with zero velocity. In 
other words, there is no such wave. The same thing may be 
said about equation (24°81). But there is associated with each 
of these equations a dransverse wave which travels with the 
velocity a/V wK |. When the insulating medium is uncharged, 
div € is zero, while div H is zero in any case, and the equations 
(24:3) and (24°31) take the familiar form : 


WK BE, — eae 
az Or2 = V % 
pore (24-811) 
a ae _ V'A.-| 


The ratio of the velocity of waves in empty space to that in 
the medium under investigation, i.e. the ratio 
a/V uk, | + a/V uk |, 
is called the refractive index of the medium, and we shall 


represent it by ». If therefore u» = mu, as is approximately the 
case for many media, 


(24-82) 


§ 24:9. ELECTROSTATIC AND ELECTROMAGNETIC UNITS 


It is well at this stage to recall what has been said about 
units in §§ 22-1 and 24:3. We have seen that the ratio of the 
E.M. unit of quantity to the E.S. unit of quantity is numerically 
equal to c, the number which expresses in cm. sec.—! the velocity 
of electromagnetic waves in empty space. This is the case 
whether our units are of the ordinary type or the Lorentz- 
Heaviside type. ‘The experimental measurement of the ratio, 
and the measurement of the velocity of light waves in free space, 
both yield, within the limits of experimental error, the same 
number, differing very little from 3 x 101°. This result led 
Maxwell to the view (which cannot now be doubted) that light 
waves themselves are electromagnetic waves. 


§ 25. RELATIONS BETWEEN THE ELECTRIC AND MAGNETIC 
VECTORS IN ELECTROMAGNETIC WAVES 
We shall now study the plane wave described by 
E, = af(vut — lx — my — nz), 
€, = Bf(wt — la — my — nz), 3. 2 (25) 
E, = yf(vt — lx — my — nz), 
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in which f is some arbitrarily given function, «, 8, y are the 
direction cosines of €, the electric intensity, and constants ; 
l, m, n, the direction cosines of the normal to the wave front are 


also constants, and v(= a/V uK) is the velocity of silica 
We shall use the abbreviations : 


€é =vt — le — my — nz, 


f’(&) or simply f’ = ae, 


fr) 9 rr) f" =P. 


From (25) we get 
div € = — (al + Bm + yn)f". 
If the medium be uncharged, div € = 0, and consequently 


al + Bm + yn = 0. 


That is to say, the scalar product of the two unit vectors, («, 8, y) 
and (J, m, n),is zero. This means that they are at right angles 
to one another, or the direction of the electric field intensity 
(and in an isotropic medium, with which we are now concerned, 
also that of the electric displacement) is at right angles to the 
direction of propagation. In this narrower sense therefore the 
waves are of the transverse type. We have already seen, § 24:8, 
that they are transverse waves in the wider sense explained in 
§ 9-2, even when div € differs from zero. 

Let us now form the curl of &, or, say, its X component. 
We find 


d€, — oy 


By = (nB — my)f’. 


Therefore 


since df/ot = vf’, or 
) : ve af 


Hence 


= (my — ni [EF +4 «(2500 


11 
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where @ is an arbitrary function of x, y, z. We shall ignore ¢ 
for the moment, and we may write for //,: 


H, = (m€é, — ney) 
lu 


The expression (mé, — n€,) is the X component of the vector 
product of the unit vector (/, m, 7), in the direction of propagation 
of the wave, and the vector &. If we represent the unit vector 
(1, m, n) by N, we have 


u = ,/*/ tN, 81 . ... (25-02) 


In this form the equation shows the relation between the direc- 
tions of the vectors &€, H and N. The three directions are all 
at right angles to one another, since, as we have already seen, 
N is at right angles to €; and H, being equal to the vector, 
product of N and & multiplied by a scalar quantity, is at right 
angles to N and &. Further, if we imagine the direction of N 
to rotate towards that of €, (25-02) indicates that the direction 
of H is that in which an ordinary screw would travel with such 
a rotation. Or, to put it in another way: if the direction of & 
be turned towards that of H, such a rotation would cause a 
screw to travel in the direction of the propagation of the wave. 

Since the absolute value of N is unity, it follows that the 
absolute value of H is: 


a= ,/* 
u 


When the function, f, is a sinusoidal one, it follows that H and 
& are always in the same phase, and when K and  » are 
numerically equal, H = €. 

It follows from (25:03) that 


PHP Ke? 
824A 8nA’ 


so that the electrical energy per unit volume is equal to the 
magnetic energy per unit volume. 

The function, ¢, which appears in (25°01), is a function of 
position only, and at a given place maintains the same value 
always. Its physical significance is simply that the wave we 
have been investigating can pass, without modification, through 
regions in which permanent fields exist—fields which may be 
due, for example, to charged bodies, or to permanent magnets. 


G2... . (25:03) 


(25-04) 
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§ 25-1. Wavus IN A ConpucTiInc Mrpium 


We now turn back to the more general equations (22:72), 
with the purpose of studying the case where o differs from zero, 
i.e. where the medium is not an insulator. The method of 
§ 24-8 leads to the equation : 

ME OE, | 4x Apo d€, 


eta te, . 
a Oe? ey vo ur) 


instead of (24°8), supposing the medium uncharged. Let us 
write for €,, adopting Bernoulli’s method of solution : 


€, = TR, 


where 7’ is a function of the time only, while & is a function of 
x, y and z, and does not involve the time. Substituting in 
(25-1), and dividing through by the product TR, we get: 
WK La , txAusl a _ Voy, | 
a? T dt? ao Pa RYO * (221) 
Hence a particular solution of (25-1) can be obtained by solving 
the equations : 
WK @P | sxAus 1a _ 
a T dt? a Tdt ° 


(25-12) 
R V2R = mM, 


where m is any constant. 


We shall try to find a solution representing a plane wave in 
the direction 
N = (1, m, n), 


and use p in the sense: 
p =lxe + my + nz. 


The 7' is a function of t only, and we shall select the harmonic 
function, 


a ee a we oe BES) 


where w is real and positivé. On substituting for 7 in the 
former of the equations (25°12), we get : 


== WK -f- 
a? 


4nA po. 
ee iw 


- =m, . . . (2514) 
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and, in consequence, the latter of the equations (25°12) becomes : 


ad?R wk 4nA po. 
at (eo - Bie io) =0. . . (25-15) 
In the case of a perfect insulator, the factor multiplying R is 
ald 
a 
whereas when o 7 0 it is 
2 
aK, 
a* 
where 
K'=-K— inde . (25:16) 
or since 
w = 2n/T, 


where t is the period corresponding to the angular frequency, w, 
K'=K —i72Aotr . . . (25-161) 


We see therefore that the consequence of the conductivity is 
that the problem becomes mathematically identical with that of 
plane waves in a perfect insulator—provided always that in 
any plane in which e(= lz + my + nz) is constant, the field 
intensity varies in a simple harmonic way. 

We may therefore adopt as particular solutions of (25:1) and 
the corresponding equations associated with the Y and Z axes: 


eS 1e"s. 
Cer eae oe 6  6& A257) 
E, = Nes, 

where L, M and N are real constants of integration and 

ee a (le + my +nz) . . . (25°171) 

It is clear that equations (25:17) may be written : 
E, = a&ets, 
€, = pee, , ewe (25°172) 
€, == poe, 


(a, B, y) representing the direction of €. On forming the diverg- 
ence of € from (25:172) we find again, as we found for an 
insulator in § 25, 

ab + pm + yn =0 
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and the electrical field intensity is orthogonal to the direction, 
N = (J, m, n), along which, as we shall find, a wave is being 
propagated. 

We are now able to turn our co-ordinate axes so that the 
X axis coincides with &, and one of the others, say the Z axis, 
coincides with N. Equations (25-172) now become simply : 


€ = Seot-YHE I) (25173) 


where € is the electric field intensity and & its amplitude. 
As K’ is complex, we shall write provisionally, 


VK a + ip 5. (25174) 


in which « and £ are real constants. Equation (25°173) then 
gives us: 


E = EerPeeint—~2) (25 +18) 


The constant « is positive, and if v be the velocity of propagation 


of the plane wave, 
a=l/. . . . . . (25°181) 


It will be observed, further, that 8 is a negative constant, and 
it 1s convenient to write it in the form: 
pB=—-% 2 2... (25182) 


Vv 


h being a positive constant. Hence 


or since | @ = 2n/t 
and. vt =A, 
where A is the wave-length, 
2rhz , é 2 
€ = Ge (5-5), | |. (25-183) 


The following relations can easily be inferred from the definitions 
of «, B, v and h: 


te 
a yt? 
Ane a . (25-19) 
az ve J 
and by division : 
Ee eat Las _ (25-191) 


Aor h 
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If c be the velocity of waves in empty space, K, the dielectric 
constant of empty space, and if the u of the conducting medium 
be practically identical with that of empty space, then 


2 ae 
a : 
uk, 
or i /a® = 1/K ,c?, 


and therefore equations (25°19) may be written, if we replace 
c/v by n, the refractive index of the conducting medium 
(§ 24°8), 


7 = m1 — Be), | 
. (25°192) 
au = nh 
K, | 


§ 25:2. CRITICAL OBSERVATIONS ON MAXWELL’s TILEORY 


The results of § 24-8 lead actually or apparently to a unique 
(phase) velocity of propagation of electromagnetic waves in an 
insulating medium. They therefore require some qualification 
or amplification before they can become a satisfactory basis for 
the theory of light. Two important assumptions were made in 
arriving at them: namely that uw and K are constants, the 
values of which depend on the medium and on nothing else. 
So far as wu is concerned this is practically true for many media, 
and we may let the assumptions concerning it stand. The 
corresponding assumptions concerning K are much more serious. 
They are intimately associated with the tacit assumption in our 
theory of the homogeneity, or rather, of the continuous character 
of the medium. Now K, it will be observed, enters Maxwell’s 
equations through the formula : 


K 

D ae > «@ & & # (2b) 
which in fact defines K for the purposes of Maxwell’s theory. 
All material media contain, or are constituted of minute charged 
particles, the displacement of which under the field intensity, E, 
contributes to D. We shall learn in § 26-4 that when € varies 
in a simple harmonic way K is a function, not only of the medium, 
but of the frequency, w. For a given medium it has a definite 
value which is constant (i.e. independent of €), provided time 
variations are simple harmonic variations of some definite 
frequency, w. The theory which we shall develop in §§ 26-2 
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et seq. is in fairly satisfactory accord with the observed depend- 
ence of the velocity of light on the frequency in many media, 
and it makes K approach asymptotically to a limiting value, 
agreeing with the K of electrostatics, as w approaches the limit 
zero. Maxwell’s theory itself is not at fault nor are the equations 
(22-72) and (22-73) provided we apply them to simple harmonic 
waves and interpret K correctly. 

Similar remarks may be made about propagation in con- 
ducting media. Experiment supports the theory of §§ 24:8- 
25-1 for long waves, i.e. for small values of w, in which case K 
and o are near the limiting values corresponding to w = 0, and 
sensibly independent of w. We shall return to this subject in 
§ 25:9. 


§ 25-3. Poyntina’s THEOREM 
Writing the equations (22°72) and (22-73) in the form: 


K 0& 4nAog 2 gi. 
a ot 
day ee = curl &, 
a ot 


and forming the scalar products with € and H respectively, we 
find, on subtracting : 


ae a) + H(A, a) - inate — (€, curl H) — (H, curl €), 


and therefore, by (2°44), 
0 15; 


slat’ + Hype) 4 to? = div [H, &]. . (25-3) 


2a 2a | 
On multiplying both sides by a/4nA, we get: 
G K 


— { ——— 2 2 fe LO i 2 
Stang 8 + 5 Gu’ + of div [H, §] 


4A 

The quantity within the brackets {} is the electromagnetic 
energy per unit volume, which we shall denote by U, while 
o&? represents the rate, per unit volume, of conversion of electro- 
magnetic energy into heat. This follows from (21-93), since the 
conduction current density is 


i = of. 
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Therefore 


eU seg, a 4. : 
ee = o€ 7 Gg OY [€é, HH], . . (25°31) 
in which we have effected the change of sign in the vector 
product by inverting the order of € and H. We now multiply 
(25-31) by the volume element, dz dy dz, and integrate over the 
whole of the volume within some closed surface. This gives us: 


] fees engi energy) _ {Rate of production of heat) 


ot | within closed surface j (within closed surface } 


a 
+g fae. H],dS),  . . . (25:32) 
in which the volume integration 


| \| div [&, H] dz dy dz 


has been expressed appropriately as a surface integral by the 
theorem of Gauss (3°01). The statement (25°32) expresses 
Poynting’s Theorem. It asserts that the rate of diminution 
of the electromagnetic energy within a region enclosed by a 
surface is equal to the rate of generation of heat within the 
region plus an integral extended over the surface. It is obvious 
that this integral expresses the rate at which electromagnetic 
energy flows outwards through the surface. Consequently the 
vector, 


a 
p=; [6H], . . - . (25-33) 


apparently ' represents in amount, and in direction, the density 
of the flow of clectromagnetic energy, i.e. the quantity passing 
per unit time per unit area normal to the direction of flow. 
The vector, p, is known as Poynting’s vector. 


§ 25-4. ELECTROMAGNETIC WAVES IN ANISOTROPIC MEDIA 


In dealing with the propagation of electromagnetic waves in 
anisotropic media, we shall confine our attention, as in fact we 
have always done so far, to the case where yu, the permeability 
of the medium, is a scalar quantity, constant (i.e. independent 


1 This qualification is necessary since Poynting’s theorem is not affected 
by superposing on p any vector the divergence of which is zero. The 
density of the flow of electromagnetic energy ought therefore to be 
expressed in the form p + p’, where div p’ = 0. 
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of H) and not appreciably different from the permeability of 
empty space. We assume therefore that the anisotropic char- 
acter of the medium finds its expression in the tensor character 
of K. Reference to (19-23) will show that equations (22°72), 
if the medium is an insulating one (co = 0), must take the form of : 
1 d€,, d€, 0€, 
“| Kara at = + Kaye + Bes at 
and two further equations similarly associated with the Y and Z 
axes respectively. If the axes of co-ordinates be made to 
coincide with the principal axes of displacement, the equations 
(25:4) simplify, as shown in § 19-3, to: 


ai = {curl H},, . (25:4) 


Ca 


at = =| . 4. (25°41) 


ms 


a at ax ay” 


in which the principal dielectric constants, K,,, K,, and Ky, 
are represented by K,, K, and K, respectively for brevity. 
The divergence equation, 


divD=0, ... . . (25-411) 
(we are supposing the medium to be uncharged) may be written : 
Get KiGt + KZ! = 0. (25-412) 


Applying the method of : 24°8 to the equations (25:41) 
we get: 
wk, &€, 
a> at 


and similar equations associated with the Y and Z axes; but we 
may not now, in general, proceed further by equating div € 
to zero. If however we attempt, in the first instance, to find a 
particular solution for which €, = €, €, =0, €, = 0, we shall 
then have from (25-412) 


~ Ve, —2div&, . . (25-42) 
Vv Ox 


and hence div € — ie” 
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so that in this special case (25-42) becomes : 


pK, 28, _ ag | 
2 Op =WVyré,, . . . . (25°43) 
of which €. =f,(vt — lx — my — nz) 
will be a solution representing a plane wave, if 
at 
v= 7S... . ... -..Sti(«“#s#(2QZS “4 
V wK 1 | ( ) 
Since €, = 0 and € = 0, we have 
0€.. 
iV 6 SS ee Se = 
div an Ae 
where f. = ae 
and &é=vt — lx — my — nz. 
Hence we must infer 
(== Oe 


or the possible directions of propagation of this plane wave 
are, all of them, at right angles to the X principal axis. 

We shall represent the velocity (25-44), which we shall term 
a principal velocity, by a, so that 


a=-a/VuK, . . . . (25-441) 
Similarly, we may derive solutions of the differential equations 


(25°42) associated with the Y and Z principal axes, for which 
the velocities are 

b =a/Vuk, |, 

Ag iia | _ (25-442) 
c= a/V nk; |. 

It is convenient to suppose the co-ordinate axes so placed that, 
when a, b and ¢ are all different, 


a>b>c. . oe ee (25443) 


We now proceed to find a solution of equations (25:42) 
which will represent a planc wave propagated in any direction 
(i, m,n). To do this we try 


x = af(¢), 
D, = Bf(é), $ . . «ee (2548) 
D, — yf(€), 


in which D = (D,, D,, D,) is the Maxwell displacement, «, 8, y 
are its direction cosines, and € has the meaning already explained. 
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Since D, differs from K,€, only by the constant 1/474, it will 
be simpler to write, instead of (25-45), 


to 
€.. aes KIM), 
Ey = Fre, - oo... (25451) 
ast, ale 
We easily find : 
| a: ay \ 
3 Kf , 
: tL , Bm n 
dive sea ee | 2 
ie. + ot eS iasaas 
(div &) = a 4 Bam, yt) an 
Ox K, Ke” Kal” 
and VE; aes rah 


remembering that /? + m+n? = 1. 
On substituting these expressions in (25°42) we find : 


a? K, 
ol Bm, yn 
h = — aes a . F 2 rs 
where K, + K, + K. (25-461) 


This result may be written in the form : 
av? — aa? — IQ", 
, @G 
where GQ =—— =a’%l + b’Bm+c%yn, . . (25-462) 
by (25-441) and (25-461), and there are of course two further 
equations similarly associated with the Y and Z axes. We 
may write the three equations in the following way : 


se tes 
az— yi =” 
_m BY | |... (2547) 
b? — v2’ 
n ? 


ci _ yt G@ 
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On multiplying these three equations by J, m, and n respectively 
and adding, we obtain Fresnel’s equation for the velocity of 
a plane wave in a given direction (J, m, n), namely : 
[? m> n? 
eee ae ane + i 0, . . (25-48) 
since al + pm + yn = 0, 


as we can prove by substituting equations (25°451) in (25-411). 
Since (a, /, y) represents the direction of the electroc displace- 
ment in the wave, the last equation asserts that the direction 
of the electric displacement is at right angles to the direc- 
tion of propagation. The electric field intensity is therefore 
not in general at right angles to the direction of propagation, 
since it does not in general coincide with that of the displace- 
ment (§ 19-3). The consequences of Fresnel’s equation will be 
discussed in the chapter devoted to the propagation of light in 
crystalline media. 


§ 25:5. REFLEXION OF ELECTROMAGNETIC WAVES AT THE 
INTERFACE BETWEEN Two Isotropic MEpIA—ELECTRIC 
Frietp PERPENDICULAR TO PLANE OF INCIDENCE 


Imagine a plane wave incident at an angle, 6, at the plane 
surface separating two dielectric media. The angle, 6, is the 
angle between a normal to a wave front, i.e. to a plane of constant 
phase, and the normal to the interfacial boundary where the 
former meets it. These two normals define a plane—the plane 
of incidence—and we shall consider in the first place the case 
where the plane wave is polarized with its electric vibrations 
perpendicular to the plane of incidence. In Fig. 25-5 SS repre- 
sents the boundary surface (perpendicular to the plane of the 
paper) between the two media, (a) and (6), and AO represents 
the direction of propagation of the plane wave. We may con- 
veniently describe the wave by reference to rectangular co- 
ordinates, the Z axis being in the-direction of propagation, the 
X axis in the plane of incidence (coincident with the plane of the 
paper) and the Y axis directed upwards from the plane of the 
paper. The equation of the wave may be represented by 


€, = 0, 
€, = &; cos w(t — =), - ok we (2555) 
E, = 0, 


where €, represents the amplitude of the electric field intensity 
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in the wave and v =a/V uK, |. K, is the dielectric constant 
of the medium a, while u is its permeability. We shall assume 
yu to have the same value for both of the media a and 6, and to 


Z C 


Kia. 25-5 


be independent of the magnetic field intensity. This is prac- 
tically the case for many dielectric media. It is preferable to 
use instead of equations (25°5) the complex expressions : 


C20, : 
E, = Ee'l- 3, | & ce. » 12551) 
e=0 | 

The use of complex expressions may be justified in much the 


same way as in § (23-7). The corresponding equations for the 
magnetic field intensity in the wave are, by (25-01), 


F Zz 
A, = ES Eee 9), 
Lt 


H, = 0, 
H, = 0. 


(25-52) 
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Equations (25°51) and (25-52) describe the wave completely. 
To find out what happens at the boundary we have at our disposal 
the boundary conditions expressed by equations (20°32) and 
(20°34). The only way of satisfying these conditions is to 
assume the existence of a plane reflected wave travelling back 
into medium a, and a plane refracted wave travelling onwards 
into medium b. Hence the law that the reflected (or refracted) 
ray is in the plane of incidence (cf. § 28°5). The axes of co- 
ordinates we have been using, while convenient for the description 
of the incident wave, are unsuitable for the further investigation, 
and we shall now introduce new axes so placed that one of them, 
the Z axis, is directed from a to b perpendicular to the interfacial 
plane. We shall leave the direction of the Y axis unchanged. 
We may distinguish the new axes by dashes, thus: xX’, Y’, Z’. 
The scheme of transformation from X, Y Z, to X’, Y’, Z’, in 
accordance with § 2-2, is described in the subjoined table : 


x | Y Z 
x’ cos 0 0 sin 0 
y’ 0 1 on 
Z! —sno| 0 - 


cos @ 


Referred to the new axes, equations (25°51) and (25°52) become : 


Ce = 0, 
ef = eh( AOE), (25°53) 
od == 0, 
a , Bin 4.x’ + cos 62"\ , 
H,’ = — cos a,| es | i v 
u 
A = 0, . (25:54) 


‘ Bin 6.2’ -+cos 8.2" 
H,’ = _ sin 0, [He i Ge ; ao 
pb 

The angle, 0, it may be observed, is the angle between the 
direction of the wave and the direction of the Z’ axis. In what 
follows we may drop the dashes, since it will not be necessary 
to make any further use of the original axes. We shall have 
another set of equations similar to (25-53) and (25-54) describing 
the reflected wave, and still another set describing the refracted 
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wave. The reader will be able to write down all three sets for 
himself. The amplitudes may be distinguished by : 


€,—incident wave, 
€,—teflected wave, 


&,—refracted wave, 


while the corresponding angles with the new Z axis may be 
distinguished one from another by writing 


0, = 0, angle of incidence, 
0, = a — ¢d, where ¢ is the angle of reflexion,' . (25-541) 


re 


60, = y, angle of refraction. 


In the reflected wave we shall have the dielectric constant K,, 
and in the refracted one, K,. 

Applying the boundary condition (20°32) to the electric field 
intensities, we get : 

: sin 6, .:c of, Sin @.0 heo _ sin 03.2 
g,ci°('- He a gel! oe fe (oe ) . (25°55) 

We have put z = 0, since we are dealing with conditions at the 
boundary. The equation (25°55) must hold at all times and for 
all values of x. Putting ¢ and x equal to zero, we get: 


€,+6.=6.. . . . (25-581) 


It is now clear that all three exponentials in (25-55) are equal, 
and consequently 


sin@,.¢  sin@,.% — sin 43.x 
Va Vu Vp ) 
Therefore 
sin 0, = sin 0,, 
or sin 96 = sin 4d, 
and 0 = 4d, 


which is the familiar law of reflexion. Further, 


sin0, — sin 0; 


Va Vy 
or 
Me = VE | sings sind (25552) 
v, 4/ K,, | sin @,; sin w 


the familiar law of refraction. The boundary condition (20-32) 
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applied the component of the magnetic field intensity parallel to 
the boundary gives us: 


— cos 0, [Ke &; — cos a, | Ee c,. 
ft lt 
oes a, | Ee E, . . . . (25°56) 
lb 
while 
cos 0, = cos 0, 
cos 0, = — cos ¢ = — cos 0, 
cos 0, = cos w, 
and ri Ky | ae - 
K,, | sin wy 
Therefore 
Spe Vee. « « 05561) 
cos 9 sin w 


Adding and subtracting equations (25-551) and (25:561) and 
dividing one result by the other, we get: 
; _ cos y sin 0 
G cos 0 sin p 

E; 4, 008 p sin 0 

cos 0 sin wp 


or 
€, sin y cos 0 — cos yp sin 0 


6; sin y cos 0 + cos psin &’ 
and consequently 


&.=& 


sin (py — 8) 


As we approach perpendicular incidence (25:57) becomes 


ip 

Y 

g, = Gs @ 
ieee 

yp 


When therefore the refractive index from a to 6 is greater than 
unity €, will be negatwe. It is usual to keep the amplitude 
positive, and in order to do this in the present case it is necessary 
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to introduce a phase change of x. Such a change in phase will 
not occur when the refractive index from a to b is less than unity. 
Substituting the expression (25-57) in (25-551) we find for 

the amplitude of the refracted wave : 
_ 28in yp cos D6 

A sin (y + 6) 
The amplitudes of the magnetic field intensities in the reflected 
and refracted waves are also given by (25°57) and (25°58), 
since H is proportional to €. It is usual to employ the square 
of the electric amplitude as a measure of the so-called intensity 
in the wave. This term is rather unfortunate, since it is also 
used in a somewhat different sense in the description of the fields 
of force in the region occupied by the wave. ‘The ideal expression 
for the intensity of the wave would be Poynting’s vector (25°33) 
which is identical with the product of the phase velocity and 
the energy per unit volume. So that, if J represents the intensity, 


ec J €&, . . . . (25:59) 
4xA N wu 
where a and A are the two units constants. 


(25:58) 


t 


§ 25-6. Exrocrric FrrLD PARALLEL TO PLANE OF INCIDENCE 


We now turn to the case where the electric vibrations are 
parallel to the plane of incidence and follow the procedure of 
§ 25-5. The amplitudes in the three waves are directed as 
indicated by the arrows 7, 7 and p, in Fig 25-5, and the description 
of the incident wave, when referred to the original axes, will be: 


C. —_ 0, (25°6) 
Cs —V; 
H, =0, 
He ge ger) 8.6) 
fe 
H. = 0. 


We now turn the axes (as in the last section) about the Y axis, 

so as to cause the Z axis to point vertically downwards, i.e. 

from @ to 6, and work out expressions corresponding to (25°53) 

and (25°54) by using the table of direction cosines as in 

§ 25-5. For the purpose of finding the relationships between the 
12 
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amplitudes of the incident, reflected and refracted waves, we 
need only the expressions for the electric field intensities. The 
two boundary conditions, (20°32) and (20-34), yield respectively : 
€; cos 0, + &, cos 6, = E, cos Os, ) ; 
K,&, sin 6, + K,€, sin 0, = Ky,€, sin 43. j a ae 
These equations are seen to be equivalent, when we remember 
equations (25°541) and (25-552), to 


g, - 6, ~ 22-46, | 
O 


s 
6G US oo 

ny 

from which we infer: 
tan (6 — wp) 

== nan - 4 
GS, a O + wy (25:64) 
GG x, 1565) 


‘ ‘sin (9 + w) cos (0 — p) 


§ 25:7. POLARIZATION BY REFLEXION—BREWSTER’S LAW 


When the direction of vibration in the incident wave makes 
any angle, y, with the plane of incidence, we may resolve the 
field vectors, & and H, into their components perpendicular to, 
and in the plane of incidence, and the results of § 25°5 and 
§ 25-6 respectively give us complete information about the 
corresponding amplitudes in the reflected and refracted waves. 
It is obvious that there is a value of the angle 6 (or the correspond- 
ing y) such that 6 + wisa right angle. For this particular pair 
of values tan (0 + yw) is infinite, and (25-64) leads to the con- 
clusion that in this case the reflected wave can only have electric 
vibrations perpendicular to the plane of incidence. It is com- 
pletely (plane) polarized. The plane of incidence is called the 
plane of polarization of the reflected waves. Each of the 
particular values of 6 and y, which we may write 6, and yp, is 
called an angle of polarization. Sinced, + y, = 2/2, it follows 
that cos 6, = sin y, and sin 0, = cos y,. Consequently the re- 
fractive index from a to b obeys the law : 


Sees ee (257) 


pny = tan y,. 


This is Brewster’s Law. 
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§ 25:8. REFLEXION OF ELECTROMAGNETIC WAVES AT THE INTER- 
FACE BETWEEN AN INSULATING AND A ConpbucTING MEDIUM 


We learned in § 25:1 that problems concerning harmonic 
waves in conducting media can be made mathematically identical 
with the corresponding problems for insulating media. For 
simplicity we shall confine our attention to perpendicular 
incidence, and we may suppose the medium a to be evacuated 
space and 6 to be the conducting medium. For insulating media 
and perpendicular incidence we have 


1 —0/yp 
& — So 
‘lL + 0/yp 
the ratio 0/w being the limiting value of 6/y for 0 = 0. There- 
fore with perpendicular incidence 
VK,| — VKal. 
VK, | | Ale VK, | | 


It follows, if K’ is the complex quantity described in § 25-1, 
and if K, is the value of A for empty space, 


VK'| — VK, | 
‘J K'| + VK,|. 
where &, is the amplitude (possibly complex) of the reflected 
wave. Now 


vr 


(25-8) 


r= 


] 
V wk’ eK’ | /a => — i 


i, 
(§ 25-1) and since V/uK,/a? =1/c, where c is the velocity of 
electromagnetic waves in empty space, 

VK'/K, | =n —i nh, 


where 7 is the (real) refractive index of the conducting medium. 
Hence (25-8) becomes : 
n —1—inh 


GC. 6 : 
‘n+1l—inh 291) 
Therefore 
_ V(n — 1)? + + Ph? | Eells, 
V(n + 1)? +4 neh? | 
where 


d, = tan-! (— nh/(n — 1)) and 4, = tan7! ( — nh/(n + 1)). 


1 We are assuming that both media have the same permeability. 
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perio of _ J (n—1)?-+-n2h? 


reflected wave (n-+-1)?--n2h? incident wave 


Se Fos; srg of . (25-82) 


Consequently 


Intensity of ) _ (n—1)?+n*h? _ ( Intensity of | 25-83 
reflected wave[ — (n+1)2-+ 2h? [incident wave.| a | ) 


§ 25-9. RerLEXION at METALLIC SURFACES 


The quantities n and A in formula (25-83) can be determined 
in the case of waves for which + is within the limits of the visible 
spectrum by optical experiments. In this way Drude and others 
have found nh in the case of metals to be great by comparison 
with n, and formula (25-83) in consequence gives a high reflecting 
power. This high reflecting power is the cause of the character- 
istic metallic lustre of metals. Jf an empty test-tube (i.e. one 
containing air only) be immersed in water, it will be noticed 
that the parts of its surface seen by totally reflected light show 
this kind of lustre. According to Drude, nh has the value 3-67 
while n is equal to 0-18 in the case of silver and sodium light. This 
makes the reflecting power of the silver more than 0:95 when we 
substitute in (25-83). Itis when we combine (25°82) and (25°83) 
with the formulae (25-192) that we meet with difficulties. If 
we take the case of silver and sodium light, we find (25-192) 
that A turns out to be negative when we substitute the appropriate 
values of » and h. According to Drude, a negative dielectric 
constant is meaningless. While this view cannot be upheld 
(cf. § 26°4) the theory of § 25:1 certainly implies a positive 
value of K. The second of the equations (25-192) also does not 
exhibit any relationship whatever to the observed facts in the 
case of silver, mercury and other metals if light in the visible 
spectrum is used. In a formal way the electromagnetic theory, 
so far as we have developed it, accords well with the phenomena 
observed ; but we cannot calculate the optical constants from 
the electrical properties of the medium ; not at all events when 
we are dealing with wave-lengths within the limits of the visible 
spectrum. If, however, we have to do with wave-lengths as 
long as those of the residual radiation (§ 26) of Rubens, we find 
(according to Hagen and Rubens !) very good accordance between 
the value of the reflecting power calculated from electrical data 
and that measured experimentally. It is reasonably probable 


1 Ann. d. Physik, II, 1908, p. 873. 
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that K/ot is very small, and consequently f is nearly unity 
(25-191). Hence by (25-192) 


Aot 


0 


= 7%, 


Substituting in (25-83) we get for the reflecting power 


2n? —2n + 1 


Rao 
2n? + 2n + 1 
and as 
ev >>n>> 1 
this becomes 
es : 
PR nm 1_2 
14 1 n 
n 


to a sufficiently good approximation. Consequently 


K, 
Aot 
a formula enabling the reflecting power to be calculated from 
the period (or wave-length in air or in vacuo) of the waves, and 
the electrical conductivity of the material. If we use ordinary 


electrostatic units, A and K, become each equal to unity and 
(25-9) consequently becomes : 


R=1—2/Vot|. . . . . (25-91) 


The reflecting power is all the greater, the greater the conductivity 
and the longer period of the waves. 


R=1-2 


Jee ee (259) 
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CHAPTER IX 
SIMPLE ELECTRON THEORY 


§ 26. ORIGINS OF THE ELECTRON THEORY 


[Ce phenomena of electrolysis, in particular the laws 
discovered by Faraday a century ago, suggested that 
electrical conduction through solutions of salts, acids 
and similarly constituted materials (electrolytes) was effected 
by ions, charged particles consisting of single atoms, or of 
groups of atoms, such as H, Na, Cu, Ag, etc. (positively charged), 
and Cl, SO,, NO; (negatively charged). The proportionality of 
electrochemical equivalent and chemical equivalent sug- 
gested the existence of a definite elementary charge, atomic 
in a literal sense as well as in the sense of being associated with 
an atom. Hydrogen, sodium, silver and other chemically uni- 
valent ions were thought to carry one (positive) elementary 
charge ; magnesium, calcium, barium to carry two such charges. 
Similarly, a chlorine ion and an NO; ion were thought to carry 
one negative elementary charge, an SO,iontwo,andsoon. These 
views have only been modified to the extent that an atom, 
e.g. a sodium atom, is believed to contain many of these elemen- 
tary charges, its ionic charge being their algebraic sum. The 
existence of this elementary charge in air and gases when in 
an electrically conducting state has been demonstrated beyond 
any doubt, more especially by the experimental methods of 
C. T. R. Wilson, who discovered that in a sufficiently super- 
saturated atmosphere, water drops form round individual ions. 
This discovery also led to the most important of the experi- 
mental procedures for measuring this charge, which, according 
to the measurements of Millikan, amounts to 4:774 x 10710 
ordinary electrostatic units. The term electron was introduced 
by Johnstone Stoney (1874) as a name for this natural unit of 
electricity ; but the usage of later times has assigned the term 
‘electron ’ to a special kind of ion (J. J. Thomson’s corpuscle) 
first recognized in the streams of ions constituting the cathode 
rays. The most striking feature of these ions, or electrons 
182 
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as we shall henceforth call them, is the possession of a unique 
ratio of charge to mass, and hence a common mass (about 
1/1845 of that of a hydrogen atom !), whatever the material 
or materials may be in which they originate. We have there- 
fore in electrons a constituent common to all atoms. This 
discovery led to the electron theory of matter which, in its 
extreme form, identified all mass with the inertia—to be ex- 
plained in the following section—which is necessarily associated 
with an electric charge, and sought to build up physical 
theory on a purely electrical basis. This extreme form of the 
electron theory has long since been abandoned, not so much 
o1. account of the serious (and indeed insuperable) difficulty of 
constituting a charged particle without introducing non-electrical 
forces, as on account of the great possibilities and potency 
in the line of development which culminated in the theory 
of relativity. 


§ 26-1. Mass AssoclareD with A SLOWLY Movine CHARGE 


We have seen (22°61) that the force exerted on a charged 
particle in a magnetic field is expressed by 


F = “uv, Dal, 


where e is the charge, v is the velocity of the particle and D,, 
the magnetic displacement in the field. Let the displacement, 
D,,, be due to a point (north) pole of strength, m (Fig. 26-1) 
distant r from the charged particle at O. Then 


7 


Dn = ee 


and the force, F, can be expressed numerically by 


Aemv . 
F = — -—_. sin y. 
a Yr? 


By Newton’s law of the equality of action and reaction this 
equation also expresses numerically the force exerted on the 
point pole, m, by the moving particle. We shall write it in the 
form : 


BAM ne. |... (261) 
a xr? 


! We are referring here to the mass associated with low velocities. 
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Consequently the intensity of the magnetic field of the moving 
charged particle at the point m is expressed by 


Av ing, 5 2... (2611) 
ar 
and its direction is downwards from the plane of the paper 
(Fig. 26-1). The magnetic energy per unit volume is expressed by 
JH? 
870A’ 


where H means the intensity (26-11), and » is the permeability. 
Consequently we may write for the energy per unit volume: 


Ap ev? 
Sra2 r4 


sm?0.  . . .  . (26:12) 


Now suppose the particle to be a small sphere with the charge, 

e, uniformly distributed over 

Din its surface. Considerations 

similar to those which de- 
monstrate that the electric 
field intensity in the neigh- 
bourhood of such a sphere 

ws at rest is, at points outside 

O vit, the same as it would be 

@ if all the charge were con- 

centrated at its centre, and 

m zero within the sphere, lead 
Fie. 26-1 to identical conclusions in 

the present case. We there- 

fore apply the formula (26°12) for exterior points, and take 
the energy to be zero within the sphere. The whole of the 
magnetic energy due to the motion of the sphere is therefore 


( sin 39 dO dé, 
0 


where ¢ is an azimuthal angle. On integration we get for the 
magnetic energy : 

A pwe?v? 

3a?7R 


This energy is contributed by the motion of the sphere. It is 
in fact the kinetic energy of the charée. 

One important point concerning the deduction of (26°13) 
should be emphasized. It is only valid for small velocities, 


(26°13) 
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i.e. for velocities small compared with that of electromagnetic 
waves. We have, in fact, assumed that the magnetic field due 
to the motion is instantly set up at all points, however distant, 
in the region surrounding the charge. A more rigorous treat- 
ment of the problem will be given in § 28, meanwhile we shall 
equate the kinetic energy (26°13) to }Mv?. where M may be 
described as the mass associated with the charge. Therefore 


2A pe? 
8a2R 

If we employ old-fashioned units (A = 1) of the mixed type 
(a =c), and suppose the charge to be moving in empty space, 


M = 


(26°14) 


u = 1, then 
2 e* 
SE 141 
3 Bor’ (26-141) 
or, in ordinary electromagnetic units, (4 =1, a=1, uw =1): 
2 e? 
a 6°142 


§ 26-2. DISPERSION OF ELECTROMAGNETIC WAVES 


Our simple theory of the propagation of waves in an isotropic 
insulating medium provides a unique velocity, v = a/V uk |, 
for electromagnetic waves, whereas experiment undoubtedly 
demonstrates that the velocity of light-waves (which we are 
forced to regard as electromagnetic waves) varies with the period 
of vibration in the wave. The simple theory of propagation in 
a conducting medium does indeed show (§ 25:1) a dependence 
of the velocity on the period; but it too is inadequate for 
periods as short as those of ordinary light waves. The simple 
theory in both cases approximates asymptotically to the facts 
as the period becomes long. 

Proceeding in the spirit of the electron theory of Drude and 
Lorentz, we shall adopt as a picture or model of an insulating 
medium an assemblage of charged particles situated in other- 
wise empty space. Its insulating quality is secured by binding 
these particles to fixed points. We shall, however, leave them 
a certain restricted freedom of movement: any displacement of 
an individual particle or ion evoking a restoring force propor- 
tional to its displacement from the fixed point. Forces depend- 
ing on the velocity of the ion we shall suppose to be very small 
and, for most purposes, ignorable. In its uncharged state we 
are bound to assume the existence of at least two classes of ions, 
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positive and negative, the algebraic sum of the charges in any 
volume being—unless it be an exceeding small volume indeed, 
within which only one or two ions might be situated—zero. 
Let us further assume the structure of the medium to be so fine 
that an element of volume, dx dy dz, contains an enormous 
number of ions, and is therefore uncharged as a whole. We 
shall attack our problem most easily if we imagine in the first 
instance only two classes of ions, and suppose one sort, the 
negative ions for example, to be associated with restoring forces 
so big that their motion is of no consequence. 

Imagine a plane harmonic wave, the period in which is t 
(angular frequency w = 2z/r) travelling through the hypothetical 
medium in the direction of the Z axis, its vibrations being along 
the line of the X axis. The ions will be set in motion under 
the influence of the field of the wave, and their motion will 
cause a periodically varying polarization of the medium. We 
shall investigate this polarization and deduce an expression 
(with the aid of 19-411) for K. Our investigation will prove 
K to be a function, not only of the properties of the medium, 
but also of the frequency wo. 

So long as the assemblage of ions is not subjected to a field, 
we may think of them as paired to form doublets, or dipoles, 
of negligible electric moment. The effect of an electric field in 
the X direction is to drag each positive ion some distance, 2, 
in that direction. If N be the number of positive ions per unit 
volume, it is easily seen that the charge displaced through the 
unit area normal to the X axis is Nex. Therefore the polariza- 
tion, P, is 

P = Nex. 2 oe eee (26°2) 


The product, ex, is the electric moment of a single dipole, and 
therefore the polarization is equal to the electric moment per 
unit volume. 


§ 26:3. INTERNAL Freup ix A DieLectric MEDIUM 


Superposed on the electric field of the wave (which we may 
call the impressed field) will be one evoked by the displacement 
of the ions. To find out how this internal field, at any point, 
depends on the polarization, imagine a small sphere (large 
enough of course to contain an enormous number of dipoles) 
described round the point as centre. We may regard the internal 
field at its centre as due to: 

(a) the dipoles within the spherical volume and 

(b) polarization charges which would appear over the surface 

of the sphere if the dipoles within it were removed. 
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We shall begin with (a). Let us place the origin of a system of 
rectangular co-ordinates at the centre of a dipole, and the X 
axis in the direction of its moment. We have then for the 
potential at a point P (Fig. 26-3 (a)), 


Ver «we ee (263) 


where J is the moment of the dipole, K, is the dielectric constant 
of empty space and r is the distance of the point, P, from the 


| dS 
(a) > (5) AS) 
-€ O x “Ss 
i Fig. 26:3 


centre of the dipole, the latter being assumed to be very short by 
comparison with r (20°71). The component in the X direction of 
the electric field intensity at the point, P, due to the dipole is 

_oV_ AM (= 1) 


(26°31) 
If now we shift the origin from the dipole to P, without changing 
the directions of the axes, this formula will still remain valid, 
because x appears in it squared. Now suppose this point P 
to be the centre of the spherical region. Under the influence 
of the field we are assuming, the axes of all the dipoles are 
parallel to one another, and their moments have all the same 
direction, namely that of the X axis. The X component of 
the field intensity (due to them) at the centre of the sphere may 
therefore be written : 


f= - yee _ 1), . 5. (26°32) 


the summation being extended over all the dipoles in the spherical 
region. Since the symbols x and r refer to the positions of the 
centres of the dipoles only, it is obvious that f, may equally 
well be written : 


f= EE - } ... (26321) 
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Similarly, we may write 


AM wl [328 
c=—amY)at—-l).. . . ° 
e K. =( 3 ) (26°322) 
When we add together the expressions (26°32), (26:321) and 
(26°322), we find that 3f,, and consequently f,, is identically 
zero, and we may similarly (or by the argument from symmetry) 
show that the components f, and f, are likewise zero. 

So we are left with the contribution (6) due to the un- 
balanced polarization charges left over the spherical surface 
when the dipoles in the interior, which as we have seen con- 
tribute nothing, are removed. The charge on the element dS 
(Fig. 26-3 (6)) is equal to PdS cos 6, the polarization having 
the direction of the X axis. This will give rise to a field intensity 
at the centre of the sphere equal to 

APds cos 6 
KR? . 
in the direction s. The symbol A represents our familiar units 
constant, and K, the dielectric constant of empty space. The 
component of the intensity in the X direction is therefore 
APdsS cos? 6 
Se, 34 
K ft? eee) 
Substituting for dS the usual expression, ? sin 6 d6 dd, and 
integrating over the ranges 0 to x for 0, and 0 to 2x for ¢, we 
at once obtain 


. (26°33) 


4nAP 

8K 

The remaining components are easily shown, either by the fore- 
going method, or by reasoning from symmetry, to be zero. 
The expression (26°35) represents what we shall call the internal 
field. It is the field intensity evoked by the polarization. The 
total field intensity at any point in the medium will therefore be : 


(26°35) 


where € represents the impressed field, and since by (19-411) 


=, (K — Ky) 
ae a 


the total field intensity may be written : 


Swe. . - 2. (26:36) 


It is instructive to compare this formula with (20-98). 
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§ 26-4. DiIsPERSION IN AN INSULATING MEDIUM 


The equation of motion of an individual ion, on the hypo- 
theses set out above, is: 


mo— = — ye + —~— —e&. . . . (26°4) 
0 


In this equation 7» represents the restoring force per unit dclis- 
placement, and € is the electric field intensity impressed on the 
medium by the plane wave. We have ignored the contribution 
of the magnetic field in the wave to the force on the ion. This 
is justifiable, as a study of the expression (22°63) shows. In 
this formula € and H are measured in mixed units, and in these 
units € and H in an electromagnetic wave in empty space are 
numerically equal. The term involving H is, however, multiplied 
by the very small factor v/c. In the case before us the circum- 
stances are slightly different; but it is obvious that the con- 
tribution of the magnetic field to the force on the ion is bound 
to be very small by comparison with that due to the electric 
field—unless indeed we have enormous field intensities, so that 
v/c ceases to be negligible by comparison with unity. In equation 
(26:4) we have also ignored dissipative forces. 

If we divide through by m, and write w,? for 1/m, and if 
we further write for € the expression 


Beton), . 2 « » (26-401) 
where /# is a positive real constant, and v is the velocity of the 
wave, we get 
(K +2K,) 


a2 
ee 2, = EK tw (t—2/t) | 
dt? ae ash 3K om oat 
We may simplify this if we bear in mind that we are in- 
vestigating the motion of a particular ion and that consequently 
z is a constant. Therefore 


Ke'—2/") = constant x He", 


and we may suppose the constant to be contained in #. Thus 
we have: 

ax (K + 2K,) ,.; 

—— + we = —__._—_—_‘ ele, ae 26°41 

at IOs 3K ym ( ) 

1'The expression for the harmonic wave has properly the form: 
E cos w(t — z/v), 

or E sin w(t — z/v), 


with a suitable choice of the arbitrary constant in the phase. For a 
justification of the use of the exponential see § 23-7. 
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The method we have already adopted (§ 23°7) for an equation 
of this form yields the particular solution : 


a (Kk + 2K ,)e Retut 
sia 3K ym(w@.2 — w*) ae 
oe fo RUE 2 wy a GED 


. 3K ym(w 9” oy @)*) 


We shall adopt this expression for a, notwithstanding the fact 
that it only represents a particular solution, on the grounds 
that even very sinall dissipative terms in the differential equation 
would cause the rest of the solution to be multiplied (as in 
23°73) by an exponential factor which would practically wipe 
it out completely after the lapse of a finite interval of time, 
while such very small dissipative terms would not appreciably 
modify 1 the particular expression which endures. 

If now we multiply both sides of (26°42) by Ne we get on 
the left the polarization, P (26:2), and we shall naturally re- 
place it by 


(AK — Ko) 


Eé 
4nA 


in accordance with (19-411). Thus we have 


(kK — Ko)» _ (K + 2K,)Ne? é 
4nA 3K om(w,? — @?) ’ 
or 
K — K, 4nA Ne? 


ee eae ee es Og 64S 
K+2K, 3K om(w.2 — w?) ( ) 


If instead of assuming only one class of movable ions, we assume 
the existence of two or more classes, and distinguish them and 
their associated constants by numeral subscripts, we shall find 
(26°43) amplified in the following way : 


Ean as) LL G72 
K+2K, 3k, ““ m,(@,? — w*) 

where NV, is the number of ions of the s class per unit volume, 
é, is the charge on such an ion, m, is its mass and a, its natural 
(angular) frequency. The symbol w (without subscript) repre- 
sents, as before, the angular frequency of vibration in the wave. 


1T¢xeept in the neighbourhooc of resonance. 
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Since 
@*® = 4773/7? and c*t? = A?, 

where t means period and A the corresponding wave-length in 
vacuo, we have 

_ 4n*c? 

— 
47°C? 
Age 
Here 4 is the wave-length (in vacuo) of the wave we are suppos- 
ing to traverse the insulating medium, A, is the wave-length 
(in vacuo) of waves which have a frequency equal to the natural 
one w,. We may therefore write instead of (26-44), 


K — K, _ Aj? > N@57A5" 
K + 2K, — 870K qce m,(A? — A?,) 


@,° = 


(26-45) 


8 


It is quite clear that the permeability of our hypothetical in- 
‘sulator is identical, or nearly so, with that of empty space. 
Hence its refractive index, n, is expressed by 


= K, 
Substituting in (26°45) we get: 


n?>—1  £4Ad» N,€,7A5" ; 

mt2 5aK gid mF —AZy ° | (20720) 
a formula which expresses the way in which the refractive index 
of the medium depends on the wave-length (as measured in 
vacuo) of the waves. 


§ 26-5. DEPENDENCE OF REFRACTIVE INDEX ON STATE 
oF AGGREGATION 


If we make the hypothesis that the charge e, on the s type 
of ion does not vary with the state of aggregation of the medium, 
and that the restoring force acting on such an ion is a property 
of the molecule and therefore also (when no dissociation occurs 
on change of state) independent of state of aggregation, we are 
led to the conclusion that for waves of given A (say that of one 
of the sodium D lines) only the factor N, in (26°46) will change 
when the medium changes from solid to liquid, or from liquid 
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to vapour. And JN, will obviously be proportional to its density, 
p. It follows therefore that 


i 

m+2Q 
where C is a constant characteristic of the substance. This 
relationship between the refractive index and the density of the 
substance in its different states of aggregation was discovered 
independently by Lorenz and H. A. Lorentz (1880). It is in 
extraordinarily close agreement with observations in the case of 
many substances. 


Cp, . . . ». . (26°5) 


§ 26-6. EXAMINATION oF TIfE DISPERSION FORMULA 


The formula (26°46) may be written : 


n= — | i? A? 
nm + 2 = me a ++ a eee + a ae ° (26:6) 
in which the wave-lengths 4,, 2,, ... corresponding to the 


natural periods of the different groups of ions may be taken to 
be in the order of increasing wave-length, ie. A,<c A,<c Ag... 
and so on, and in which a, a... . are positive constants. 
If we denote 


q2 
“S490 +FD 9 b Lig, 
oe ae 
we may write instead of (26-6) 
n> — 1 
Pca, =f,+I,-+...4+08,+... =, (26°61) 
1 + 22 
Oia Ne Tee 26°62 
or VS ay ( ) 


We see at once, on inspecting (26°6) that as 4 approaches zero 
n? approaches unity. The theory thus accounts for the inappre- 
ciable refraction of extremely short waves (X-rays and y-rays). 
As A increases from zero, n® falls below unity, getting smaller 
and smaller, and eventually becoming negative. This is obvious 
so long as A<c A,<c dA, . . . because then the right-hand side 
of (26°46) is negative. As 2 approaches the shortest natural 
wave-length 4,, £ approaches co on the negative side, and 
(26°62) 7»? approaches — 2. As A increases beyond 4A,, while 
still in its immediate neighbourhood, 


n? Lt A 
1~ L, 
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approximately, and L, is a large, but decreasing, positive number. 
As L, decreases till it approaches + 1 from above, n? approaches 
— o, and becomes + o as ZL, drops below + 1. With still 
further increase of 4 the curve will descend as indicated by efg 
in Fig. 26:6. This part represents what was formerly regarded 
as the normal type of dispersion—such as that of visible light 
in ordinary glass. As 4 now approaches the next natural wave- 
length, 4,, the curve ghj repeats approximately the part bcde, 
cutting the vertical line, A,, at a distance 2 below zero. If there 


ru” 


Fie. 26-6 


are only two sets of movable ions, it will eventually approach 
asymptotically to horizontality somewhere beyond k&. The 
special value of n? (represented by the point 1) corresponding 
to this, being the electrostatic value of K, expressed in E.S. 
units. 

So long as n? is positive n obviously means the observed 
refractive index. But the negative values of n? require inter- 
pretation. The expression (26-401) for the wave—since v = c/n 
—may be written : 

nz 
€ = Ke('-7), 
13 
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When 7n? is negative we shall write for n 


n = 0p, 
where f is real. Thus 
wpe wt 
E=Hece , 
or, taking the real parts, 
c= Rec cos wt. . . . . (26°63) 


This formula, it will be seen, does not represent a wave at all,} 
but a state of affairs in which every particle is in simple harmonic 
vibration, and all of them at a given instant in the same phase. 
The amplitudes, He°*/*, of these vibrations vary exponentially 
from one value of z to another. When the propagation, as we 
are supposing, is in the direction of increasing values of z, the 
constant £ is bound to be negative. A very simple application 
of the energy principle will make this evident. And since n? 
approaches — oo at a certain point (Fig. 26-6) in the neighbour- 
hood of the natural wave-length, A,, it follows that here too f 
approaches —oo. Such plane waves, therefore, falling perpen- 
dicularly on a plane face of the medium, will set up a state 
vibration in the surface; but will not travel onwards into the 
medium. They will in fact suffer complete reflexion. This 
explains the selective reflexion which is found to be associated 
with anomalous dispersion and also the residual radiation 
(Restsrahlung) observed by Rubens and his associates. There 
is then a narrow region in the neighbourhood of each 4, where 
n? is negative and where in consequence the material strongly 
reflects. Outside such regions n* is positive and progressive 
waves can travel through the medium. This state of affairs 
can exist quite close to the natural wave-lengths 4,, and since 
the disturbance impressed by the wave has here almost the same 
frequency as the natural one of the class of ions concerned, we 
have a state very closely approaching resonance, and consequent 
strong absorption, a familiar phenomenon associated with 
anomalous dispersion. 

The number 7 in the foregoing theory of dispersion is either 
real and positive or purely imaginary. In the former case n 
represents the observable refractive index. Its values for 
different wave-lengths are roughly indicated by the course of 
the dotted curves in Fig. 26-6. In the neighbourhood of one 
of the natural wave-lengths, 4,, n springs discontinuously from 


1 We might describe it as a wave with an infinite phase velocity. 
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0 to + oc if we take (26°6) to be exact. In the immediate 
neighbourhood of resonance, however, i.e. in the neighbourhood 
where (A — A,) or (w — w,) is very small or zero, the dissipative 
term, to which reference has been made, cannot be ignored. 
If we introduce the term 2« dx/dé in the left-hand side of (26°41), 
a being a small positive constant, equation (26°43) will in con- 
sequence become 


K— Ky | 477A Ne? 
Ki2Kk, — 3K pm(wo? — w? + 2iaw)’ 


so that in reality our theory allows the observable refractive 
index to range between very small and very great values, but 
does not permit the physically impossible discontinuity just 
mentioned. 

For information about the application of the classical 
electromagnetic theory to dispersion in conducting or absorbing 
media the reader is referred to Drude’s Lehrbuch der Optik 
and other works mentioned in the bibliography at the end of 
Chapter XIT. 


§ 26:7. THr ZEEMAN PHENOMENON 


When a source of light, such as a bunsen flame containing 
a metallic vapour (a sodium flame for example), or a tube con- 
taining a rarefied gas through which an electric current is passed, 
is placed in the strong magnetic field between the poles of an 
electromagnet and one of the spectral lines observed by some 
spectroscopic device of sufficiently high resolving power, it is 
found that the original line splits into a number of lines. In 
the simplest case there are three of them, or only two, according 
to the direction of the line of observation relatively to that of 
the magnetic field. The light associated with the component 
lines is polarized in a characteristic way described below. The 
phenomenon seems to have been first observed by P. Zeeman.! 
We shall describe here the theory of the effect as given by 
H. A. Lorentz, on account of its historical interest and its 
close relationship to the theory of dispersion described in 
§§ 26-2-26°6. 

We suppose the monochromatic radiation emitted by some 
excited material—for example, the light of the yellow line of 
helium gas excited by an electric discharge—to be due to the 
simple harmonic vibrations of an ion. Again we neglect dissi- 


1P. Zeeman, Phil. Mag., 43, p. 226, and 44, p. 265, 1897. 
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pative forces and write the equations of motion of the ion in 
the form : 


AY 4nAe 

Mae = — yx +- aa [v, DJ. 
d?y 47Ae 

ne —o ny + P [v, DJ, : ‘ (26-7) 
dz 47Ae 

Nap = — Ie a a [v, Dale. 


The terms containing the vector product [v, D,,] represent the 
contribution of the magnetic field to the force on the ion. If 
we employ the mixed type of units, the permeability, which we 
take to be that of empty space, becomes unity, while a = c. 
We shall further suppose the magnetic field, H, to have the 
direction of the Z axis. ‘Therefore 


] 
Iv, Dn] = | Lv HI. 


Remembering this, and dividing equations (26:7) by m and 
writing, as before, w,? for 1/m, we get: 


2 
“ +0 )t = < et, 
d?y ; e€ dx 
oy i ee 
dt? a me dt’ a AOE) 
2 
me stig W 9°2 = 0, 


in which #H is the magnetic field intensity, or its Z component, 
since we are supposing it to be directed along the Z axis. The 
third equation is unmodified by the presence of the field and 
consequently the motions of the ion along the line of the field 
are just those it would execute in the absence of a field. What- 
ever radiations the ion may emit therefore in consequence of 
the presence of the field, it will continue to emit radiation of 
the original unmodified frequency w,. Only we notice that this 
will be polarized in the sense corresponding to motions along 
the line of the field. 

The first and second equations (26°71) cannot be treated 
separately from one another. We get a particular solution of 
them by writing 
aly tol 
ia. (26-72) 
ys Nem 
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and substituting in (26:71). We thus find that the constants 
M and N are connected by the relations : 


(o,2? — w)M = on | 
mc 


» .  « (26°73) 
(o.? —w)N = — Phacsay | | 
mc 
Hence M  N 
N mM 
or M=-+1N. . . . . . (26°74) 


The substitution of + +N for M in either of the equations 
(26°73) gives for w the quadratic equation : 


aw? + eH —@"=0;. . . . (26°75) 
mc 
and if we replace M by — iN we get: 
wo? —-—w—@,"=0. . . . £(26°751) 


The solution of the former of these is 


eH e?H? Jj 

dee geees ie ote 

a 2mc . on] T 4m*c? w,2 

Experiment indicates that the frequencies, w, differ extremely 

little from w,, and therefore eH /2mc.w, is a very small number, 

and e?H?/4m*c*w,? entirely negligible. The physically significant 
root of (26°75) is therefore 

‘i Sie, Gu & 26752) 


2mc 


Similarly, the physically significant root of (26°751) is 


a 


A 
Oo =W, + : 
° " Ime 


. (26°753) 
In addition to the original frequency w,, we have therefore the 
two frequencies, w’ and w”, which we may conveniently write 
in the form : 
; eH 

oO — Wo Seo ee 
2mc 
oH . . .« (26°76) 


wo” —W, = —— ; 
0 7 gaa 
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or in the form: 


eH | 
Y=? = — ae 
is . (26-761) 
Pinas eH 
"  Ageme’ 


if »’, »”, v, represent frequencies expressed in vibrations (or 
revolutions) per unit time, since 


wo = 22/t = 2a. 


With the frequency w’ is associated the amplitude WZ = + iN. 
Substituting in (26°72) and replacing the letter NV by A, we have: 


a = iAe! 
__ Aotw’t 
Y — Ae p) 
or 
. — Notlo'l+-n/2 
uo Ag a). 
y — Ac” 5 
since i == etr/2, 


The arbitrary constant, A, may be real or complex, and con- 
sequently may be written : 


A = A,e®, 


where A, is real and positive and 6 is real. Therefore the 
solution becomes : 


be = A ew ttr/2+3) 
y = A,etlo't+d), 


This solution includes the real one: 


x = A, cos (w’t + 2/2 + 6), ) 


26:77 
y = A, cos (@’t + 6). j ( ) 
Similarly, we obtain for the second solution : 
a = B, cos (w"t — 2/2 + «£),) (26-771) 


y = B, cos (wt + 6), a 


where B, is any real and positive constant and « any real number. 

It is easy to see that the former of the two solutions represents 
a motion of the ion in a circle of radius A,, and in the sense in 
which the current is flowing round the coil of the magnet pro- 
ducing the field H. The associated radiation is therefore 
circularly polarized in this sense, if viewed along the line of the 
magnetic field; while the radiation associated with the latter 
solution is circularly polarized in the opposite sense. If the 
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radiation is viewed along a line through the source and per- 
pendicular to the field, the circular motion projects into a linear 
one, and the radiation is plane polarized, the vibrations being 
perpendicular to the field or to the Z axis. Instead of the 
original single spectral line, therefore, three lines are seen: one 
of them in the position of the original line and associated with 
plane polarized light, if viewed perpendicularly to the field, the 
corresponding plane of polarization being defined as any plane 
perpendicular to the field. The other two lines are on either side 
of the original position and, by (26°761), equally distant from 
it as measured in terms of frequency. If viewed perpendicularly 
to the field, they are also associated with plane polarized light, 
the plane of polarization being one containing the line of the field 
and the line connecting the source and the observer. If the 
observer looks along the line of the field only the two outer lines 
are seen, the associated polarization being circular as already 
explained. The central line is absent because the corresponding 
motions of the ion have no component perpendicular to the 
field. All this is confirmed by observation, at all events when 
the field is strong enough. 

The conventional definition of the plane of polarization 
identifies it with the plane of incidence in the case of light 
polarized by reflexion at a glass plate (§ 25:7), and the investiga- 
tion in § 25-6 indicates that the electric vibrations in electro- 
magnetic waves, or in light waves, are perpendicular to 
the conventional plane of polarization. This is confirmed by 
observations of the Zeeman phenomenon, which establish the 
identity of the plane of polarization as defined above with the 
conventional one (cf. § 25:7). 


§ 26-8. NATURE OF THE EmrirtTina ION 


How can we decide which of the two extreme frequencies 
should be identified with mw’, and which with w”?2 We have 
seen that each of these is associated with a definite sense of 
rotation of the ion in its circular path, and we can therefore 
decide which of the frequencies is w’ by noting the sense of the 
circular polarization of the radiation. Observation shows that 
w’ — W, in (26°76) is positive. This means that e, the charge, 
on the ion is negative. Measurement of the difference w’ — @,, 
or of w” — wo, and of the field intensity, H, enable the ratio 
e/m to be evaluated. Zeeman found from observations of the 
sodium D lines the value 


e/m = — 1:6 x 107 


200 THEORETICAL PHYSICS [Ch. IX 


ordinary E.M. units per gram. This is near the value obtained 
from measurements carried out on cathode rays and £ particles, 
and we conclude, as Zeeman and Lorentz did, that the radiating 
ion is an electron. The ratio of charge to mass for a slowly 
moving electron turns out to be — 1-77 x 10’ ordinary E.M. 
units per gram according to later and more-refined observations, 
not only of the Zeeman effect, but also of the behaviour of 
electrons moving through a magnetic field (cf. § 27:3). 

The same results as regards frequencies and polarization are 
obtained if we suppose the emitting ion to be one which travels 
in an approximately elliptic orbit round a central nucleus 
attracting it in accordance with the inverse square law. The 
effect of a magnetic field on the motion of such an ion may be 
described in the following way: the ion continues to travel in 
an ellipse the dimensions of which are inappreciably affected by 
the field. The angle between a normal to the plane of the 
ellipse and the direction of the magnetic field remains practically 
constant ; while the ellipse precesses round the axial line passing 
through the nucleus parallel to the field, with the angular velocity 
eH /2mc. This is called the Larmor precession. The theory 
of the Larmor precession is too long to be included here, and in 
any case this, or any other, classical theory is totally inadequate 
to render an account of the more complicated types of Zeeman 
resolution. 


CHAPTER X 
ELECTRON THEORY 


§ 26-9. Stress MOMENTUM AND ENERGY IN ELECTRO- 
MAGNETIC FIELDS 


T has been explained in § 20 that the forces exerted on 
I charged bodies in an electrostatic field can be described in 

terms of a stress tensor This kind of description can be 
extended to include electromagnetic fields in general. Before 
proceeding with this extension, it will be helpful to review the 
main features of the investigation of the stress tensor of § 20. 
We notice, firstly, that the forces in question are those exerted 
on charges or charged bodies in the field. The resultant force on 
any body is therefore zero when it is uncharged. The stresses 
do not of course necessarily vanish in such a case, and may 
exist in regions where charges are absent. Indeed, the stresses 
in an uncharged dielectric interest us no less than do stresses 
elsewhere. Secondly, the stresses differ from those met with in 
the study of elasticity. They are stresses in a sense which is 
defined by the way in which they enter the formula expressing 
the force, and are not directly associated with any deformation 
of the medium at all (cf. the illustration at the end of § 20°1). 
The more general expressions which we are going to derive, 
including as they do cases which are not static, may be anticipated 
to contain terms which express the time rate of change of some- 
thing. This something we must term a momentum, on the 
ground that its rate of change is a contribution to a force, and 
not on the ground that it is the product of a mass and a velocity. 
We shall indeed meet with a special case (§ 27-1) where we can 
associate a velocity, v, with this momentum, and we shall then 
call the quotient of the momentum by the velocity, mass. 

Let us imagine a small body, with a charge density, p, situated 
in the dielectric and capable of moving through it. It will be 
helpful to think of the dielectric as a liquid. Instead of formula 
(20) we must obviously use (22°62), modified to represent the 
force per unit volume by the replacement of e by p (charge per 
unit volume); thus 


f= ple a iy, Dal}. (26:9) 
where D,, = rer 
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The permeability « we shall suppose to be a constant character- 
istic of the dielectric medium. We may also write 


f= ple + Iv. wy) -.. (26°91) 


and consequently 


f, = pe, +° PtH, — —fsuHy. . . . (26°92) 


The appropriate form of the electromagnetic field equations is 
as follows : 


K0G | 4nd : 
a, sf SS py = curl H, 
eee = 
3 = curl €, -. (26-93) 
4A 
dive 
7 K 
div H = 0. 


By the aid of the first and third of these equations we eliminate 
p, v, and v, from (26°92) and thus obtain 


0€, us 0€.) (oH, oH, K d€,) 
sn Af,—KE, | emg 05a) ag \olee gs 
TAS «= ane a eg “| dz da a at $ 
- nt dH, K 06.) 
Ox oy a dt) 
Therefore 


0 (K l t ) 
ApS Ne ea 
Af, = = | 5 68 — SH — SHY 


ae {KE,€, -+ uw, } 
Oy 


+2 (KE, Cy + wH He} 


_ ‘ A {a(EyH, — €,H,)} 
“a a€, aH. 
OC a eS ccs: 
ee agg eae > ee, 


Cy Ot aa 


mere “san 4 ae 0H, Be ee olf , 
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The second and fourth of the field equations (26-93) enable us 
to express the last six terms in the form: 
0 1 eo ae ea 

— 7s 3 + gat, 


ox 
and therefore 
= a try Obne a OM, 26°94 
fo = Ft et ee sri 
where 
212 2 _. LH? 
—— ni {K(€,2 — 4&*) + u(H,* — 4H*)}, 
bey = | _(KE,€, = BH, }, 
4nA (26°95) 


bog = pq (Kost + wH,H,}, 


uEK( a _ 
M, = AF gag Ovll é.H,)}. 


The formula (26-94) for the X component of the force per unit 
volume, and the corresponding formulae for the remaining 
components, represent the force as due partly to a stress tensor, 
tr, tay, tyz, etc., and partly to the rate of decrease of a momentum, 

We may therefore regard the electromagnetic field as 
endowed with a momentum equal to M per unit volume, where 


tty 4 
ee a inal” H], 
or 
M=p/w,. . . . . . (26:96) 


p being Poynting’s vector (25-33) and u the (phase) velocity of 
electromagnetic waves in the medium. In the case of a plane 
and plane polarized wave in an isotropic medium 


a 
4nA 


since €& and H are perpendicular to one another ; further, 


= ,/* g 
Ul 


p= GH, 


and therefore 
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(§ 25), consequently 
p=ul,. . . . . . (26°97) 


where u is the velocity of the wave—the phase velocity—and 
U is the energy per unit volume. We conclude therefore that 
the electromagnetic momentum, M, per unit unit volume is : 


M = U/u, 
or 
Mu=U.. . . . . . (26:98) 


A case of special interest, from the point of view of the electron 
theory more particularly, is that in which the dielectric is empty 
space, or the free aether. We then have wu = c, and consequently 


= cl, 
a a me ee. (26-99) 


§27. Pressure or HLECTROMAGNETIC WAVES 


The components, ¢,,., t.y, ty, etc., of the stress tensor (26-95) 
differ only from those of § 20 by the addition of magnetic terms 
analogous to the electrical ones. In the case of the field of a 
plane wave travelling in the X direction, €, and H, are zero 
and ¢,, reduces to 


] 
a K&? 2 
brx ay &? + wH?}, 


or try = — U. 


Tf the wave falls perpendicularly on a plane surface which is 
either perfectly absorbing, or which reflects a plane wave back- 
wards along the X direction, a tension equal to — U, that is to 
say a pressure equal to U, the energy density in the neighbour- 
hood of the surface, will be exerted on it.2. When a plane wave 
is incident at an angle, 0, on a completely absorbing surface a 
pressure equal to U cos 20 — U is now identical with the intensity 
of the incident wave since there is no reflexion—is exerted on it, 
and a tangential force equal to U sin@cos@ per unit area. 
The proof of these formulae may be left to the reader. 

These consequences of electromagnetic theory have been 


1 This formula makes it clear that p is not always identical with the 
rate of flow of energy across the unitarea. A group of waves travels witha 
velocity, v, which differs (see §§ 9:3 and 27:1) from wu, the phase velocity, 
and the true rate of transport per unit area, namely vU, consequently 
differs from p. 

2 Predicted by Maxwell (Z'reatise, § 792). 
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verified experimentally by Lebedew, Nichols and Hull, and 
Poynting. 

A very important case is that of the black body radiation 
or full radiation, which occupies a vacuous enclosure when the 
walls are maintained at some fixed temperature. This consists 
of electromagnetic waves of all wave-lengths and travelling in all 
directions. The amount of energy passing from one side to the 
other through any small area dS in the time di and within the 
limits of the solid angle, d{2(= sin 0 d0 dd), may be written: 


I cos 6 sin 0 d6 d¢ di dS.? 


The factor, J, is a constant, and consequently 
and 


To get the pressure on the wall, imagine the X axis to be per- 
pendicular to it. The pressure is the equal to — ¢,, and 


a — a i 2 i 2 
bog = ina KE ++ suH } 
or 


Daas a 2 = & & 27) 
It is therefore equal to one-third of the energy density. 


§ 27-1. Mass anD ENERGY 


The nearest approach that we can achieve to a plane harmonic 
wave (i.e. one in which the electric field intensity, for example, is 
expressed by 


E, = E, cos w{t — (la + my + nz)/u} 


where €, is a constant amplitude) is a superposition of an infinite 
number of such waves travelling in all directions within the 
limits of a very narrow solid angle containing the direction 
(1, m, n), and having an infinite number of frequencies (or periods) 
lying between w and w + dw. Such a group of waves (as we 
shall term it) occupies a limited region, and includes all wave- 
lengths within narrow limits which we may represent by 4 and 
A+da. It can be shown that it will travel onwards without 


1 Nichols and Hull: Phys. Review, Vol. XIII, p. 293 (1901). Poynt- 
ing: Phil. Mag., Vol. IX, pp. 169, 475 (1905). 

* Cf. the expression in § 12-1 for the number of molecules passing 
dS in the time dé. 
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sensible change in shape, and without spreading outwards 
appreciably, provided 4 is very small compared with the dimen- 
sions of the space occupied by the group, or what amounts to 
the same thing, provided 1 is very small compared with the time 
it requires to travel through its own length. Furthermore, it 
will, in this limiting case of very small t, travel with a definite 


velocity, namely : 
v=d(l/t)/d(lfA), . . .« . (271) 


called the group velocity (cf. § 9:3). The smaller t is, in fact, 
the more nearly does the motion of the boundary of the group 
resemble that of the surface of a rigid body moving with a 
translatory velocity, v. Now we can, as we have seen, associate 
a definite momentum, M per unit volume, with the group ; and 
since we can also assign a definite velocity to it, we may regard 
it as having a mass, m, per unit volume, in accordance with the 
equation : ' 


M=m. ... . . (2711) 
If we combine this with (26:98) we get the result 
U=mu . . . . . (27:12) 


Now when 4, or 7, is made very small indeed, the dispersion 
formula (26°46) becomes simply 


Re GTS. a ot es et oe, ER ZANS) 
where G is a constant. 
Consequently 
c2/u2 = 1 + Gr, 
or 
c2(1/A2) = G4 + 1/r?. 
Hence 
(1/2?) - 
d(l/c*) 
or 
foi ez (1/r)d(1/r) 
1/Ad(1/A)’ 
or, finally, 
e=w.. . . . . . (2714) 
On substituting this result in (27:12) we find that 
TSIM. 4. a «» & » (2715) 


This suggests that a determinate amount of energy is associated 
with a given mass—at all events with mass of electromagnetic 
origin. Electromagnetic energy is a more definite thing than is 
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energy in some of the forms in which we have met it. We have 
seen that energy has (as a consequence of the way in which it 
has been defined (§ 5:°1)) an arbitrary constant associated with it. 
This arbitrariness is not, however, so serious as appears at first 
sight. In the case of electromagnetic energy we have fixed the 
arbitrary constant in such a way that the energy vanishes with 
the field. This is the natural procedure, since it is undesirable to 
ascribe properties to a thing which does not exist. We shall be 
led, in the study of relativity, to view the relationship 


Energy = mass Xc?;}. . . . (27°16) 
as a universal one, if interpreted in the sense that wherever a 
mass exists it is associated with energy in accordance with 
(27°16). It will be seen that it is only a question of a suitable 
choice of units to make the measure of mass numerically 
identical with that of energy. We are thus led to regard 
mass as a form of energy. 

The adoption of equation (27°16) as a universal expression 
for the dependence of the mass of a body on its energy leads us 
to a contradiction, since equation (5) defines the mass of a body 
to be a constant characteristic of it and independent of its velocity. 
It is an instructive exercise to study this contradiction and to 
trace its origin. If we insist on the definition of mass in equation 
(5)—and possibly there is no other ground for abandoning it 
than that of convenience; though this is a very reasonable 
ground—we throw back the responsibility for the contradiction 
on the meaning we assign to force. 

The dynamical system of Hamilton, described in Vol. I, is 
based on measurements confined to bodies moving very slowly by 
comparison with the velocity of light (in free space). Now the 
only bodies which are moving, or can be caused to move, with 
velocities at all comparable with that of light are charged particles, 
a particles and electrons. Such particles moving in a magnetic 
field are subject to the force represented by (22-6), a formula 
which has been derived from measurements made on systems 
with almost vanishingly small velocities. Let us consider the 
case of a charged particle subject to a force, due to a magnetic 
field only, and hence perpendicular to the direction of motion. 
In accordance with (22:6), with a suitable choice of units (a = 1 
and u = 1), we have apparently, when v is perpendicular to H : 


Hev = ™. oe. ee (27-17) 


where v is the velocity of the particle, r is the radius of the circle 
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in which it travels and m is the mass of the particle as defined 
by (5). The right hand represents the product of the (presumed ) 
constant, m, and the acceleration, v?/r, of the particle; while 
Hev is the force exerted on it. The product Hev will remain 
unchanged if the particle be subjected to a different field, «H, 
provided it moves with a velocity v/a, and equation (27-17) 
becomes 


oHe = (27-171) 


mov" mp2 
oer’ r? 
or ay’ =r. 


Experiment indicates that this last equation does not hold. It 
turns out in fact that 


ar’ >r 
a< l. 


We have two alternatives before us : we may decide to retain 
(5), ic. to continue to define the force on a particle as the 
product of a constant (characteristic of the particle) and its 
acceleration, in which case the expression (22-6) will represent 
the force correctly only in the limiting case of small velocities ; 
or we may retain (22-6) as expressing the force, and modify (5). 
The latter course is the one which has been adopted. That is 
to say, we define force so that the formula (22°62) will always 
hold, whatever may be the velocity of the charged particle. 
We maintain the formulae (5°01) and (5°011), so that 

d 
ES amv): » ee ee (27°18) 
in which m is no longer restricted to be a constant; but must 
asymptotically approach the m of (5) as the velocity of the 
particle approaches the limit zero. 


when 


§ 27:2. DrrenpDENCcE oF Mass ON VELOCITY 


Let F be the force exerted on a particle. In accordance 
with (27-18) 


d 
| qi (mv, ). 
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dv, dm 
Ba = may + agp 
or 
dv, dm dv : 
By = my tea ah (27°2) 


There are two interesting special cases: (1) that in which the 
force is normal to the velocity, i.e. v, = 0, and (2) that in which 
the force has the same direction as the velocity. In case (1) 
(27:2) becomes 
pam, |, (2721) 
dt 
so that m is the factor with which the acceleration must be 
multiplied to give the force, when the latter is perpendicular 
to the velocity. In case (2) v, = v and 
dm\dv 
F = (m + via . (27°22) 
In consequence of the relation (27°21) m was formerly described 
as the transverse mass, whereas 
aa dm 
m MAN ae rin 0-7 69-95 0) 
(27°22) was described as the longitudinal mass. 
The work done on the particle during a small displacement 
dl in the direction of the force, i.e. under the condition (2), is 


dm\dv 
Fdl = (m es ae 
or, since 
aly 
dt  ’ 
Fdl — (m nm vie va. -.. (27-23) 


This will represent the increase in the energy of the particle. 
Let us, adopting (27°16), equate it to c’dm; thus 


ctdm = (m _. vie av. 
dv 


1'This statement about mass should be kept in mind in studying the 
experimental investigation of the variation of mass with velocity. 


14 
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(c2? — v?)dm = mvdv ; 
which gives (cf. § 9-4) 


y2 —1/2 
ae mi 2 ) ee (27-24) 
an equation which we shall usually write in the abbreviated form : 
m= My . . . . . (27-241) 


in which y is used to represent (1 — v?/c?)~?®. 
On substituting (27°241) in (27:221) we find for the longi- 
tudinal mass the expression : 


m' = my? . . . .  . (27°242) 


It has turned out to be without any theoretical or practical 
importance. The kinetic energy of the particle must be equal to 


(m— mjc, . . . .  . (27-25) 


since it is the difference between its energy when in motion and 
when at rest. On substituting in this formula the expression 
(27:24) for m, we find that it reduces, for small velocities, to 
mov?/2, as we should expect. 


§ 27-3. BucnHERER’s EXPERIMENT 


A very elegant method of investigating experimentally the 
dependence of mass on 
velocity was devised by 
Bucherer.! His appara- 
tus, illustrated in Fig. 
27-3 (plan) and Fig. 
27-31 (a) (elevation), 
consisted of a con- 
denser, 4, made of two 
parallel circular plates 
of like dimensions and 
separated by a minute 
clistance. The condenser 
was situated in a vessel 
(exhausted during the 
experiment) with a 
cylindrical wall, B, the 
axis, O, of which was coincident with that of the condenser plates. 


1 Bucherer: Ann. d. Phys., TV, Vol. XXVITT, p. 513 (1909). 
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We shall suppose this axis to coincide with the X axis of the co- 
ordinates we are going to use in the description of the experiment. 
The Y and Z axes we shall place in the plane of the narrow 
interspace between the condenser plates, which in Fig. 27:3 is 
in the plane of the paper. A uniform electric field in the direction 
of the X axis, or in the opposite one, is produced between the 
condenser plates by connecting them to the poles of a suitable 
battery. This field drops to zero at the edge of the condenser 
and may be regarded as non-existent in the region outside the 
condenser. A uniform magnetic field is generated in the Y 
direction, or in the opposite direction (i.e. parallel to the con- 
denser plates), by means of a current which flows round the 
windings of a suitable 


coil or coils outside the [ = == ———,7--——___ | 

ppbesii and dew: ita ee a] 

of which is parallel to 

the condenser plates. 

A photographic film 

was extended round the 

interior surface of the B 

cylindrical wall, B, of 

the containing vessel. 

The part of this film 

extending from 0° to Fia, 27-31 

180° over the part of 

the cylindrical wall marked in Fig. 27-3 by arrows is shown in 

Fig. 27-31 (b).1 The median line, «a, is in the plane of the 

narrow interspace between the condenser plates. A speck of 

radium fluoride was placed at the centre, O, (Fig. 27-3 and Fig. 

27-31 (a)) of the interspace. This emitted, among other things, 

B particles (electrons) of various velocities ranging almost to the 

velocity of light. So much for the description of the apparatus. 
The electrons or f particles projected from the radioactive 

material in directions parallel to the surfaces of the condenser 

plates will, in the absence of applied fields, strike the film and 

produce the line a« (Fig. 27-31 (b)). In the presence of the 

electric and magnetic fields, the X component of the force on 

a B particle is by (22°63) 


F,= el &, i * (oH, = v-Ht,)| . 


and when, a8 we are supposing, the electric field is in the X 


1 No attempt has been made to construct the two diagrams, (a) and 
(5), on the same scale. 
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direction and the magnetic field in the Y direction, this becomes 


F, = (é a =), 


C 


in which we have replaced €, by € and H, by H. In order 
that the particle may emerge I’, must be zero and v must be 
in a plane parallel to the surfaces of the condenser plates. Thus 
v, is equal to » sin 0. Therefore 


e — vsin 0. 
= ; 
or 
v é 
To feats ee eh. 73 
c Hsin#@ 209) 


After leaving the interspace between the condenser plates the 
particle is subject to the influence of the magnetic field only 
and strikes the film above or below the line «x. Which of these 
two possibilities occurs depends on the sign of e, which is negative 
for f particles, and on whether H is in the Y direction or the 
opposite one. In the experiment both directions for the two 
fields were used; so that traces appeared on the film above 
and below the horizontal line ««. These are illustrated for the 
case €/H = 1/2 in Fig. 27:31 (6). Bucherer found that in the 
latter case they joined the line a« at points where 6 had the 
values 30° and 150°; for both of which sin 6 is 1/2. The im- 
mediate inference is that f particles do not emerge in directions 
for which 6 is less than 30° or more than 150°, or, if they do, 
they are undeviated by the magnetic field. Assuming for the 
moment that some # particles really do reach portions of the 
film where 0< 30° or 6 > 150°, this can only occur because the 
force due to the field does not cause them to deviate from the 
path they would follow in the absence of the field, and we may 
infer that these particles follow rectilinear paths. Hence r is 
infinite, and consequently so is m, since mv?/r, the absolute 
value of the force exerted on a particle, is finite. We conclude 
therefore that the f particles are ejected within the angular range 
from 30° to 150° and that ¢ is the upper limit of their velocities, 
in accordance with (27:3), €/H being 1/2. 

Bucherer verified the theoretical law already given for the 
dependence of the mass of a particle on its velocity by measuring 
the distance, d, (corresponding to various velocities) of the bow- 
shaped lines from the line «« at the centre, i.e. where 6 = 90°. 
The f particles ejected under this angle move in the vertical 
plane at right angles to H (the plane of the paper in Fig. 
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27°31 (a)). Outside the condenser each one travels in a circle 
the radius of which is 


r = (a? + d?)/2d, 


in which a and d have the meanings indicated in the figure. 
Hence the equation of motion of a particle is 


ae) 
en 
He 2mvd 
OF iss SO e ° ° . ° 
- ead (27-31) 
and the corresponding velocity is 
OSC a ke oh . & (2732) 


The measurement of €, H, a and d enabled Bucherer to evaluate 
m/e and the corresponding velocity by the use of (27:31) and 
(27°32) or equivalent formulae. For a given value of 6, in this 
case 90°, and a given value of the ratio €/H, only f particles 
with the velocity expressed by (27-32) can emerge and hit the 
film. Experiments of other kinds have demonstrated the in- 
variability of the charge e on the ff particle, so that the law 
expressing the dependence of m/e on the velocity is identical 
with that for m itself. Bucherer’s measurements verified the 
law already suggested, which is due to H. A. Lorentz, and he 
found for e/m, (where m, is the limiting value for v = 0) the 
value 1:77 x 10~7 ordinary E.M. units per gram. 


§27-4. SeconD ORDER EQUATIONS OF THE ELECTROMAGNETIC 
FIELD 


We shall adopt the field equations (26-93) which are eminently 
suitable for the purposes of the electron theory ; but we shall 
write them in the following form : 


ee ee curl H, 
a at a 
div € = che 
K . .. (27:4) 
ae es = curl €, 
a at 
div H — 0. 


In this form the equations are adapted for any system of units 
whatever. ‘The choice of units is decided by the values assigned 
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to the numerical constants A and a and, as we have seen, by 
the unit adopted for K or for u. We are assuming that K 
and mw are constants. Indeed this is implied by the form of 
the equations. since the displacement current density, for ex- 
ample, is dD/dt and may only be written Kd€/4nAet when K 
is a constant. Similarly, the electrical divergence equation is 
really div D = p, and only takes the form given in (27-4) when 
K is a constant. Similar observations may be made about the 
equations containing w. 

Let us now introduce a vector potential, A, so defined that 


D, =curlA.. . . . . (27:41) 


This equation does not of course completely define A, since if 
a vector A has the property (27:41), all those vectors which 
differ from it by vectors which are gradients have the same 
property (cf. § 23). To complete the definition of A we must, 
as equation (23-04) indicates, specify what its divergence is to 
be. This we shall do later. Meanwhile we shall substitute 
(27°41) in the first equation (27°4). We thus get: 


K 0 | 
Aah oe 
bieiay ayn 4nAa dat 


On substituting (27°41) in the third equation (27-4) we get: 
curl © ches a) = curl &, 
a ot 


and consequently € and — 472A 0A/adét differ by a vector which 
is a gradient. We shall write this gradient in the form: 
grad (— V), where V is some scalar quantity. Consequently 
42A 0A 
& = — grad V —-—— —. . .. . (27°43 
gra a oat ( ) 
In a static field 0A /dt is of course equal to zero, and € becomes 
— grad V. Hence V is in this case the electrostatic potential. 
We shall give it the general name: scalar potential. 
If we substitute the expression (27°43) for € in (27-42) we get 
KA | ipV uk av 
ee 
V’A eee + enag Cy A + +— =e ve 
We now substitute sais in the second of the equations 
(27-4) and so obtain 


ae “ee 4+ grad div A.t . (27-42) 


at (27-44) 


div} — grad V — 4nA I _ 4nA 


a). eee 
1 Cf. equation (2°45). 
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47A 4nA Oa 


DT et, et Se ee 
VW2V KP . 5 (div A). 
To both sides of this latter equation we may add the expression : 
— wKe*V /a?ee?, 


and so obtain: 


yy eV 4nAp 4nA 5 av vy A+ HA wi rere 


a? of? K a at 4nAa. at 


We can bring about a desirable uniformization of equations 
(27°44) and (27-45) by introducing two new symbols A,, and w 
with the meanings : 


(27-45) 


A, =1)?K2Y /47A, ) 

dw = iadt/p/2KV2, J 

The expression in the brackets i } then takes the form : 
0A, 0A, 

(O, A) = Se + Ss au 

which is a sort of bileaiadead iia We may now 
combine equations (27°44) and (27°45) in the single statement : 


p?A=—s+1(O,A),. . . (27-46) 


in which A now includes the 4 components A,, A,, A, and A,. 
We may call it a vector in an extended sense (cf. § 10°5). The 


extended vector s has the components oe, MPM HPVs MP Ow 


+] bd 
a a a 


| (27-451) 


. (27-452) 


where v, means 1a/K'2 41/2, 

We have still to complete the definition of the extended 
vector A. We shall do this in a way exactly analogous to that 
used in § 23-1. We shall choose that vector A the extended 
divergence of which, namely ({, A), is equal to zero. There 
is such a vector A, as we shall see. We thus have finally 


OPA = —s= — He 2. (2747) 
which we may call an extended Poisson’s equation. 

The case of special interest to us is that in which the dielectric 
medium is the aether. The phase velocity, u, then becomes the 
velocity represented by c, and the equations (27°451) become, 
if we employ Lorentz-Heaviside units : 


A, =1tV, | 


: (27:48) 
dw = icdt. 
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The fourth component of the extended Poisson’s equation 
(27°47) now becomes : 
 1aeVv 


2 os ole : 
V?V aa Pp»... . (27°49) 
and, of the remaining three, a typical one is 
1 aA pv 
V 24 ot Fe ee ee f e 


The expression on the left hand of (27°49) is termed the 
lorentzian of V (lor V) and we may write lor A instead of 


ora. 


§ 27-5. SoLuTIoN oF THE ExteNDED Porsson’s EQUATION 


The equation (27-49) reduces to the simple form of Poisson’s 
equation when the time differential quotient in it is zero. If 
instead of this the term on the right vanishes, it becomes the 
familiar equation of wave propagation. These facts suggest a 
solution of the equation. We are in fact led to anticipate a 
solution resembling (18°85), namely : 


_!} Lp] 
V =zI{| Pldxdy de, . . . . (275) 
in which V is the scalar potential at some point 2%, Yo, 29, con- 
veniently the origin of co-ordinates, at an instant ¢, and where 
the volume integral is extended over a region enclosed by a 
surface—we are ignoring for the moment the possibility of a 
contribution represented by an integral extended over the surface. 
We naturally represent the contribution of a volume element 
dx dy dz as due to the charge density, [p], existing there, not at 
the instant, ¢, but at the earlier instant, t — r/c, since its influence 
is propagated with the velocity c. It is convenient to use the 
following notation : 
If & be a function 
R = f(a, y, 2, t). 
then [A] shall have the meaning : 
[fe Sey eee) a 4. ee Se G2APSD) 
where 
StS ae ae we = -2r511) 
and 


r= V(e — 0)? + (y — Yo)? + (@ — 2)? | 
or, if (%y, Yo, Zo) 18 the origin, 


r= Var + y? + 2? |. 
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The symbols ¢/dx, ¢/dy, 0/dz and d/dt will be used for that partial 
differentiation in which 2, y, z, and ¢ are the independent variables. 
A differentiation in the direction of the vector, r = (x, y, z), we 
shall represent by the pee 6. It is easy to prove that 


Le) =| a _. (27°52) 


If we use d/dt to represent a ae differentiation of a function 
f ( y, 2% 7) with respect to t, when the explicitly appearing 
variables x, y and z are kept constant, then 


am =|5 al (27-53) 


Further, in consequence : the definition of 6, 
A ele Ed 
ér r 0c or oy r OZ” 
and therefore by (27°52) 


2B ~2[ Be) 1[R] +4 [B} «aren 


To derive the solution required, we start out from the expression : 


div { (grad v)t. 


We have ad(1faV = | a | 
ar Bi  - al oz | — Ox 


and two similar ae By oe use ‘ol 52) we get 


=P oV)]) _1parVvy] eV] ahd 

dxlr Lax |) r| dat rc] dxdt ox 

and two further sites roan associated sik the Y and 
Z axes. When we add all three together and remember that 


ee 40 ye ie = lly ol ae | Al 


onc? ay? az? 
we pene al Ge 


an(fena rn} == LA gro 
ater tel al} 
- = -UatepP]} 4 71) =n 
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Now multiply both sides by the volume element dx dy dz and 
integrate (as in § 3:1) over a region enclosed by some given 
surface (within which the origin is situated) and by the surface 
of a sphere of small radius, AR, with the origin as centre. We 
thus obtain, after applying the theorem of Gauss to the left-hand 
side : 


if [BEs~ —[f feeeanae ff 2] eer oran 


The volume element in the last integral is r?dQé6r, where dQ is 
the elementary solid angle with the axis r. Integration with 
respect to dr gives 


- {hELae] + j22 


which, over the outer surface, yields 
7 
heed -|- wi |c0s Od8 


and over the inner surface (sphere of radius 2) when & approaches 
the limit zero: 


ae AxV 4, 0> Oo ft* 


Finally therefore we have, if we replace 


cos 0 by or/an 
and 


cos 0/r? by — a(1/r)/en, 


Views ie = z| | |e dy dz 
ih ) (27-55) 


OV OV |or ) 
+a ME =| +e mo 


We have of course analogous expressions for A,, A, and A,, 
which need not be written down here. For A, of (27: 491), for 


example, we replace [p] in (27:55) by | Pee | and make correspond- 


ing changes in the surface integral. 

The solution (27-55) is usually called Kirchhoff’s solution. 
The important special cases are (a) that in which the surface 
integral vanishes, and which we shall use in § 27:6, and (b) that 
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in which the volume integral vanishes. We shall apply the 
latter (§ 31-8) to obtain an expression for Huygens’ principle. 

It is easy to show (by the use of the theorems of § 23 and 
the equation of conservation (22-751), that the components of 
the extended vector A, as given by Kirchhoft’s solution, satisfy 


(OO, A) = 0. 
If this were not the case our solution would have no value since 
the validity of (27°47) depends on it. 


§ 27-6. Fretp or 4 Movine PoiInr CHARGE 


We shall now derive, with the aid of (27:55), an expression 
for the scalar potential at the point (0. 0, 0) at an instant, ¢, 
due to a point charge, i.e. to a small charged body. The term 
‘small’ means, of course, small compared with +r, its distance 
from (0, 0,0). Let us consider first a cylindrical volume element 
of the small charged body, d/ in length and dA in cross-sectional 
area, and let us imagine it to be moving with the velocity, », 
along the line vr, as indicated in Fig. 27:6, the axis, dl, of 
the element being 
parallel to7. We 
may place the sur- 
face. over which 
the surface in- 
tegral of (27°55) < dr 
is extended, so Fic. 27-6 
far away that the 
integral is zero (cf. § 3-1) in which case (27-55) recluces to the 
volume integral only. Let us suppose the end of the element 
next to (0, 0, 0) is distant 7+ at the instant 4 — r/c. The 
density, p, at that end of the element is contributing to V at this 
particular instant, while at this instant the other end is dl farther 
away. It has contributed at some earlier instant, when it was 
in the position indicated by the broken line. This earlier instant 
may be denoted by ¢ — (r + dr)/c. The interval of time between 
the two instants is dr/c, and during this interval the element 
has travelled the distance vdr/c. Hence 


dl — dr = vdr /c, 
anc so dr =dl/(1 + v/c). 


Now it is obvious that within the volume dr dA, 


lp] = p. 
While everywhere else [op] = 0. 
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The difference therefore between the electrostatic problem and 
the present one, is that, while in the former the potential at 
(0, 0, 0) will be p dldA/r, in the latter it will be 


pdrdA /r. 
If e be the charge in the element 
e=pdldA, 


consequently by (27:55), 


Via 0 0.t — : : : ‘ (27-6) 


4nr(1 + u/c)” 
and this formula will obviously hold for the whole of the small 
body, provided e means the whole charge. 
If we go a step further and suppose the velocity, v, to make 
an angle, 0, with the direction of r (Fig. 27-6), then obviously 
(27-6) must be amended to 


€ 


Vo. o of = ——— 
ee’! drr(1 - v cos 0/c) 


(27°61) 
This formula is of course expressed in terms of Lorentz-Heaviside 
units and refers to the special case (empty space) for which 
ii =), 

The appropriate expressions for the components A,, A, and 
A, of the vector potential can be obtained at once by inspection. 
In calculating A,, for example, we have to replace p in (27°55) 
by pv,/c, and so we get: 


Ev, 


~ Azre(L + v cos 0/c)’’ Cle) 


x 


and analogous expressions for the remaining components. 

These formulae for the scalar and vector potentials associated 
with a moving particle enable us, with the aid of (27-41) and 
(27-43), to find out all about the field of the moving charged 
particle. 


§ 27-7. RADIATION oF ENERGY FROM AN ACCELERATED 
CHARGED PARTICLE 


We imagine a spherical surface of radius r described round 
the particle as centre and proceed to find the amount of energy 
passing through it in the unit time. To accomplish this we must 
evaluate Poynting’s vector at each point on the spherical surface, 
and then integrate over the surface. ‘his means that we must 
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find the vectors & and H at each point on the spherical surface, 
and for this purpose we have to make use of the formulae of 
§ 27:6 for the electromagnetic potentials. We shall be content 
with a result which is true for small velocities,! and hence (27°61) 
and (27-62) simplify to 


Drea Ve- 
ini | oe (27-7) 


ev, 
and 0 ea -| 
4a0cr 


respectively. 
The particle is situated at O (Fig. 27-7) at some instant, ¢, 
and we may choose co-ordinates in which it is, at that instant, 


Fia. 27-7 


at rest, and the X axis of which has the direction of the accelera- 
tion, a. To calculate the amount of energy crossing the spherical 
surface per unit area per unit time, all we require is the com- 
ponent of Poynting’s vector, in an outward direction, normal to 
the surface. Let us place the origin of a provisional set of 
co-ordinate axes, X’, Y’ and Z’ at a point, P, in the XY plane, 
as shown in the figure, the X’ axis having the direction of 7, 
i.e. of the outward normal to the spherical surface, and Z’ being 
parallel to Z. Calling this component simply p, we have 


p= e{é/H,! — €/H,'3, 
or 
peso ed, em me ae, TOT N) 


since all the components of H vanish except 4H,. 
Now. by (27°43), €,’ is made up of two contributions. One, 
the contribution of the scalar potential. is obviously zero ; since 


1 For a more elaborate investigation see O. W. Richardson’s Electron 
Theory of Matter, 2nd edition, Chapter XIT. 
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the part of the field intensity due to it is directed along X’. 
The component €,' is therefore due solely to the time variation 
of the vector potential. Now we have placed our co-ordinates 
so that A is parallel to X. Its contribution to € is 


7 lof ev 
¢ Ot\4-rer ]? 


therefore 
Cn. id aces) sin 0, 
c ob\4ner 
or 7 
, ea, | : 
G/ = ge ind, 2. (27-72) 


where a is the acceleration of the particle. Since w = 1, we have 
further 


a 8 oe 7 0A, — aan 
a Ou’ oy’ 
or 
yi 2M__ af ev) _ eo a 6 w 
= =~ ay ~~ ay aore) ~ Toke Dy! ~ Taare By” 
Therefore 
H! ev or _ e dav 0& 


7 4re dy’ = 4rc d& dy” 
where € means ¢ — r/c. This becomes finally 


ev ea ; 
Hf,’ = ; -- ==) Sn 0, 
47¢7r*c¢ 4 7rc 


since dv/oé = dv/dt = aand d&/dy’ = a(t — r/c)/oy’ = —sin0/c, 
and we may conveniently write it in the form: 


H ~ pe +} sin 6 ... (27°73) 
F | 


hence the normal component of Poynting’s vector is (cf. 27-71) : 
e°a (v 


a). 

= ———_-]--+—-\+sm70. . . . 7°7 
P 162*?r?c? | 7 r ] ns errs) 
This expression has been deduced for a point, P, in the plane 


XY; but the symmetry of the problem assures us that it is 
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valid for any point on the spherical surface. The energy flowing 
outwards through the latter per unit time is 


w 2r 


||» r? sin 0 dé dd. 
00 


Substituting (27°74) for p in this integral and carrying out the 
integration we get: 


at tay (27-75) 


67c3 6x02 | _ 


The energy in the field round about a slowly moving charged 
particle is, according to (26°13), 
e*y? 


sr . (27°76) 


outside a sphere of radius r, since 4 = 1, and we are now using 
units for which A = 1/4, and the a of (26°13) is here c. This 
is the magnetic energy which travels along with the particle. 
When the particle is accelerated there will be (in consequence 
of (27°76)) a flow of energy through the sphere of radius 7 equal to 


df ey 

dt\ 122c?r 
e2va 
62027 


or 


since a means the acceleration dv/dt. This term in (27-75) 
represents therefore the energy flow required to build up the 
magnetic field appropriate to the velocity of the moving charge, 
and cannot be regarded as energy leaving it. Indeed, the greater 
the radius, 7, of the spherical surface, the smaller is the rate at 
which energy flows outwards through it. This part of the energy 
flow is appropriately termed by Langevin the wave of re- 
organization. The remaining term, namely 


e’a?/6nc3,. «www (27°77) 


represents (since it does not contain 7) the energy passing through 
any surface surrounding the charged particle. It is the energy 
which really leaves it in the unit time. The expression (27°77) 
was first derived by Larmor and we shall term it Larmor’s 
formula. 

A particle with a charge, e (in Lorentz-Heaviside units), and 
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in simple harmonic vibration of linear amplitude A, radiates 
energy at the average rate : 

e°A*q4 i 4.23¢7A *y4 

1223 3c8 
where w is the angular frequency, and » is the frequency in the 
sense of the number of vibrations per unit time. The proof of 
these formulae is left to the reader. 


§ 27:8. Tim Scarrerina oF RADIATION 


A charged particle in the path of a beam of electromagnetic 
waves will scatter the energy in the beam, because there will 
in general be a force exerted on it which will give it an accelera- 
tion. Let the particle be situated at the origin of rectangular 
co-ordinates (Fig. 27-8), and suppose in the first instance plane 

waves travelling in the Z 
x direction, and polarized so that 
the electric field intensity is in 
the line of the X axis. We 
may, for the reasons explained 
in § 26-4, ignore the contribu- 
tion of the magnetic field of 
the waves to the force exerted 
on the particle, and take this 
consequently to be due solely 
Fie. 27:8 to the electric field intensity. 
The acceleration of the particle 
is therefore along the line of the X axis and (27-74) may be 
applied here. We shall drop the term in (27-74) containing », 
since, as we have seen, it cloes not contribute to the energy 
radiated by the particle. The formula therefore simplifies to 
22 


e'a 
p = ——— sin 70. 
L622r2c8 
If m be the mass of the particle, 
ma = e&,! 


1 This formula assumes that the electron is free, and, of course, that it is 
moving with a small velocity. If the electron has a natural frequency, wo, 


ew" 


ma>=- 


(M? — 02)” 


as reference to § 26°4 will show. This reduces to the simple formula 
when w?> w,*, as is the case with X-rays and y radiation, and the 
results obtained in this section apply in gencral only to the scattering of 
such short wave radiation. 

In the case of low frequency radiation (w,? > w*) a is proportional 
to w? and consequently the rate of scattering is proportional to w‘4 or to 
1/A* (Rayleigh scattering). 
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and the formula becomes in consequence 
es? ; 
p= ——; 8in 79;. 
167?r?m?c3 
The average value of p is therefore : 
et&2 


16z2r?m?2c3 


sin?0,. . . . (27°8) 


We shall call this average value of p, which we have represented 
by the letter J, the intensity of the scattered radiation at the 
point of the spherical surface in question. It represents the 
average rate (per unit area) at which energy travelling in the 
direction of the arrow in Fig. 27-8 passes through the surface 
of a sphere of radius r.1 Similarly, if the beam were polarized 
with its electric vibrations along the line of the Y axis we should 
get a corresponding expression for the energy scattered in the 
direction of the arrow; but instead of the angle 0, we should 
have the angle 0, appearing in the formula. Unpolarized plane 
waves may be regarded as a superposition of the two cases we 
have explained ; so that with such a beam 


et 


= gress (62° sin 9, + E, sin 704}, 


fsin 26, + sin 26,}. . .  . (27-81) 


Let ¢ be the angle between the directions of p (i.e. of the arrow 
in Fig. 27:8) and of the Z axis, along which the waves are 
travelling. Then 


cos 74 + cos 70, + cos 70, = I, 
and consequently 

sin 70, + sin 70, = 1 + cos ?¢. 

On substituting this in (27:81) we get: 

eG? 

~ B2z°r?mc3 
or I =TI,/9(1 + cos 74), » 4. (27°82) 
1 This statement is only correct when group velocity and phase velocity 


are identical. They are identical in the cases of practical importance, 
when the scattering occurs in air or in vacuo. 


15 
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where J,,,. means the intensity in directions at right angles to 
that in which the plane incident wave is travelling. It will 
be noticed that the scattering is strongest in this direction and 
in the opposite direction (A = 0 and ¢= 2) and weakest in 
the directions for which ¢ = 2/2. It has the same value in 
directions making the angles ¢ and a — ¢ with that of the 
incident wave. 

The intensity of the primary beam, defined as the quantity 
of energy passing through the unit area per unit time, is, in the 
units we are using, c[E, H] or c&?. If we represent it by J, 
we have: 

72 e4 : 
re aaa oe SH (27°83) 

Since the motions impressed on the scattering electron are 
in all directions within the plane ¢ = 2/2, the radiation scattered 
along directions in this plane will be completely plane polarized, 
while it will be unpolarized (if the primary radiation is un- 
polarized) in the directions ¢=0 and d=a and partially 
polarized in the intermediate directions. Apart from the polar- 
ization, the scattered radiation will be an exact replica of the 
primary radiation ; that is to say, the part of the scattered energy 
included within the range of frequencies, from w to w + dw is 
the same fraction of the corresponding part of /, for all frequency 
ranges. This is obvious from (27°83) which does not contain w. 

If we ascribe the scattering of short-wave radiation by a 
material particle to the electrons it contains, and if we may 
regard these electrons as isolated (so that Larmor’s formula is 
valid), and if, finally, we may ignore any consequences of the 
interference (cf. § 30) of the radiation scattered by different 
electrons ; then all that has been said about the scattering by 
a single electron will apply to the scattering by the particle— 
except of course formula (27°83), the right-hand side of which 
would have to be multiplied by the number of scattering electrons. 
Owing partly to the fact that these suppositions are not quite 
true, and partly to the fact that the classical electromagnetic 
theory characteristically fails in greater or smaller degree in all 
phenomena where short wave-lengths are involved, the observed 
phenomena of the scattering of X-radiation, though resembling 
very closely what has just been deduced, deviate from it quite 
appreciably. The observed scattering has not the symmetry 
demanded by (27°82) ; being more intense in forward directions 
(6<c 2/2). Moreover, the scattered radiation is not the exact 
replica of the primary radiation which the foregoing theory leads 
us to expect it to be. Scattering brings about an increase in 


§ 27-9] ELECTRON THEORY 227 


wave-length (Compton effect) which the classical theory is 
wholly unable to account for. We shall return to these dis- 
crepancies in a later volume. 


§ 27-9. COEFFICIENT OF SCATTERING OF SHORT WAVE- 
LENGTH RADIATION 


We shall continue with the hypothesis that the scattering 
of X-rays by materials is due to the electrons they contain, 
and that these electrons are sufficiently 
widely separated one from another to 
justify us in regarding them as isolated. 

Consequently Larmor’s formula and LA 
other formulae deduced from it may p ; 
be made use of. Let us suppose a 


parallel beam of radiation of very short ——____—> 
wave-length passing through some 

scattering material. Imagine a surface aol le+da 
element, dA, perpendicular to the Fic. 27:9 


beam (Fig. 27-9) and let us derive an 
expression for the energy scattered from the primary beam 
within the elementary volume dA dz. We have at once 
nera? 
62c8 


dAdz, . . . . . (279) 


in which n is the number of electrons per unit volume. In the 
case of very short wave-length (high frequency) radiation we 
may replace a by e&/m, and if the scattering material is some 
element we may replace n by 


n = ON, 


where N is the number of atoms of the element in the unit 
volume and Z the number of electrons in one atom. Hence 
(27-9) becomes : 
42 
NZEAE 1A da. 
62mc8 
Now the intensity, [,, of the primary beam, i.e. the energy 
falling on the unit area per unit time, is in our present units 
c&2, Therefore the scattered energy is 
NZe* 
Srmica Wf tA Jor ; ~ 6 « + (27-91) 
which may be written 
kUdz, . « « . « (27-911) 


228 THEORETICAL PHYSICS (Ch. X 


where U(= I,dA) is the amount of energy reaching the element 
per unit time, and & is a constant called the eccmoent of 
scattering. We have then 


NZet 
es ee OO (27-92) 
The quantity 
y=k/p, . . . (27-921) 


where p is the density of the material, is sometimes termed the 
mass coefficient of scattering to distinguish it from k which 
may be called the volume coefficient of scattering. Hence 


N Ze 
“Gua & = » 2 (27-93) 
Now 
p=NM, . . . . . (27°94) 
if M means the mass of a single atom, and 
W=0M, . . . . . (27-95) 


where W means the atomic weight and L is Loschmidt’s number 
(cf. § 12-6). Therefore 


N=pl/W. . . . . = (27-951) 
Substituting this expression for N in (27-93) we get for y 
eff, Z 
= ( =, ard x ©} =... (27-96) 


Now e, the charge of an electron, is well known. In the 
units we are using it is equal to V42| x 4:774 x 10719, while 


m = 0°89 xk 107?" gram, 
L = 6-02 x 1023 

and 
c = 3 xX 10!° cm. /sec. 


When these numerical values are substituted in (27°96) we find 


approximately 
Z 

=04x—.. . . . . (27°97 
x Ta ( ) 
The fraction Z/W is the ratio of the number of electrons in the 
atom to its atomic weight. Barkla found y experimentally to 
be very near 0-2 for several elements of low atomic weight, and 
thus inferred (correctly as we now know) that in the atoms of 
these elements the number of electrons is near one-half the 
atomic weight. On the other hand, the atomic numbers of 


§ 28] ELECTRON THEORY 229 


these elements, i.e. the numbers representing their order in the 
periodic table, happen also to be close to one-half of the respec- 
tive atomic weights. Thus Barkla’s experiments on the scatter- 
ing of X-rays gave the earliest suggestion that the atomic number 
is identical with the number of electrons in the neutral atom. 


§ 28. ELECTROMAGNETIC Mass AND MomMENTUM—LORENTZ- 
FirzGERALD CONTRACTION HYPOTHESIS 


We shall now investigate the field due to a charge which is 
uniformly spread over a spherical surface of radius, R, and 
which is in motion with a constant velocity, v. Instead of using 
the Kirchhoff solution of (27:49) we shall proceed in another 
way. We shall suppose the spherical body to be moving along 


y a 


Kia. 28 


the X axis of rectangular co-ordinates, and its centre to be at 
the origin at the instant ¢ = 0; so that at any instant, ¢, the 
co-ordinates of its centre are: 


L= 0; y= 0, 2 = 0. 


We shall also use an auxiliary set of rectangular co-ordinates 
Xx’, Y’, Z', with its origin, O’, always at the centre of the sphere :; 
xX’ coinciding with X and having the same direction; Y’ and 
Z' being parallel to Y and Z and directed like them. The 
equations of transformation from one set of co-ordinates to the 
other may be written : 


x =x — vt 
ran) 

1 ft ought to be pointed out that this refers to eavtra-nuclear electrons. 
The nucleus may have electrons packed in it; in fact we are forced to 


assume that it has. The massive nucleus may however be treated as a 
single entity and its contribution to the scattering is negligible. 
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OV aVax’ _ aVoay’ , av oe eee ot’ 


Ox au’ Ou Oy’ ox Oz" at’ ox 
Consequently by (28) 
Ve av 
ax x 
and obviously 
eV Vv 
Ox? = Oa’?? 


so that the part of the equation represented by the laplacian 
of V remains unmodified in form. To transform 0?V /c?0f we 
have : 


OV OAV a2’ 2 0V oy’  aVoaz ava’ 


at Ow’ ot | dy’ ot | dz’ at | at’ dt 


Therefore 
OV aV 4 OV 


ae Or 


Now the state of affairs as viewed from the auxiliary co-ordinate 
system is stationary: i.e. dV/dt’ = 0. Therefore 


LL 
ot Ax" 
and consequently 
eV a#V 
227) 
Ot Ox’? 
On substituting in (27:49) we get: 
eV Vv ay 
1] — - == aS ‘O01 
( ae T dy’? 1 az"? zen) 


an equation which resembles Poisson’s equation (18°721). We 
shall continue to use the notation of § 27:2 and write 


(1 — v?/c*) = Ty’. 
Consequently (28-01) becomes : 
OV OP ORV 


se tap tap p, (28:02) 
if 
Go ya’, 
yy, 


C=. 


§ 28] ELECTRON THEORY 231 


This equation has exactly the form of Poisson’s equation ; but 
it has not quite the same meaning on account of the fact that 
the distances, §, are not distances measured along the X’ axis 
in the ordinary way. The simplicity of Poisson’s equation and 
our acquaintance with solutions of it, make it worth while to 
investigate the consequences of identifying & with an X co- 
ordinate. We shall in fact introduce the hypothesis that the 
naive assumption 
x’ =x — vt 


in (28) is faulty, and that measurements along the X’ axis are 
correctly represented by 


E = y(u% — vb). 


If therefore x, — 2, represent some length measured along the 
X axis of the original system of co-ordinates, then the same 
length measured in the system X’Y’Z’ is 


&, — §, = y(%, — 2). 


The new hypothesis therefore amounts to the assumption that 
measurements of length made in the direction of the X’ 
or X axis will be greater when the measuring scale is 
moving with the body measured, i.e. is at rest relatively 
to the body, than such measurements made with a scale 
relatively to which the body is in motion in this direction. 
This is the famous contraction hypothesis introduced inde- 
pendently by FitzGerald and H. A. Lorentz to account (as it 
did) for the negative result of the experiments of Michelson, 
and Michelson and Morley, on the velocity of light (cf. §§ 31-3 
and 33:4). Doubtless too the hypothesis was suggested to 
Lorentz by the fact that (28-02) has the same mathematical 
form as Poisson’s equation. Before it becomes quite identical 
with Poisson’s equation it requires a further, mathematically 
trivial, modification. The quantity, p, is the electric density 
as understood without the FitzGerald-Lorentz hypothesis. 
Since the volume 


dé dn dl = y dx dy dz, 
the charge in the element dz dy dz is 


p de dy de =" dé dn ae, 


and the density, p’, referred to the &, 7, ¢ co-ordinates is 
consequently 


p =p/y. ~ + « « « (28°03) 
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We have therefore for the final form of the equation : 


OVI a HUM OUI. oe) aay 


eee lL 


af? an? at? 


which is identifiable in all respects with the electrostatic equation 
of Poisson. 

The adoption of the FitzGerald-Lorentz hypothesis has intro- 
duced some uncertainty about the shape of the surface over 
which the electric charge is spread. We shall make this definite 
by describing it as spherical when measured by a scale relatively 
to which it is at rest. It is a spherical surface in the (é, 7, C) 
co-ordinates, and we shall suppose that it is this surface over 
which the electricity is uniformly distributed (surface density 
constant). 

The appropriate solution of (28-04) is 


Vip = Soe ew es (28°05) 


where 
r= (2 +9 + fay" 


is the distance from the centre of the sphere (referred to the 
(€, 7, €) co-ordinates) of the point where V is the required 
potential. It must not be forgotten that V is the scalar potential 
referred to the original X, Y, Z co-ordinates; although in 
(28-05) it is expressed in terms of (, », €). 
We have therefore 

aw 

Ager’ 
yev . (28-06) 


i= Ay. = 
470cr 


We shall now calculate the electromagnetic momentum per unit 
volume at some point P. For this purpose we need to evaluate 
the X component of Poynting’s vector. This is 


Ce. = € i, } 
or 
c€,H,, 


if, as we shall suppose, the point is in the plane XY, since only 
the Z component of H differs from zero. The momentum per 
unit volume is therefore at such a point 


EH, oo... (28-061) 
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_ ov _ 120A, 
Now y= ay a a’ 
or 
aV 
ey —— = ay” 
Now it will be observed that 0/dy =0/dy’ =0d/én. Therefore 
a re oF _ ve ging | || (28-07) 


The &, on the left of the equation means of course the value 
appropriate to the X, Y, Z system; but the terms in which 
it is expressed, e.g. 7 and sin 0, have the values appropriate 
to the (&, 7, €) system. Similarly, 


_ 0A, aA, 
Oe ay ’ 
0A oA 0A 
or Bt ag ah ga 
Therefore 
»=F sin... 2... (28-071) 


Combining this with (28-061) and (28°07) we get for the X 
component of the momentum per unit volume: 


yerV 
16x2c?r4 


This is the momentum per unit volume at a point, P, in the 
XY plane. The type of symmetry of the problem shows us 
that it is valid for all points when 6 means the angle (in the 
E, 7, ¢ system) between the line r and the & axis. A volume 
element in the (&, n, ¢) system may be put in the form: 


r? sin 0 dé do. 


sin?6. . . . . . (28-08) 


It will correspond to 
r? sin 0 dO d¢ 
Y 


in the XYZ system. If we multiply (28°08) by (28°081) and 
integrate between the limits : 


(28-081) 


R and o for ys, 
0 and az for @ 


and. 0 and 2x for @; 
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yey dr sin 90 d0 dd 
ue ee 7 aaltl peo 
or 
M = 4 6neR 5 (28-09) 


where £# is the radius of the sphere. 


If we divide this formula by v, the velocity of the sphere, we 
obtain an expression, namely 


e2 

“onc? R’ 
for the part of the mass which is due to the possession by the 
body of a charge. The factor, y, approaches the limit 1 for 
small velocities and 28:091 then becomes identical with 26°14, 
when we take into account the fact that it is expressed in terms 


of the Lorentz-Heaviside unit of charge. We find again, as we 
might have anticipated, the relationship 


. (28-091) 


m = yM, 


where m is the mass for the velocity v, and m, the mass for the 
limit v = 0. 
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CHAPTER XI 
GEOMETRICAL OPTICS 


§ 28-1. Historioat Note 


PECIFICALLY optical phenomena are part of the larger 
group of electromagnetic phenomena. This was the great 
discovery of Clerk Maxwell.! All that has been established 

in the preceding chapters about electromagnetic waves, their 
reflexion and refraction, polarization and dispersion, applies to 
light waves, which are in fact electromagnetic waves; and the 
whole theory of electromagnetism is relevant to optics. The 
latter owes its quasi independence and its separate terminology 
to visual experimental methods and similar methods developed 
out of them. The efforts of Maxwell himself and his predecessors 
were directed, in the spirit of an earlier scientific ideal, towards a 
consistent mechanical theory of light. Two types of such optical 
theories have been prominent in the history of physics before 
the time of Maxwell: corpuscular and undulatory. The former, 
which is very ancient and appears to have been held by Pythagoras 
in the sixth century B.c., represented light as a stream of 
minute corpuscles shot out from the luminous body. Newton 
carried out an extensive series of optical experiments, from which 
he developed a theory of the corpuscular kind. He does not 
appear to have enunciated the specific hypothesis that light 
consists of corpuscles. Indeed, his work on Opticks (1704) 
begins with the characteristic disavowal: My Design in this 
Book is not to explain the Properties of Inght by Hypotheses, but 
to propose and prove them by Reason and Experiment. ... He 
uses the term ray (cf. § 28-2) in a sense resembling that of 
corpuscle: The least Inght or part of Light, which may be stopt 
alone, or do or suffer anything alone, which the rest of the Light 
doth not or suffers not, I call a Ray of Iight. On pages 57 and 58 
of the same treatise he treats the rays as if they really were 
material particles, subject, in the neighbourhood of the boundary 


1 Clerk Maxwell, ‘ A Dynamical Theory of the Electromagnetic Field ’, 
Phil. Trans., Vol. 155, 1864. 
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between two media, to forces normal to the boundary, and 
applies a principle which is identical with the energy principle. 
He therefore does tacitly, if inadvertently, introduce hypotheses 
into his theory. 

A remarkable feature of Newton’s optical theory, and one 
which was prophetic of quite recent theoretical views on the 
nature of light, was the assumed existence in each ray (corpuscle) 
of a periodic variation, or change of state. This Newton inferred 
from his observations of interference phenomena (Newton’s rings). 

An undulatory theory of light was developed by Christian 
Huygens (1629-1695), a contemporary of Newton, and published 
in his T'ravté de la Lumiere (1690). He regarded light waves as 
longitudinal, and was consequently unable to find an explanation 
of the phenomenon of polarization. The most interesting and 
enduring feature of his theory is the principle, since known as 
Huygens’ principle, which he successfully applied to account 
for the elementary laws of reflexion and refraction, not only in 
isotropic media, but also in uniaxial crystals. Newton’s theory, 
however, dominated optics till the close of the eighteenth century, 
when the undulatory theory was revived by Thomas Young 
(1773-1829). Its further development was chiefly the work of 
Augustin Jean Fresnel (1788-1827), who adopted Young’s sugges- 
tion that light waves were of the transverse type, and propagated 
by a medium (aether) with properties resembling those of an 
elastic solid. He supposed this luminiferous medium to penetrate 
material media, and to have everywhere the same elasticity 
(rigidity) ; so that the different velocities of propagation of light 
waves in different media had to be ascribed to the differences 
in the aether density or concentration in them. The directions 
of the displacement of the particles or elements of Fresnel’s 
luminiferous medium, when traversed by a plane polarized wave, 
are perpendicular to the conventional plane of polarization (and 
therefore to the plane of incidence in the case of light polarized 
by reflexion at a glass surface). The displacement therefore 
has a position in his theory like that of the electric displacement 
in Maxwell’s theory. Franz Neumann (1798-1895) and James 
MacCullagh (1809-1847) developed independently of one another 
undulatory theories in which the displacements of the medium 
traversed by a plane polarized wave were in the conventional 
plane of polarization. Their efforts and those of their contem- 
poraries were directed towards establishing the undulatory theory 
of light on a sound dynamical basis, and the most interesting 
feature of MacCullagh’s theory, apart from its high degree of 
logical coherence, lies in the fact that its mathematical form 
resembles that of Maxwell’s theory much more closely than it 
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does that of the propagation of waves in an ordinary elastic 
solid. 

Fresnel’s great achievements were the development of the 
sine and tangent formulae of §§ 25°5 and 25°6 and the con- 
sequent explanation of Brewster’s law (25-7); a very complete 
treatment of diffraction phenomena by the use of an improved 
form of Huygens’ principle, and a complete theory of the pheno- 
mena of polarization and propagation in crystalline media. 
Most of the consequences of his optical theory are in excellent 
accord with observational results, and in some instances he 
correctly predicted the results of experiments which were not 
carried out till long after his death—as, for example, the experi- 
ments of Fizeau on the influence of the motion of a material 
medium on the measured velocity of light in it, and the negative 
result of the experiment of Airy carried out to ascertain whether 
the aberration of light as observed by a telescope filled with 
some transparent material medium (water) differed from that 
observed with an ordinary telescope, § § 33:2 and 33-3. Although 
the dynamical foundations of all his work are characteristically 
obscure, it is by far the most important contribution to optical 
science before the advent of the electromagnetic theory of Clerk 
Maxwell. 


§ 28-2. GEOMETRICAL AND PHYSICAL OPTICS 


Starting out with the view that light is an undulatory pheno- 
menon, but without making any use for the moment of the 
features peculiar to the electromagnetic theory, we note that a 
plane harmonic wave may be described by the formula : 


t z 
s = A cos 2n(~ i) oe ee) (282) 
which needs no elucidation, and bear in mind the explanation 
at the beginning of § 27:1. We therefore regard the wave 
(28-2) as the limit approached by the group consisting of a 
superposition of plane waves of wave-lengths included between 
A and A + dA with periods between corresponding limits + and 
t -+ dr, and travelling in directions included within some narrow 
solid angle, d2, containing the Z axis, when ddA and dr become 
negligible compared with A and 1 respectively. It is there 
explained that this limiting case implies that 4 is negligible 
compared with the linear dimensions of the group, and that 
similarly + is negligible compared with the time it takes to travel 
through its own length. If therefore we imagine a limited 
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portion to be cut out, as it were, from such a beam of light, it 
will continue to travel as if it still formed part of it, its shape 
and phase velocity persisting, as if it were, intact in the original 
beam, provided of course that its dimensions are large compared 
with the wave-length. This condition may be satisfied while 
the dimensions of this limited portion of the beam are so small 
compared with those of the region we are investigating, that we 
may regard it as practically a point. It will then in fact be 
one of Newton’s rays—with, however, the important difference 
that in general two velocities are associated with it : one being its 
own proper velocity with which its configuration advances (group 
velocity), and the other being the velocity with which the crests 
and troughs advance (phase velocity). The smallness of its 
dimensions enables us to regard its path as a line. It is this 
line which we, following the established usage, shall term a ray 
of light, and not the group itself as Newton did. 

The part of optics dealing with the phenomena falling within 
the limiting conditions we have described is called Seometrical 
optics—a term which describes the character of the mathematical 
methods appropriate for this part of the subject. The part of 
optics lying outside this region is called physical optics. The 
former phenomena are of course merely limiting cases of the 
latter, and there is no sharp boundary separating them. 


§ 28-3. Optica, PaTH 


While continuing to deal with light of a definite period, i.e. 
periods within the range + — t + dr, we shall follow its course 
through different media with each of which a wave-length is 
associated which is determined by + and the nature of the 
medium. We shall use the term optical path for the course of 

a Newtonian ray (cor- 

2 puscle or group) from a 

point A to another B, or 
for any path from A to 
A > B which may be con- 
Fra. 28-3 templated as a possible 

course for the light to 

take, and shall base the definition of its length, or the optical 
distance between the two points, on the principle that equal 
paths contain the same number of waves, and are therefore 
traversed in equal times—not by the lighi—but by the phase 
(crests or troughs). Consider, for example, the path from A to 
B in Fig. 28-3, extending through three different media, indicated 
by the numbers 1, 2 and 3, and crossing the boundaries between 
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them at « and y. We may employ as a measure of the optical 
path 


Le SG ek 4 ABB) 


where |, is the distance (in the ordinary sense of the term) from 
A to x, l, that from x to y and I, the remaining distance ; while 
A,, 4, and A; are the corresponding wave-lengths. 

The refractive indices, n,, n, and n;, of these media mean 
C/U, C/u, and c/u, respectively, where c is the velocity of waves 
of the same period in vacuo and u,, uw, and uw, the respective 
phase velocities in 1, 2 and 3. Now 


CS 7/0. Np Sa Af ty as = Aye and aig A/T, 
A being the wave-length of such waves an vacuo ; therefore 


A = Nh, a Noho = Nads, 


and so the expression (28°3) may be written : 


{Myl, -+ Mele + Maly} /A, 


B 
or more generally ; | ndl. / . + (28°31) 
A 


This is the optical distance between A and B measured by 
counting the number of waves in it. It is most usual to take 
as its measure the distance in vacuo containing the same number 
of waves; that is to say, the distance 


Nyby + Nols + Nols, 


or, a8 we may more generally express it, 
B 


| nat Se eee (2832) 


A 


§ 28-4. Frrmat’s PRINCIPLE 


Pierre de Fermat (1601-1665), a famous French mathe- 
matician, enunciated the important principle (in geometrical 
optics) that the path selected by the light in travelling from 
one point to another is that which can be traversed in the least 
time. The discussion in § 28-2 shows that this simple statement 
is ambiguous. ‘The natural interpretation of ‘ least time ’ would 
be * least time required by a group, corpuscle or Newtonian ray ’, 
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and with this interpretation the expression for the time would be 
B 

dl 


2) 
A. 


ee eee (284) 


where v is the group velocity. The other interpretation makes 
the time . 


3 
(= oe (28°41) 
1 


where uw is the associated phase velocity. The corresponding 
statements of the principle would therefore be 


B 
[= 0 | oo... (28-42) 


with the former interpretation and 
td 
[=o Seek (28-43) 
A 


with the latter, and of these two it is the latter which correctly 
expresses Fermat’s principle. If we interpret ‘least time’ 
literally the principle is not in general true. The path of a ray 
may be one for which the time is greatest ; or there may be an 
infinite number of paths for all of which the time is the same ; 
or again the path may be one for which the time is neither a 
maximum nor a minimum, as, for example, when a ray from a 
fixed point, A, to another, B, is reflected at a saddle-shaped 
surface. As expressed by equation (28°43) the principle is, 
however, true, and it is better to speak of it as the principle of 
stationary time. The integral (28-41), which represents the 
(phase) time along some path from A to B, is an analytic function 
of certain independent variables, which we may call ¢, y, etc. 
Any increment of this time due to a change in these variables 
from dy to do + Ad, wo to wp + Ay, etc., has the general form : 


terms involving higher powers 
RAd + SAp+... + [and products of Ad, Ay, etc.,/, 
two or more at a time 


the coefficients R and S being functions of ¢o, wo, etc., and 
independent of Ad, Ay, etc. Now the symbol 6 simply refers 
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to the portion RA¢d + SAy +... of the increment, in the 
limiting case where Ad, Ay, etc., are evanescent. So that 


B 
8 [5 = Rog + Sop + ~— 
A 


Since ¢, y, etc., are independent variables, d6¢, dy .. . are 
arbitrary increments, and therefore the statement 
Cdl 
6\— = 
u 
A 


implies that R, S, etc., are individually zero. 

Now we are dealing with light of some given period, 1, by 
hypothesis, and r is the time required by the wave crest, or some 
given phase, to travel the length of a wave. The time required 
therefore for the path between two given points, A and B, is 
equal to the product of +r and the number of waves included in 
it ; in fact it is equal to the product of + and the length of the 
optical path as measured by the number of waves it contains, 
and may be generally expressed by 


B 
5 | nd eee (28-44) 
A. 


where 4 is the wave-length 7m vacuo. Fermat’s principle may 
therefore be stated in the following way : 


B 

tT 

—|ndl = 0 

or |m : 
A 


or, since t/A is not subject to variation, 
B 
8 | ma =0, . . . . . (28-45) 
A 


where A and B are the terminal points of the path. The principle 
therefore affirms that the length of the optical path traversed 
by the light in passing from A to B has a stationary value. 

Its justification emerges from the fact that, since the group 
and phase velocities coincide in direction, the track of a group— 
this is only another name for a ray of light—from a point, A, 
to another point, B, is everywhere normal to the surfaces of 

16 
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constant phase (wave surfaces) which it intersects. Let AB in 
Fig. 28-4 represent the actual track or path from A to B. Its 
optical length is expressible in terms of the parameters, ¢, y, . . . 
Shall we say it is expressed by 4 = do, y = Yo, etc. In the 
figure are shown surfaces of constant phase, aa’, bb’, cc’, etc., 
which the ray AB cuts orthogonally at a, b, c,... and also 
another path a’, b’, c’, 

. cutting the same 
surfaces orthogonally. 
This latter path also 
represents the course 
of a ray of light, 
though not necessarily 
one from A to B. In 
consequence of the 


Fia. 28-4 definition of optical 
distance, we have: 
(ab) = (a’b’); (bc) = (b’c'); (cd) = (c'd’); . . . exactly, when 


(ab), (bc), (a’b'), etc., mean optical distances, not distances in 
the ordinary sense of the term. Now the path from A to B 
(represented by the broken line), for which the parameters ¢, 
y, . . . have the respective values, ¢o + 6¢, yo + dy, . . . must 
cut the wave surfaces at angles which deviate from orthogonality 
by small amounts only: at most of the order of 6¢, dy, .. . 
and in consequence the optical distance along it, between the 
surfaces bb’ and cc’, for example, will differ from the optical 
distance, (bc), by a second order small quantity at most. It 
follows therefore that the whole length of this neighbouring 
optical path can only differ from that of the actual ray from 
A to B by a second or higher order small quantity. Hence 
B 


8 | nd Seg ae. «5 2 =e 
‘A 
with an arbitrary choice of 64, dy, . . . 


a 


§ 28-5. Laws or REFLEXION AND REFRACTION 


The elementary laws of refraction and reflexion may be 
regarded as immediate consequences of Fermat’s principle. We 
shall consider in some detail the path from a point: A in the 
medium 1 to another point B in the medium 2 (Fig. 28-5). This 
path must necessarily consist of two straight lines, which may or 
may not be parts of one and the same straight line. This is an 
obvious consequence of Fermat’s principle. Let us refer the 
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path to rectangular axes of co-ordinates. We may regard the 
part of the surface of separation between the two media, in the 
neighbourhood of the point where the path crosses it, as plane, 
and represent it by 


ax -+by+ezt+td=0.. . . . (28:5) 


The co-ordinates of the y 
point where the light 
crosses the boundary (point 
of incidence) we _ shall 
represent by (x, y, 2); 
those of A and B by (q,, 
Yr, 21) and (2%, Ye, Ze) Te- 
spectively. Let r, and r, 
represent the actual (not 
the optical) lengths of the 
parts of the path in 1 and 
2 respectively, and n, and 
n, the respective refractive 
indices. 

If L be the length of 
the optical path, 


re 


L= ny, + Mls, 
Fie. 28-5 
L=n,{(% — 2)? + (y —y,)? + (@ — 21)? 4? 
+ Ma {(% — ag)? + (y — ye)? + (@ — 22)? }?, 
and consequently 
ips ees tee bn 


Ty To 


4 [* = 91), Maly — 1) by 


V1 Ta 


or 


na [eae aa ih ale —*)\ 65 =0. . (28-51) 


y Ts 


This is required by Fermat’s principle. The small variations 
6x, dy, dz are not independent, since they are necessarily in the 
surface (28°5), and are therefore subject to the condition : 


adx + bdy+cdz=0. . . . (28°511) 
If we eliminate 6x we get a single equation of the form: 
ady + Pdz = 0, 
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in which dy and 6z are arbitrary, and therefore we conclude that 


“a=; 
a Sok ee ee (28°52) 
These equations describe the path of the light. 

We can carry out this process most conveniently, and get 
the final statement (28°52) in its simplest form, if we place our 
axes of co-ordinates so that A and B are in the plane of X and Z, 
and therefore y, and y,. are both zero. We may also, while 
maintaining this condition, have them so placed that the refract- 
ing surface is in the plane YZ, with the consequence that (28-511) 
becomes 

dx = 0. 


Equations (28-52) thus become 


“—_ . .. (28°53) 


Now n,/r, + 72/1, is necessarily different from zero. Therefore 
y = 0, which means that the point of incidence is in the XZ 
plane, and this is therefore a plane containing the incident ray, 
r,, the refracted ray, r.,and the normal at the point of incidence. 
Reference to Fig. 28-5 will make it clear that 

(2 — 2,)/r, = sin 0,, 
and 

(2, — z)/r, = sin O,, 


where 6, and 6, are respectively the angles of incidence and 
refraction, according to the usual definitions. Hence the second 
equation (28°53) is equivalent to 

sin 0, — 1,» 

sin6, nn, 


which is the remaining law of refraction. 
The laws of reflexion may be deduced in a similar way from 
Fermat’s principle. 


§ 28-6. FormMaTion oF IMAGES BY SPHERICAL REFRACTING 
SURFACES AND PENCILS OF PaRAXIAL Rays 


In Fig. 28-6, PM is part of a spherical refracting surface 
separating two media, 1 and 2, with refractive indices n, and n, 
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respectively. The centre of curvature of the surface is at C. 
Let O be a point source of light (a point object). We shall 
term the straight line through O and C the axis and shall deal 
with the case where the area of the refracting surface reached 
by light rays is so restricted that all the rays lie in a very small 
solid angle ; so small that the sine or tangent of the angle which 
any ray makes with the axis need not be distinguished from 
the angle itself. 

If now we pick out any other point, J, on the axis, Fermat’s 
principle (or the pair of 
laws of refraction de- 
duced from it) indicates 
that there is in general 
only one possible path 
from O to J, namely 
along the axis. None 
of the rays except the 
axial one can travel 
from O to J in general. Fic. 28-6 
If, however, the points 
O and I be suitably chosen, all the rays travelling from O to 
the refracting surface will on refraction pass through J, or at 
any rate through a region round about J so small that we need 
not distinguish it from that point. We are of course assuming 
the existence of those limiting conditions which mark the province 
of geometrical optics. The point J is then called the real 
image of O. We shall use the letters u, v and r to represent 
respectively the distances of the object, image and centre of 
curvature from the point, P, where the axis cuts the refracting 
surface, adopting the convention that distances measured in 
the opposite direction to that of the axial ray are positive; so 
that in the case represented in Fig. 28-6 


u = (OP), 
v = — (IP), 
and r = — (CP), 


if (OP), (IP) and (CP) mean the spacial intervals between the 
points indicated. 

It is easily seen that in order that all the rays from O shall 
pass through J (at least approximately) the following formula 
must hold : 


EE ee, og an 108%) 


This formula is necessary, but it does not follow that, when 
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it is satisfied, the point J is one through which the rays of light 
from O pass; but if they do not, the directions of the refracted 
rays in 2, if produced backwards, will pass through a point J. 
When this case occurs / is called a virtual image. 

The formula (28°6) may be written in the form: 


Fey triy . . . . . (2861) 
v 4 
where 
r 
ae ea 
and . .  . (28-611) 
| LL ae . 
~  Ne/N, — 1 


The axial points which are distant f, and f, from P are called 
the first and second principal foci respectively, and f, and /, 
are called the first and second focal lengths of the refracting 
system. 

It is obvious that (28:61) may be written in the form: 


ae’ =fif, . . . . « . (28°62) 
im which 
c=u— fi, 
for a - . oo... (28621) 


so that « means the distance of the object point from the first 
principal focus, while x’ means the distance of the image point 
from the second principal focus, the same convention being used 
as in the case of r, uw and v. 

Now consider an object point, A, near O and in the plane 
through O perpendicular 
to the axis (Fig. 28-61). 
It will have its image, 
B, near I and approxi- 
mately in the plane 
through J perpendicular 
to the axis. To show 
that this is the case we 
have only to construct 

Fia. 28-61 a new axis through A 

and the centre of curva- 

ture. We then see that the relationship between (AP) 
and (PB) is the same as that between (OP) and (PJ). Con- 
sequently the length (AP) differs from (OP) by a small quantity 
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of the second order, since (OA) is a first order small quantity. 
Similarly, (PB) differs from (PI) by a small quantity of the 
second order. Let us represent distances in the object space, 
measured perpendicularly to the axis, by y, using the positive 
sign for the upward direction; and similarly y’ for distances 
in the image space. By considering the ray APB we easily see 
that 


Bar 1... . (28:63) 


yah | | | (28-64) 


If we consider such a path as OMT, the parts of which in the 
object and image spaces make the respective angles 6 and 0’ 
with the axis, we find that (28°63) is equivalent to 


ny = ny’. . . . . . (28-65) 


By making use of (28°62) and (28-621), we can express (28°64) 
in the forms : 


Bd a 
y f 1 

. (28°66 
y _ _Sh = 
yl x 


If instead of a single refracting surface we have two such 
surfaces a and b (Fig. 28-62) 
separated by an interval, ?, 
the first one, a, forms an 
image of O, and the surface 
6 forms an image of this 
image. For this final image 
we find, by applying the 
methods appropriate to a 
single refracting surface twice Fic. 28-62 
Over, 


(M — ¢)(N — ¢’) =const. . . . (28°67) 


where M means the distance Oc of the point O from the surface, 
a, provided with its proper sign, and N is similarly the distance 
dI of the final image J from the second refracting surface, 0. 
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The symbols ¢ and ¢’ are abbreviations for 


see hak eee fe 
o = fee Po =f fe, 
Joep: + Uf, 
~ fa, a+t — fey’ 


f,, for example, meaning the first focal length of the spherical 
surface, a, f?, the second focal length of the surface, b, and so 
on; while ¢ means the absolute value of the distance between 
ec and d. 

The formula (28°67) indicates that there is a first principal 
focus of the system of two refracting surfaces at the point 
M = 4, and a second one at the point, N = ¢’. It is therefore 
appropriate to express it in the form : 


ax’ = const., 


or if we make a suitable choice of the points from which we 
may agree to measure the respective focal lengths of the system, 


aa =fif . . . . . (28°68) 
We may now show that 
ike (Mf. es Mt — if";) 


—_ _ —— 


yo ON fesf?s 
from which we get 
y (i — $) 


y! 7 ane rt dea 


which may be written 


yo fy 
if we agree to fix the point from which /, is to be measured in 
such a way that 


ihe ie 
ane J... 6(28°681 
ie ie a) ans ( ) 
This fixes the value of f, also, since f,f, has to be equal to a 
certain constant (28°67), and thus it also fixes the point from 
which f, must be measured. We easily find for f,, 


feof? 
f= ype + +++ (28-682) 
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The points from which we have measured f, and f, are called 
the first and second principal points respectively, while the 
planes perpendicular to the axis at these points are the first 
and second principal planes. 

If we now use w and » for the distances of the object and 
image from the respective principal points, the formula (28-61) 
will also apply to the present case. It will be seen that (28-61) 
is satisfied by u—v=0; so that the principal points are 
conjugate points, i.e. when the object is in the first principal 
point the image is in the second one. Further, the principal 
planes are planes of unit (lateral) magnification, since by (28°66) 


: ae 
y x” 
y’ fi 
or oe ae ee 
Yy (u — fi) 
and when u = 0 this becomes 
Aa E 
y 


We may notice in passing that the longitudinal magnification is 
given by 

clang 8 

du——isfy 
and in the immediate neighbourhood of the principal points 
approaches the limiting value 


— fa/ fr. 
Equation (28°61) may also be satisfied by 
u™=v=fitfe 


The pair of conjugate points which are thus determined are 
called nodal points. Since the two nodal points are situated 
at equal distances from the respective principal points, the 
distance between them is the same as that between the principal 
points. A ray of light, in the object space, passing through the 
first nodal point N; (Fig. 28-63) will cut the first principal plane 
in some point, A, or will do so when produced. The corre- 
sponding emerging ray in the image space must pass through 
the second nodal point, Ny;, since the image of a point in N, 
is situated in N,;. It will also cross the second principal plane 
at some point B; and the property of the principal planes, of 
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unit lateral magnification, requires that P;A — P,,B. Finally 
(NP;) = NyPrr), since each is equal to f, +/f,. It follows 
therefore that the two rays are parallel to one another. 


Fig. 28-63 


It is of interest to inquire about the circumstances under 
which the nodal points coincide with the respective principal 
points. The condition for this is evidently 


ce + te a 0, 
and therefore by (28°681) and (28-682) 


Take =e a aoe 
and by (28°611) this is equivalent to 


Neg /N1 5 NgHy /Ns = Ta Yp 
N,/N, — 1 N,/N, — | n,/n, — 1) \n;/n, — 1 


or No Ns 


and therefore 
Ny = 103. 


In words, the refractive indices of the image and object spaces 
must be equal. When this is the case then, the nodal points 
coincide with the respective principal points, and the focal 
lengths of the system are now numerically equal, but have 
opposite signs. 

The method just described can easily be extended to a system 
consisting of any number of co-axial spherical refracting surfaces. 


§ 28-7. ANGULAR MAGNIFICATION ASSOCIATED WITH BEAMS OF 
PARALLEL Rays 


When the incident and emergent beams of light of some 
optical system, such, for example, as a telescope or the prism 
of a spectrometer, are made up of parallel rays—beams of light 
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originating in the same object point are here meant—and when 
the media on both sides of the apparatus are optically identical, 
i.e. have equal refractive indices, the angular magnification 
of the apparatus is equal (for small angular dimensions of the 
object) to the quotient of the breadth of the incident beam by 
that of the emergent beam. In Fig. 28-7 the apparatus, what- 
ever it may be, is indicated by the shaded portion AA'B’B. 
The angle between the directions of the incident beams from the 
extreme points (in the plane of the paper) is represented by 86, 
while 6’ represents the angle between the directions of the cor- 
responding emergent beams. Aw is a plane perpendicular to 
one of the incident beams, while A’z’ is a plane perpendicular 
to the corresponding emergent beam. Ay and A’y’ refer in a 
similar way to the beams associated with the other extreme point. 
The length of the optical path through the apparatus from A 


B B 


Fic. 28-7 


to A’ is equal to that from x to x’, and is also equal to that from 
y to y’. Hence the optical path (xy) is equal to the path (a’y’). 
Consequently the actual distances zy and x’y’ are equal when the 
optical medium on both sides of the apparatus is the same. Now 


0" = (a'y’)/Be, 
and 0 = (ay) /B;, 
where B, and 6, mean the breadths of the emergent and incident 
beams respectively. Hence the magnification is 


0’ 
7; = Bi/Be 


§ 28-8. SPHERICAL ABERRATION—SINE CONDITION—APLANATIC 
SYSTEMS 


Let us consider an optical system such as a lens, with axial 
symmetry. The points O and A are situated in a plane per- 
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pendicular to the axis of the system (Fig. 28-8). We are going 
to study the formation of images of these points when the rays 
of light entering the lens system are not confined to directions 
making small angles with the axis. In the last section we have 
seen that there is one 
axial image point cor- 
responding to each axial 
object point when the 
rays of light passing 
through the system all 
make small angles with 
the axis. In general— 
and a single spherical 
refracting surface fur- 
nishes a good illustration 
—a ray from O making 
a big angle, 0, with the 
Fic. 28-8 axis will, after passing 

through the system, cut 

the axis again (or will if produced backwards) at a point which 
is separated by an appreciable distance from that where it is 
cut by a paraxial ray. This defect is called aberration and, 
when clue to spherical refracting surfaces, spherical aberration. 


ifia. 28-81 


In the case of a single spherical refracting surface there is 
one place for a point object, which is free from aberration. This 
is the point, O, in Fig. 28-81. If r be the radius of the sphere 
and a and b the respective absolute distances of O and J, 
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the object and image points, from the centre, C, of the sphere ; 
then 


a/r=N/ny, . . . . . (288) 
and 


ab=r. . . . . . . (2881) 


It will easily be seen that all rays from O, after refraction at the 
spherical surface, will pass through J if produced backwards. 
This will be the case for all values of the angle of incidence, 4. 
It will be noticed that the angle of refraction, 0,, is identical 
with the angle between the incident ray, OM, and the axis, 
OP; while the angle of incidence, 6,, is identical with the angle 
between the refracted ray, 1M, and the axis. 

Kven when the optical system is so constituted (as in the 
illustration just given) that a point object at some point, O, 
on the axis is reproduced as a point image by pencils of rays 
making all angles small or great with the axis; in other words, 
when there is no spherical aberration, it is not in general true 
that there is an image point, B, corresponding to such an object 
point as A in Fig. 28-8; A and B being points near the axis 
and in planes perpendicular to the axis through O and J respec- 
tively. We shall now investigate the further condition to be 
satisfied in order that this may be the case. To begin with, 
we agree that all the rays from O in Fig. 28-8 pass through a 
point, J, or, failing that, all the rays in the image space pass 
through a point, J, if produced backwards. 

Consider now two rays from O to J, one, the axial ray, and 
the other a ray making any angle, 6, and a corresponding angle 
6’, with the axis, as shown in Fig. 28-8. Both paths from O 
to I have of course the same optical length. The two corres- 
ponding rays from the point, A, one parallel to the axis, and the 
other making the angle 6 with it, have to pass through a point 
B in a plane through J perpendicular to the axis. OA and JB 
we are supposing to be (first order) small quantities. Now 
since OA is perpendicular to the axis, the optical length of the 
axial ray from O to I and of the ray from A to B which starts 
parallel to the axis, must be equal, i.e. can differ only by a 
second order small quantity. In fact as far as the focus, F, 
they are exactly equal, and the remaining portions, FJ and FB, 
can only differ by a second order small quantity. It follows 
now that the optical length of the two parallel rays, one from O 
and the other from A making an angle, 0, with the axis must 
also have equal optical lengths. Hence 


n(OC) = n' (DB). 
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Now (OC) = y sin 6, 
(DB) = y’ sin 6’, 
therefore 
n(OC) = ny sin 9, 
n' (DB) = n'y’ sin 0, 
and so we find the condition : 
ny sin @’ 
n'y’ sin 0 


(28-82) 


This is known as the sine condition. In general there is only 
one point, O, and its associated image point, J, for which the 
sine condition can be satisfied. It may be noted that (28°82) 
is in agreement with (28-65), since in the latter formula 6 and 0’ 
are very small angles. It is easy to show that the sine condition 
holds in the case of a single refracting spherical surface (Fig. 
28-81) when the object is placed in the position, O, which is 
indicated. Let OA be the small object ; OA being perpendicular 
to the axis JOC. The image of A is at some point B, which, 
if we neglect second order small quantities, will be in the plane 
through J perpendicular to the axis. That this is the case can 
be seen by constructing a new axis through C and A. 
Now by (28°63) the ratio 


Therefore 
yo _ mi(b +17) 
yn (a + 7) 
and by (28-8) and (28°81) 


i TAC Maa 


Y No(Mo/Ny + 1) 
y ny? 


or eee 
Y Me” 
Consequently 
Ry My _ sin 0, (28-83) 
ny nN, sind, 


The angles 0, and 6, here mean the angles of incidence and 
refraction respectively ; but 0, is also the angle between the 
incident ray and the axis, while 0, is that between the refracted 
ray and the axis as already explained. When this is remem- 
bered it will be seen that (28°83) is identical with the sine 
condition. 
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Systems for which points such as O and I exist, which are 
free from aberration and also satisfy the sine condition, are 
called by Abbe aplanatic systems. 

The theory outlined in this section has a very important 
application in connexion with the construction of microscope 
objectives. 


§ 28:9. CHROMATIC ABERRATION 


So far we have supposed the optical systems to be traversed 
by light of one wave-length, and therefore of one refractive 
index for a given medium—by monochromatic light in fact. 
Most optical instruments are used to form images of objects 
with white light, which is a mixture of light of all wave-lengths 
within the range extending roughly from 4000 A.U. to 8000 A.U.1 

A lens system forms an image of the object for every wave- 
length, and in general these images are in different situations 
and of different magnifications. The appearance of such a col- 
lection of images of different colours and sizes and in slightly 
different positions, is that of a single rather rough image very 
much coloured, especially at the edges. This kind of defect is 
called chromatic aberration. Lens systems can be designed 
so that it is greatly minimized. The detailed treatment of 
chromatic aberration and the methods by which it may be 
reduced are outside the scope of this volume. 
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CHAPTER XIT 


PHYSICAL OPTICS—PHENOMENA OF 
INTERFERENCE AND DIFFRACTION 


§ 29. PRINCIPLE OF SUPERPOSITION 


HE partial differential equations which represent waves 
are of the linear type ; i.e. the dependent variable and 


its differential quotients do not appear in them in 
higher powers than the first. A consequence of this, often 
pointed out already, is that the sums of particular solutions are 
also solutions of such equations. The most complicated state of 
affairs represented by such an equation can be described by 
Fourier’s methods as a sum of functions (proper functions— 
Eigenfunitionen) such as sine and cosine functions, Bessel’s 
functions, spherical harmonic functions and so on. An import- 
ant special case is that of two plane harmonic waves which pass 
over and occupy a region common to both. Each of them 
separately is described by a particular simple harmonic solution 
of the wave equation, and in the region common to both the sum 
of these is the appropriate solution. This is the principle of 
superposition. 

The undulatory theory of light necessarily leads to the con- 
clusion that light spreads round obstacles and penetrates regions 
which a naive corpuscular theory, involving a strictly limear 
propagation, declares to be regions of shadow. We have already 
(§§ 27:1 and 28-2) pointed out that when the wave-length of 
the light is sufficiently short linear propagation without spreading 
is practically a fact. We term the spreading which is observable 
when the wave-length is not too short (compared with the 
dimensions of apertures, lenses, etc.) diffraction. Another 
phenomenon called interference is observed where coherent ! 
beams of light meet or overlap. This phenomenon is explained 
by the principle of superposition and is well illustrated by 
the classical experiment of Thomas Young, of which the experi- 
ments with Fresnel’s mirrors and bi-prism are more elaborate 
variants. 

1 Cf. § 30-1. 
256 
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§30. Youna’s EXPERIMENT 


In the classical experiment of Thomas Young a source of 
monochromatic light, s in 
Fig. 30, falls on a screen 
with two small apertures, a 
and b, near to one another. 
The waves which emerge 
from them proceed onwards 
to a screen, P. When the 
apertures are of the same 
size and equally distant 
from s, we may regard 
them as identical point 
sources of light. The dis- 
placements which they Fre, 30 
would, separately, produce 
at a point, M, on the screen may be represented by 


S$, = — COs an — 7H. 
1 a, 
8, = — COS 2m — ;| : 
tT 


the amplitudes at M being (cf. § 9-2) inversely proportional 
to the distances r, and 7,. The principle of superposition asserts 
that the resultant displacement at M is 


8, +8 =~ cos 2x eee fied cos anf’ — "2), 
Ts a Ts t «CA 


Now the cosine terms will be identical for all points, M, where 
, —1, = NA, n being an integer. At such points 


8,+8,= (= +5) cos 2a (~ -), 
T, Te t A 
and the resulting amplitude is the sum of the amplitudes of 


the two wave trains. On the other hand, at points where 
T. — 17, = (n + $)A we have 


+e = (= —2) cos an (~ — 7) 
1 2 


the resultant amplitude being equal to the difference of the 

individual amplitudes. The illumination of the screen therefore 

exhibits a set of bright fringes (interference fringes) with dark 
17 
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spaces between them. This device of Young is typical of a 
group of interferometers which function by dividing the wave- 
front from some source like s in Fig. 30. 


§ 30-1. COHERENCE 


The description of interference, and in particular of Young’s 
experiment, in the last section only takes account of the bare 
essentials. Any laboratory source of light such as s in Fig. 30 
consists of an enormous number of elementary emitting systems 
(atoms or molecules), and we always have, in fact, innumerable 
pairs of interfering wave trains, aM and 6M, which are initiated 
or stopped in an irregular and quite incalculable way. Since 
however the members of each pair start from one and the same 
emitting atom, the phase difference between the waves emerging 
at a and b will always remain the same, and in consequence 
the intensity of illumination at any point, M, on the screen 
will be completely determined by the difference of the optical 
lengths of r, and r, in the way already explained. If instead of 
a single original source at s we had two original sources, one at 
a and the other at b, we should not then be able to regard the 
emissions from them as made up of pairs of harmonic wave 
trains exactly alike and having a constant phase difference at 
aandb. The emission from an atom in a would have no corre- 
lation whatever with that of a similar atom in b, and the orderly 
interference described in § 30 could not occur. When, as in 
the experiments of Young or Fresnel, two beams of light are 
capable of interfering with one another, they are said to be 
coherent. 


§ 30:2. PARALLEL BEAM AND RECTANGULAR APERTURE 


We are now going to study the case of a parallel beam of 
monochromatic light which for the present we may suppose 
to originate in a point source, and to have been made parallel 
by a suitably placed lens or lens system (collimator). Let us 
suppose it to be limited by the parallel sides of a slit-shaped 
aperture on which it falls perpendicularly. After passing the 
aperture the beam will, in the limiting case of very short wave- 
length, remain strictly parallel, and if it falls on a suitably 
placed lens a real point image will be formed at the principal 
focus of the lens. The amplitude of the beam, i.e. the maxi- 
mum value of the electric displacement in it, is proportional to 
the square root of the intensity of the beam, that is to the amount 
of energy transported through the unit area per unit time, and 
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it is convenient, for purposes like the present one, simply to 
identify it with the root of the intensity. Since the amplitude 
of waves proceeding from a point source is inversely proportional 
to the distance from the source (§ 9°2), the amplitude at the 
point source itself is infinite unless we modify our conception 
of a point source in a similar way to that adopted for a point 
charge of electricity. We must regard it, not as a mathematical 
point, but a small region over which the amplitude has a finite 
value. 

If we have a source of light consisting of a continuous line 
of point sources (parallel to the sides of the aperture), such as 
is exemplified by the illuminated slit of a spectrometer, then— 
if we continue to imagine the limiting case of extremely short 
waves—we shall have associated with each point of the source 
(slit) a parallel beam and a corresponding point image; all 
these images making up a 
line which is an image of the B 
source or slit. 

We are interested in the 


case where the wave-length 
is long enough for diffraction 
phenomena to occur. These OS 


can only be dealt with com- A 

pletely by applying Huygens’ 

principle in its rigorous form. 

The principle will be demon- 

strated in § 31-8, and mean- Fre. 30-2 

while we shall attack the 

problem in a more elementary way, leaving till later the justi- 
fication of any assumptions we may make. 

It should be noted that the parts of a beam originating in 
the same point source are coherent, and can therefore interfere 
with one another; but beams, or portions of them, which 
originate in different point sources are not coherent, and do not 
interfere with one another. A consequence of this is that any 
spreading in directions parallel to the slit (ie. to the edges of 
the rectangular aperture) will merely elongate slightly the image 
of the slit. Things are quite different with lateral spreading. 
We shall regard the light which has passed the aperture, and all 
of which originates in the same slit point, as made up of an 
infinite number of parallel beams which make angles, 6 (in a 
plane perpendicular to the aperture), as shown in Fig. 30:2. 
The slit is so placed, we are supposing, that all points along 
AB are points of equal phase. AC is a perpendicular section 
of a beam making an angle, 0, with AB. Let us suppose this 
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beam to be divided into a large (infinite) number of parts by 
planes parallel to its direction and to the sides of the aperture. 
Kach of these parts would, by itself, give rise to some amplitude, 
a, in the corresponding image point produced by a lens, the axis 
of which is coincident with that of the beam. The application 
of the principle of superposition to all these portions of the beam 
yields for the displacement, s, in the image point the sum 
s=a cos wi+acos (wi+6)+ ... +a cos (wat+(n—1)6), (30-2) 
where n is the number of divisions, and 6 is the increment in 
phase as we proceed from C' to A, wt being the phase in C. The 
sum in (30-2) is easily shown to be 
a& COs { cog |. ee!) sin ne 
| y 2 
s= 
. Oo 
sin — 
” 


or, if na = A, 


A sin 2 cos ( 7 = a “6 
Gee eee ey, CO 0201) 


nm sin 


If we represent 7d, the phase difference between the extreme 
sides of the beam, by ¢ and let » become infinitely large while 
6 in consequence converges to zero, (30-201) becomes 


oe (4 an ) cos (wt + 6/2). . . (30-21) 
$/2 
Now db = 2nd /A, 
where d is the distance BC, and 
d/B =6, 


if B is the breadth of the aperture, and if we confine our attention 
to small values of 0. Therefore 


ELL 
a 
so that in the direction, 0, the amplitude is 
. bBo 
Wien oY eS Mk ok AOU? 
A xB (30-22) 


A 
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It will consequently vanish in directions for which 


i = VI, ° . ° . ° (30-23) 


where » is any integer other than zero. In place therefore of 
an ideal image of the slit we shall have a number of bright 
fringes with dark ones in between; the first dark fringe being 
separated from the central bright one by the angle which corre- 
sponds to »y = 1 or »y = — 1, or the angle 


6=2/B.. . . . . « (30:24) 


If we denote 7B0/A by «, so that the amplitude is Asin «/a, 
and if we assume A to be independent of 6—a fairly safe assump- 
tion so long as 6 is small—we may obtain the positions of maximum 
brightness from 


or 
tana=a . . . . « (30°25) 


The corresponding values of «, and therefore also of 0, can easily 
be found graphically. All we have to do is to plot tan « against 
a and draw a straight line through the origin, making an angle 
of 45° with either axis. Its intersections with the curve will give 
the required values of «.1 

If in any spectroscopic device the emerging parallel beams 
due to spectral lines of wave-length 4 and 4 + dA are separated 
by an angle d@ such that 


dd=2/B, . . . . . (30-26) 


(see 30°24), the central fringe due to one of them will be formed 
just where the first dark fringe due to the other is produced, and 
in these circumstances, as Lord Rayleigh showed, the two lines 
will appear resolved. They will, of course, appear resolved even 
when the separation is slightly smaller than this; but this 
particular separation has been adopted as the conventional 
criterion for the resolution of neighbouring lines. 
If we divide both sides of (30:26) by dA we have 


Bag, oe 
di Bada’ 


1Cf. Schuster and Nicholson’s Optics, p. 104. 
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The ratio 4/dd is called the resolving power of the apparatus 
and d6/dij the dispersion. We therefore find 


BD=R,. . . . . . (30:27) 


where B is the breadth of the emerging beam, D is the dispersion 
and & the resolving power. 


§ 30:3. ResoLvinc PoWER oF A PRISM 


Consider a parallel beam of light of various wave-lengths 
incident on one face AC of a prism. so as to be perpendicular to 
its refracting edge, C' (Fig. 30-3). The extreme sides of the beam 
traverse through the prism the respective distances zero and 
AB =t. Let wA be a plane perpendicular to the incident beam, 


(' 


Kia. 30°3 


o#B a plane perpendicular to the emergent beain of wave-length 
A, PB that perpendicular to the emergent beam of some wave- 
length 2 + dd. The absolute value of the angle, d0, between the 
two emergent beams is 

dO = (48)/B, . . . . . (303) 
where B is the breadth of an emergent beam in the neighbourhood 
of 24. Now the optical distance along AB is equal to #C + Ca, or 

pt = a0 + Cx, 
where yw is the refractive index of the glass for the wave-length 4. 
Similarly, 

(1 +du)jt = x0 + Cp, 

where du corresponds to dA. Hence 

du.t=— (ap). . . . . (30°31) 


The sign adopted corresponds to the fact that « and 0 diminish 
with increasing A and the figure has been drawn in accordance. 
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On combining the equations (30°3) and (30°31) and dividing 
by dd, we get 


R=Be= Ht ©... (30-32) 


which is the resolving power of the prism. It is easy to see that 
when the incident beam does not extend to the refracting edge, 
C, of the prism, the resolving power is equal to — du/dd multi- 
plied by the difference, ¢, — ¢,, of the distances travelled through 
the prism by the extreme sides of the beam. 


§ 30-4. PARALLEL BEAM AND CIROULAR APERTURE 


We now turn to the case where the aperture is circular and 
the parallel beam of monochromatic light originates in an axial 
point source. As in § 30-2, we imagine the beam divided into 
an infinite number of elementary portions; but this time by 
circles situated in the plane of the aperture and having their 
centres coincident with that of the aperture, and by intersecting 
radial lines. We may represent the contribution of each ele- 
mentary area to the total amplitude produced in the focal region 
of the collecting lens by 

ap dp dd, 


where p and p + dp are the radii of the circles bounding the 
elementary area, and d®¢ is the azimuthal angle between the two 
bounding radii. In Fig. 30-4 the aperture is represented as 
perpendicular to the plane of the 
paper by the line AB. Just as in 
§ 30:2, we shall regard the light which 
has passed the aperture as consisting 
of an infinite number of beams of 
parallel light making various angles, 0, 
with the axial direction. The plane 
AC is perpendicular to a beam travel- 
ling in the direction, 6, and x represents 
the position of one of the elementary Fie. 30-4 

areas projected on the plane of the 

paper. Its perpendicular distance from the plane AC is repre- 
sented by d. The phase difference associated with d is 


6 = 2nd /). 


Now 
d = pcos ¢sin 6 + # sin 0, 


if we measure the azimuthal angle, ¢, from OB, and if R be the 
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radius of the aperture. We find therefore for the equation which 
corresponds to (30:2) 

R2n 


i= a| | pdpdg cos (wi + 0), 
00 


or 
Rar 


s= a| | pda cos [ot + UR sin 6 + p cos ¢ sin a). (30-4) 
0 0 

We may only regard a as constant for small values of 9 and for 

these the expression for s becomes 


Rx 
270 


$= a| | pdpdd cos ot - — (e + p cos 6). 


This is easily seen to be equivalent to 
R2 


9 ; 
8 = & COS (w “- a )| | ede cos (“= cos s), 


0 0 


since the integral involving the sine is equal to zero. Hence the 
resultant amplitude in the direction 0 is 


a | papas se (= ds $). (30-41) 
0 0 


We now expand the integrand in ascending powers of 2716p cos ¢/A, 
and integrate term by term. We thus obtain for the amplitude, 


ane” ae ] = O711\9 Te. pe ps > . ° e e L 
4 2(1!)2 + 3(2!)24(3!)2 7 \, (30°42) 
where 2 = n0D/2A, 


and D (= 2k) is the diameter of the aperture. The series in 


J (2%) /a, 


ic. the Bessel function, /J,, (of 2”) divided by x. It vanishes 
for an infinite number of positive real values of x, the smallest 
being 


aD: a 4 


Instead therefore of a point image of the point source we get a 
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central bright spot surrounded by bright rings. The dark ring 
between the central bright spot and the first bright ring is associ- 
ated with the value of 6 corresponding to 7 = 1-92... , or 


6=1224/D1. . . . . (30-43) 


A star, which we may regard as a point source of light, appears 
in an astronomical telescope as such a system of rings. 


§ 30°5. RESOLVING POWER OF TELESCOPE 


When the angular separation, 0, of two stars is just so great 
that the central bright spot of one falls in the first dark ring 
due to the other, it is then possible to distinguish that there are 
two ring systems, and thus to recognize that two stars are being 
observed. In this case 


9 = 1-22 4/D, 


as we have already seen. The reciprocal of this angle is used 
as the conventional measure of the resolving power of the 
telescope. It is all the greater the shorter the effective wave- 
length 2, and the greater the diameter of the object glass of the 
telescope. 


§ 30-6. THe STELLAR INTERFEROMETER 


Let us suppose the object glass of a telescope to be covered 
by a screen ab (Fig. 30-6) with 
two small apertures or slits, c and 
d, situated on a line through its 
centre and equally distant from it. 
Let D be the distance apart of c 
and d, and let AB be the axis of 
the telescope, the principal focus 
of the objective being at B. 
Further, let C be any point on a 
line through B perpendicular to 
the axis, and L, and L, its re- 
spective distances from the aper- 
tures c and d. If we represent 
the distance CB by 7, we have 


(D/2 +r)? + F? = Ly, B C 
(D/2 —r)? + F2 = L,?, Fie. 306 


1G. B. Airy, Camb. Phil. Trans., p. 283 (1834). 
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where F' is the focal length of the objective. Hence, approxi- 
mately, 


/F = (L, — L,)/D, 
since £,, L, and F' are not very different. If 6 be the angle 
between AB and AC, 

0=(L,—L,)/D,. . . . . (306) 


and bright fringes will therefore appear, as in Young’s experi- 
ment, at those points, C, for which 


6=na/D,. . . . . . (30°61) 


and the first dark place on each side of the central bright fringe 
will occupy the position 


O0=A/2D. . . . . . (30°62) 
The displacement at C' is equal to 
a COs ant — a ;t ee cos 2a — ash 


where a@ is the amplitude in either of the apertures c or d. Since 
L, and L, are nearly equal, this may be written 


a cos 2} — a COs 2an| = = =} 
t A 


L 2A 
Consequently the amplitude at C is 
20 ,_{L, — Le) 
ae cos 2 1 21 
az 008 | ee 
or 
= cos cae 
a te oy i 
and the intensity 
fa? (a0 
iy 008 (==). 2... (30°63) 


If therefore the telescope be directed to a star, a set of bright 
fringes spaced according to (30-61) will be seen, and the intensity 
of the light will vary through the fringe system according to the 
law (30°63). When the angular distance, 0, between two neigh- 
bouring and equally bright stars is given by the expression 
(30°62), the central bright fringe due to the one falls in the 
middle of the first dark one of the other, and in accordance with 
(30-63) uniform illumination will result. 

When the distance, D, can be adjusted, the fringes will be 


§ 30-7] PHYSICAL OPTICS 267 


widely separated when it is small and approach one another 
more and more closely as it is increased. Two very slightly 
separated stars will therefore give rise to visible fringes when D 
is not too great ; but when it is increased to the value correspond- 
ing to (30°62) they will completely vanish. The angular separa- 
tion of the stars will then be given by (30°62). This kind of 
device can hardly be said to function as a telescope ; it is, in fact, 
an interferometer, and its maximum resolving power is 


1/0 = 2D/4, 


where D is the diameter of the objective ; while that of the 
unmodified telescope is 


1/6 = D/1:22 4A, 
approximately only half as much. 


§ 30-7. MicHELSON’s MaaniryiIna DEVICE 


If the angular diameter of a star’s disc were not so exceedingly 
minute as it is even in the case of the nearest stars, the method 
described above might be employed to measure it. It appears 
to have been suggested by Fizeau. Let us for the moment 
regard a star as a uniformly bright linear object parallel to the 
line cd of the apertures in the screen over the telescope objective. 
It is clear that, so long as the angle subtended at the telescope 
by this linear object is less than the angular separation of 
successive fringes due to a point source, fringes will be observed 
when the telescope is directed to it, and they will just disappear 
when the angle is equal to A/D. Actually the star is like a 
circular disc, so that more light comes from the central portion 
than from the sides, with the result that the fringes do not 
disappear until the angular diameter slightly exceeds 1/D. The 
angular diameter of a star should therefore be approximately 
determinable by increasing the separation of c and d until the 
fringes just disappear. It turns out that the aperture of the 
largest astronomical telescope is not nearly wide enough for this 
purpose—an aperture of 20 to 40 feet or even more being necessary 
or desirable to render possible the measurement of the angular 
diameters of very small or very remote stars. The difficulty 
has been surmounted by Michelson by the ingenious magnifying 
device illustrated in Fig. 30-7. In this device there are four 
mirrors. Two of them, M, and M,, are mounted on a long 
girder in front of the telescope objective. The light from the 
star is reflected from these to two inner mirrors, M, and Ms, 
from which the beams enter the objective, O. We may regard 
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these inner mirrors as playing the part of the apertures c and d 
of Fig. 30-6. When the proper adjustments have been made to 
secure that the beams overlap in the focal plane, F, a diffraction 
image, 8S, of the star disc is seen crossed by fine fringes A’B’C’D’. 
The arrangement produces a virtual image of the star, magnified 
in angular diameter by D/D’ (cf. § 28°7), D being the distance 
between the outer mirrors and D’ that between the inner ones. 


FROM STAR 


Fie. 30-7 


The angular diameter of this image is 1/D’, assuming the outer 
mirrors, which are movable, have been shifted just sufficiently 
far outwards to cause the fringes to vanish ; or, strictly speak- 
ing, the angular diameter slightly exceeds this. But this 
measured angular diameter is D/D' times as great as that of 
the star. Hence the angular diameter of the star is a little 
greater than 


We have tacitly assumed the light from the star to be mono- 
chromatic, whereas in fact it is, roughly speaking, white light. 
It is found in practice that a moderately narrow range of wave- 
lengths is effective in producing the fringes, and it is this wave- 
length which should be substituted in the formula. Michelson 
and his collaborators found that the fringe system due to the star 
Betelgeuse in the constellation Orion (x Orionzs) disappeared when 
the outer mirrors were separated by 121 inches (D = 121 inches). 
Taking the effective wave-length to be 5,750 A.U. (an Angstrom 
unit = 10-8 cm.), we find for 0, 


5,750 x 1078 


— 2 = ~-0386 seconds. 
121 x 2-54 
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This does not take into account the influence of the circular 
shape of the star’s disc mentioned above. The angle 6 is more 
accurately given by adding about 1/5 which makes 6 = -046 
seconds. 


§ 30-8. THe PLANE GRATING 


The transmission type of plane grating consists of a plate of 
transparent material on which equally spaced parallel lines have 
been ruled. It is in effect equivalent to a large number of very 
narrow parallel slits. If we regard it as taking the place of the 
rectangular aperture in § 30-2 we may apply to it the formula 
(30-201), in which, however, n is now a finite (though a large) 
integer. Let us write it in the form: 


. no 
@ sin — 


s = 


| 
cos (of ae = 3) . . (30-8) 


sin — 
2 


in which a means the amplitude associated with a single line of 
the grating. We are concerned with the dependence of the 
amplitude, | 


asin > / sin 5, . . . . . (30°81) 


on the angle, 6 (Fig. 30-8(a) ). Obviously if 6 has the value 0, the 
amplitude is equal to 
na = A. 
The substitution of Nx + «, where N is an integer, for 6/2, 
gives 
cos nN sin ne 
cos Na sin ¢ ~ 


This approximates to 
na= A 


as € approaches zero, if we ignore the sign, which may be taken 
care of by introducing a z into the phase. Now 6, the phase 
step from one line to the next (see Fig. 30-8 (a) ), is equal to 


8 = 2nd /2, 


where d is the distance, 
e sin 6, 
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e being the breadth of one line. Consequently when 6/2 = Nn, 
we find 
d = NA, 
and hence 
NaA=esin@. . . . . . (30°82) 


For these values of 6 therefore an image of the slit from which 
the light proceeds is pro- 


RC duced, assuming, of course, 
that the light is brought to 
e a a focus by a suitably placed 


converging lens. For values 
of 6 between those indicated 
by (30°82) there will be a 
succession of maxima of 
small amplitude (when 7 is 
great), as an examination of 
(30-8) indicates. Theimage 
corresponding to the value 
@ N is termed an Nth order 
image, and with light of 
several or many wave- 
lengths there will be a large 
number of images of the slit, 
one for each wave-length for 
a given N. These images 
constitute the Nth order 
spectrum. 

When the incident beam 
is incident at an angle? (Fig. 
Fra. 30-8 30-8(0) ), instead of being 
perpendicular as we have 

been supposing, then we have for the Nth order image 


(a) 


NA =esini + esin d, 
or 
1—d 


NA = 2e sin 71° = cos 


Now D(= 7 + d) may be termed the angle of deviation. It 
is seen that this has its minimum value when 7 = d, and when 
this condition holds 


Na = 2esin >. » 6 « « (30°83) 
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§ 30:9. Rusotvinc PowER or GRATING 
By differentiating (30°82) we get 


do N 

die cos 0 
This is the dispersion in the Nth order region. The breadth of 
the corresponding emergent beam is 


B=ne cos 0. 


Hence by (30°27) the corresponding resolving power is Nv, Le. 
it is equal to the product of the number of grating lines over 
which the beam extends and the order of the spectrum. 


§ 31. THe REFLECTING GRATING 


The American physicist Rowland constructed reflecting 
gratings which were immensely superior to any wave-length 
measuring devices in existence before his time. The diamond 
point used to rule the lines on the speculum metal was displaced 
from line to line by a very accurately cut screw, so that great 
accuracy in their spacing was achieved. They were ruled on a 
concave surface of large radius. It was thus possible to dispense 
entirely with lenses, and their attendant disadvantage due to 
absorption. For a description of the concave grating the reader 
is referred to R. W. Wood’s Physical Optics and other optical 
treatises mentioned at the end of this chapter. 


§ 31-1. Tar EcHELON GRATING 


We have seen that the resolving power of a grating is equal 
to Nn, where n is the number of grating lines over which the 
beam spreads, and NV is the order of the spectrum. In an ordinary 
grating the order is severely limited. It cannot exceed the 
number of times the wave-length of the light is contained in the 
interval between two consecutive lines, and this interval is 
necessarily very small in order that the grating lines may not 
spread over too great an area, and that they may not consequently 
necessitate the use of beams which are impossibly broad. The 
number of lines on a grating is also limited by the fact that the 
diamond point which rules them gradually becomes worn. It 
is essential that this wearing of the diamond point should be 
negligible during the ruling of the grating, in order that all the 
lines may be alike. Michelson devised a way of securing 
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enormously high resolving power by using a number of parallel 
plates arranged like the steps of a ladder (Fig. 31-1). This 
echelon, as it is called, is placed in the parallel beam between the 
collimator and the telescope of a prism 
spectrometer. The parallel beam of 
e | | | | | |. nearly monochromatic light aa passes 
through the set of glass plates in the 
way shown in the figure. Just as in the 
\ ordinary transmission grating, the phase 
difference in the light emerging through 
consecutive steps must be NA, where N 
is an integer, in any direction in which 
an image of the slit is formed by light 
of wave-length 1; but in the echelon 
grating we are only concerned with 
directions which make quite small angles, 
6, with that of the incident beam. Now 
the difference in phase between one step 

and the next is easily seen to be 


Fria. 31-1 


(u — 1) + 39 = NA, 

cos 6 
where ¢ is the thickness of one of the plates, u is the refractive 
index of the glass and s is the breadth ofastep. Since 0is small, 
this may be written 


(u — 1)t + 86 =INAy & -& « « SPT) 
Hence 
ao du 
Aan | eid ce 9 
aa a 


If we multiply this by the number of steps, n, over which the 
beam spreads, we get 


ado du 
ns, os n( 7): 


The left-hand member of this equation is the product of the 
breadth of the beam and the dispersion, and is therefore equal 
to the resolving power by (30:27). Hence 


du 
Bean N Sls. Se es ; 
n( 7 ) (31-11) 
It is easy to see that the order N is enormous. In fact NA in 
(31-1) is of the order of magnitude of (u — 1)t, say 6 mm., and 
in the case of sodium light Ais roughly 6 x 10-5 cm. Therefore 
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N is about 10,000. With 30 plates therefore (n = 30) the 
resolving power would reach 300,000 without including the term 
— nt du/di. 

The resolving power of the echelon is so great that it can 
only be used to analyse light which is already highly homogeneous, 
and the echelon must consequently be placed on a spectroscope 
the resolving power of which is already great enough to admit 
through the echelon only a very narrow range of wave-lengths. 
When this condition is not satisfied serious overlapping occurs, 
with a consequent difficulty or impossibility of interpreting what 
is seen. 

The echelon is very effective in showing up the fine structure 
of what, in apparatus of lower resolving power, appear as single 
lines. 

If d@, be the angular separation between two consecutive 
orders NV and N + 1, we have 


(u — 1)é + 8(6 + dO.) = (N + 1)A, 
and on subtracting (31:1) we get 
sddg =A. . . «. «. © (31°12) 


and we realize that the next order on either side of 6 = 0 is 
absent, since by (30°24) the amplitude vanishes. On account of 
the relatively great width of s all the diffracted light is contained 
within so narrow an angle that in general only two orders of a 
line are seen, and therefore only a single order when 6 = 0. 
We can calculate the wave-length separation of two very close 
lines which appear in the same order in the following way. 
Differentiating (31-1) we get 


du.t + d0 = Nd. 


If now d@ = dd, be the separation between consecutive orders, 
we may substitute for it the value A/s (31:12). Thus 


t.duop tA=WNdda,, . . . . (31:13) 
where du, and dA, represent changes corresponding to the angular 
separation between the orders N and N +1. Hence 


d 
tai dAy +4= Nd, 


or 


ai. = 


= 
| 
sit 


18 
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Therefore 


A2 
14g = ae 
NA — ane 
al dA 
Now 
NA = (wu — 1), 
to a sufficiently close approximation by (31:1). Therefore 
2 
dh, = : (31-14) 


and the wave-length difference corresponding to any other 
separation may be obtained by multiplying dA, by d0/d6,, where 
d@ is the corresponding angular separation. 

Recently W. E. Williams has succeeded in constructing 
echelon gratings of the reflecting type. This type of instrument 
is free from the disadvantage of the absorption in the plates of 
the transmission type of apparatus; while its resolving power 
is appreciably greater (three or four times greater) than that of 
a transmission echelon with the same number of plates. 


§ 31-2. MrcHELSoN’s INTERFEROMETER 


This instrument is of special interest on account of its applica- 
tion, in the year 1881, by Michelson himself, and later in collabora- 
tion with Morley, to investi- 
gate the relative motion of the 
earth and the aether. It is 
illustrated in Fig. 31-2. The 
source of light, S, is an ex- 
tended bright surface, and we 
shall regard it as a plane sur- 
face perpendicular to the ray 
which is shown in the figure. 
It consists of two mirrors, A 
and B, the reflecting surfaces 

Fic. 31-2 of which are perpendicular to 

one another and of two glass 

plates, O and C, of equal optical thickness, the parallel faces 
of which make the angle 2/4 with the surfaces of the 
mirrors. One at least of the reflecting surfaces, A or B, can be 
moved in a direction perpendicular to its plane by means of an 
accurate screw. The beam of light from § travels as indicated 
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in the figure. It is partly reflected at the inner side of O, which 
is half silvered. The reflected beam travels to B, is there reflected 
and passes back through O to the observer. ‘The portion of the 
beam from 8 which is transmitted through O passes on through C 
(which is called the compensating plate and is sometimes placed 
at C’ to insure parallelism with C), is reflected at A and passes 
back through C to be finally reflected at the half-silvered surface 
of O, so that it joins with the beam reflected from B. These 
two beams are coherent and interfere, producing characteristic 
fringes. We may regard them as coming from two images §’ 
and 8” (Fig. 31-21(@)), which, if the adjustment is perfect, will 


Ss" 

; - seer 
@ 

(6) 

(a) 
(ec) 
fa 
ia. 31-21 


have the form of plane and parallel surfaces. Jf a’ and a” are 
the images of the same point «@ on the source, and if the light 
from it enters a telescope (adjusted for infinity) in the way 
illustrated in Fig. 31-21 (a), the two portions of it will reinforce 
one another when 


(a’a")cos0 = (n+ 4)At 2. ©.) (31-2) 


n being an integer and 0 the angle between the direction in 
which the light is travelling and the normal to B. The distance 
(a’a") is Obviously equal to 2t, where ¢ is the perpendicular 
distance between the mirror B and the image, D, of the mirror A. 
Obviously a system of circular fringes will be seen by the observer. 
If the distance, ¢, were zero, the two surfaces would coincide 
under the ideal circumstances we are assuming, and the whole 


The 4 is due to a phase change of zx, brought about by one of the 
reflexions as explained below. 
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field would appear dark. The reason for this is that the two 
cohering portions of the light from any point on S have travelled 
through the same optical distance ; but one of them suffers a 
change in phase, equal to z, on reflexion at O, while there is no 
such change in the case of the other (cf. § 25-5). It is however 
impossible to adjust so that the two images are strictly parallel. 
They are, under the best circumstances, inclined at a small angle 
and intersect one another in an approximately straight line, 
O in Fig. 31-21 (6). When this line is in the field of view it can 
be recognized by using white light. It will appear as a dark 
line with a few coloured fringes on either side of it. Fringes 
can only be seen with white light when the difference of the 
optical paths of the interfering beams is very small. This is 
because each wave-length produces its own fringe system, and 
the separation of the fringes is the greater the greater the wave- 
length. The achromatic fringe, due as it is to the interference 
of beams which have travelled equal optical distances, marks 
the intersection of S’ and 8”, and is therefore practically straight. 
Hence the fringes in its neighbourhood are nearly straight. The 
appearance and curvature of fringes in this neighbourhood is 
illustrated in Fig. 31-21 (c). 

The instrument is adjusted to produce fringes with mono- 
chromatic light such as that of a sodium flame by using a point 
source of light, ie. by using a screen with a small hole in it. 
The hole in the screen admits light from a small portion (a in 
Fig. 31-21 (a)) of the bright surface. The inclination of one or 
other of the reflecting surfaces A or B is slightly altered, and 
the movable one is shifted by turning the screw, until a’ and a’ 
appear to coincide (absence of parallax). If, when the screen 
is removed, fringes are not already visible, a very slight further 
change in the inclination of one of the mirrors will cause them 
to appear. 

To make the adjustment for equal optical paths, mono- 
chromatic light is used to locate the short range of movement 
of the screw, which carries the movable mirror, through the 
region of approximately straight fringes from a point where their 
centres of curvature are on one side to a point where they are on 
the other side. White light is then turned on and the screw 
turned quite slowly through this range. The position of equal 
optical paths will be indicated by the sudden flashing out of the 
coloured fringes. The chief function of the compensating plate, 
C, is now explained. If it were absent, one of the optical paths 
would traverse the plate O twice, while the other would not 


1 Four images are seen; but the coherent pair a’ and a” can easily 
be picked out. 
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include any glass in its course. If therefore the two paths were 
equal for one wave-length, they would differ for others, and 
equality for all the wave-lengths, in the white light would be 
impossible. With the compensating plate each of the cohering 
beams travels the same distance through glass and through air 
and equality of optical path is achieved for all wave-lengths. 

It is easy to apply the method of § 30°6 and show that the 
intensity varies through the fringe system according to a law 
like (30°63). The bright fringes are therefore rather broad and 
the direct resolving power of the interferometer is very small. 
Two lines so far separated in wave-length as the D lines of sodium, 
which are easily resolved by an ordinary prism spectroscope, 
give rise to systems of fringes which cannot be seen separately. 
They may overlap so well as to present the appearance of a 
single fringe system. If however the path difference is varied 
continuously the fringes gradually get out of coincidence, till 
one set of bright fringes falls over and fills up the dark spaces 
between those of the other, thus producing almost uniform 
illumination. Thus the visibility of the fringes changes pro- 
gressively as the movable mirror travels. By studying these 
changes in visibility Michelson was able to disentangle the fine 
structure of many spectral lines. This variation of the visibility 
of the fringes endows the apparatus with an indirect resolving 
power of great magnitude—it is only limited by the precision 
with which the visibility can be estimated numerically. 


§ 31-3. VeLociry or THE AETHER RELATIVE TO THE EARTH 


The old view that light waves, or electromagnetic waves, are 
propagated by a luminiferous medium (aether), raised the question 
as to whether the earth in its motion carries along with it the 
aether which is round about it; or, if not, what is the relative 
velocity of the two. Michelson attempted to answer these 
questions by searching for small variations in the velocity of 
light, relative to the earth, in different directions. The interfero- 
meter just described was used for this purpose. It was mounted 
on a firm base which floated on mercury. It was thus possible 
to turn it so that its arms pointed in various directions without 
introducing any shift of the fringes duc to strain. Any de- 
pendence of the velocity of light on the direction would show 
itself by a shift of the fringes. Such a movement of the fringes 
was not observed, and Michelson concluded that the aether was 
carried along with the earth. This explanation, however, raised 
difficulties in another direction, namely in connexion with the 
phenomenon of the aberration of light. Michelson’s negative 
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result will be discussed in § 33-4 and in the description of the 
theory of relativity. 


§ 31:4. MEASUREMENT oF LENGTH BY CouNTING LIGHT WAVES 


To count the number of waves of a homogeneous source of 
light (the light of the cadmium red line for example) Michelson 
replaced the single mirror A (Fig. 31:2) by two etalons placed 
side by side. Each etalon consisted of two mirrors, both of 
them parallel to the position of the mirror A (Fig. 31:2) which 
has been replaced ; but one of them above the other as illus- 
trated by A and B in Fig. 31-4. The two etalons were placed 

side by side. In the first 

instance the surfaces of 
Z the lower mirrors A and 
| A’ were brought into 
coincidence by using 
white light fringes. The 
perpendicular distance 
AB of one etalon was 
Fie. 31-4 made as nearly as prac- 

ticable double the dis- 

tance A’B’ between the mirrors of the second etalon, so that in the 
first setting the mirror B’ would be in the position indicated in Fig. 
31:4. Both the mirror B (Fig. 31-2) and the two etalons can be 
moved by accurate screws. All these screws were arranged, by the 
introduction of an extra reflecting surface, to travel parallel to 
one another. Having brought the surfaces A and A’ (Fig. 31-4) 
into coincidence, the mirror B (Fig. 31:2) was moved back until 
it formed white light fringes with B’ (Fig. 31-4). The shorter 
etalon was then moved till A’ reached the position which had 
been occupied by B’, when the latter reflecting surface would 
be separated by a minute distance from the reflecting surface 
B. The number of wave-lengths contained in this small distance 
was determined by counting fringes with the cadmium light, 
each terminal position being determined, of course, by the 
observation of fringes with white light. If now the number of 
waves in the shorter etalon A’B’ has been previously determined, 
those in the longer one AB can be obtained, since the latter 
number will be twice the former, plus or minus the number 
which has been determined by direct counting. Michelson used 
etalons the lengths of which were 10 cm., 5 cm., 2-5 cm. and 
soon; the shortest being 0-39 mm. long. The number of waves 
in the last named was found by direct counting. This enabled 
the number of waves in the 0-781 mm. etalon to be found, and 
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so onwards till the number in the 10 cm. one had been found. 
Last of all this etalon was compared with the prototype metre 
by means of a comparator. For fuller details the work on 
interferometry by W. E. Williams may be consulted. 


§ 31:5. Tur INTERFEROMETER OF FABRY AND PEROT— 
LUMMER PLATE 


The interferometer of Fabry and Perot consists of two parallel 
glass plates, half silvered on their inner faces. Sometimes the 
distance between them can be varied by means of an accurate 
screw, and sometimes it is fixed (Fabry and Perot etalon). A 
beam of light passed through the pair of plates undergoes many 
reflexions at the half-silvered surfaces and the coherent multiple 
beams thus produced give rise to a system of interference fringes. 
We may regard the Fabry and Perot interferometer, and also 
the Lummer plate, as of the nature of an echelon grating with 
a vaguely defined number of steps—since each pair of internal 
reflexions brings about a phase change corresponding to that 
between the consecute steps of a transmission echelon; but 
the progressive loss of light at each reflexion introduces a feature 
which might be simulated by an echelon with a very large 
number of imperfectly transparent plates. 

The bright fringes produced by these interferometers are very 
narrow, compared with the separation between fringes of con- 
secutive orders. It is easy to find the reason for this without 
going deeply into theoretical details. Any portion of the incident 
beam is immensely broadened by the multiple reflexions and by 
(30-24) the angular breadth of a fringe is effectively determined 
by A/breadth. 

The Lummer plate closely resembles the Fabry and Perot 
instrument. In it the multiple reflexions are internal reflexions 
at the parallel surfaces of a glass plate. It is therefore not 
possible to alter the perpendicular distance between the reflect- 
ing surfaces. It has the advantage that the angle of reflexion 
in the glass can be acljusted to approach very closely to the 
critical angle, and very strong reflexion can thus be attained ; 
but on the other hand it is very difficult to get a piece of glass 
with the optical homogeneity which is essential, and there is also 
the disadvantage of the absorption in the glass. 

It is easy to find a suitable expression for the separation di, 
between two adjacent orders N and N +1. 

Let uw be the refractive index of the medium between the 
reflecting surfaces of the Fabry and Perot interferometer (or of 
the glass of the Lummer plate). If the angle between the 
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direction of the beam in the medium and the normal be 6, the 
path difference is easily seen to be 2utcos 6. Therefore the 
Nth order fringe must conform to the equation 


NA =2utcos6,. . . . . (31:5) 
where ¢ is the thickness of the medium, and consequently 
A=—2utsn0d0,, . . . . (31-51) 


where dO, is the angular separation of fringes of consecutive 
orders. The difference, dA,, in wave-length, corresponding to 
d@, is obtained by differentiating (31-5) 

Nda, = 2duot cos 6 — 2utsinO dO, . . (31°52) 
where du, is the change of refractive index corresponding to 
diy. We may write (31:52) in the form: 


Ndi, = diay 4 cos 8 + A, 


d 
by (31°51). Therefore 
= iV = COS 0 
dA 
= e 


au 
rT? _ 9k 
Nd Ti At cos 0 
and finally, by (31-5) 
diy = a . . (31°52) 
2t cos 6 (a — Ae 
cos (1 i) 


In the case of the Lummer plate @ is very near the critical angle 
of the glass; but with the Fabry and Perot instrument it is 
nearly zero, and Adu/ddA is negligible by comparison with y, 
which is approximately unity, so that (31-52) becomes 


(31-53) 


to a sufficiently close approximation. 


§ 31:6. BrewsreEr’s FRINGES 


Imagine two Fabry-Perot interferometers, or etalons, to be 
placed in series, i.e. to be placed one behind the other, so that 
a beam of light can pass in succession through both of them. 
Let us further suppose that one has exactly twice the thickness 
of the other. Under these circumstances coloured fringes are 
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produced when white light is used. These are known as 
Brewster’s fringes. The way in which they are produced is 
illustrated in Fig. 31:6. A portion of the light coming from 
some point on the source may be reflected 
at A and B in the first etalon, and then 
pass straight on through the second one, 
while another portion of it may pass through 
the first etalon and be reflected in the 
second one at the points D, H, F and G; so 
that the two paths ABC and DEFGH are 
equal. 

An alternative method of finding the 
number of wave-lengths of very homogeneous 
light waves (such as those of cadmium red 
light) in the prototype metre was used by 
Fabry, Perot and Benoit. A number of 
etalons were placed in series. In order of 
length these were 6-25, 12-5, 25, 50 and 100 
cms. They might have been made so that 
each was exactly double the length of its 
immediate predecessor, by using Brewster’s 
fringes. To avoid the great trouble of doing 
this directly, thin half-silvered air wedges 
were added to one or the other by suitably 
placed mirrors. The number of waves in : 
the shortest etalon is equal to an integer Fie. 31-6 
plus some fraction. This integer can be cor- 
rectly found from the known value of the wave-length of the light 
under investigation, and the fraction can be found by measuring 
the angular diameters of the circular fringes. Any possibility 
of error may be eliminated by calculating the fractional parts 
to be expected with other known wave-lengths, and testing 
whether they are in agreement with observation. Now knowing 
the number of waves in the shortest etalon, we get the number 
of the next one by multiplying by two and adding or subtracting, 
as the case may be, the number in the equalizing air wedge. 
Finally the number contained in the longest etalon (as near as may 
be one metre in length) is found, and by comparing this with the 
prototype metre the number of waves in that may be determined. 
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CHAPTER XIII 
HUYGENS’ PRINCIPLE 


§ 31:7. OriatmnaL Form oF Huyaerns’ PRINCIPLE— 
FRESNEL’S [MPROVEMENT 


ch explanation of the rectilinear propagation of light 


in a homogeneous medium was the main obstacle in 

the way of the general adoption of the undulatory 
theory. To account for it Huygens enunciated the principle 
named after him. In its original form it asserts that each point 
on a wave front may be regarded as the source of a secondary 
wave, and that only the surface which envelops the secondary 
wave surfaces can produce appreciable effects. So stated the 
principle does in fact lead to rectilinear propagation. It also 
leads to the correct laws of reflexion and refraction, and to 
the correct relationship between refractive indices and phase 
velocities. The principle was improved by Fresnel, who appreci- 
ated that the interference of the elementary or secondary waves 
with one another not only renders Huygens’ assumption about 
the enveloping surface unnecessary ; but explains the diffraction 
phenomena which are observed when a beam of light is limited 
by the boundary of an aperture or of an opaque obstacle, and 
the observed fact that rectilinear propagation is only a limit 
approached as the wave-length gets smaller and smaller by 
comparison with the dimensions of the lenses, apertures, or the 
region under examination. 

Huygens’ principle in its original form leads to a propagation 
backwards towards the source, and Fresnel’s improvement does 
not get rid of this weakness. Fresnel’s theory also introduces 
an error of 2/4 in the phase of the luminous vibrations. 


§ 31:8. Rigorous Form or Huya@ens’ PRINCIPLE 


Huygens’ principle expresses, or attempts to express, the 
luminous disturbance at a given point (O in Fig. 31-8) as a sum 
of contributions from the elements of a surface, S, which we 
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may suppose to surround O. If there be such an expression, 
it must be obtainable from the wave equation : 

Ore, 2 

ot vVVren - «~~ (318) 
and the two associated equations, in which €,, €, and €, are 
the components of the electric field intensity (or of the electric 
displacement) and vy is the phase velocity. We are assuming, 
of course, a homogeneous and isotropic medium. We can, in 
fact, express the solution of (31°8) in the form of a surface 
integral by means of (27:55). In the latter formula there is a 
volume integral due to 
the electric density, p. 
This integral is absent 
in the problem before us, 
owing to the absence of 
the corresponding term 
in the differential equa- 
tion (31:8). We shall 
use rectangular co-ordi- 
nates and place the 
origin at O. We then Fig. 31-8 
have, by (27°55), for 
Eo,002 ie. for the electric intensity at the origin, O, at the 
instant, 7: 


i 
EY ie 
Lecipae Gm” ar | 
*090: == =s- =. oa a é - — Ta pas d , e. : 
Cosas o% altcka f én | or 5i || reo Ame en) 


in which dS is an element of the surface, S; r is the radius 
vector from O to the element, dS, and n is the outward normal. 
The integration is extended over the surface, S. If now the 
point source at o consists of harmonic vibrations with the period, 
t, the electric intensity at a point, p, on the surface can be 
expressed by 


may ie 2 7) -.. (31-82) 
ry T 


where a is the amplitude at the unit distance from o and 1, is 
the distance from o to p (cf. § 9-1). Now 


0€ 0€ oar, 


on Or, On’ 
therefore 
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We shall assume 4 to be very small by comparison with 7, and 
remember that or,/dn = cos (n,7,). Therefore 

= = = cos (”, 7,) sin 2a « _- 7} 
Now the significance of the brackets [] in (31°81) is that ¢ is 
replaced by t —r/v. Therefore 


E — = cos (n, 7,) Sin 2a = ales - . . (31°83) 
Similarly, 
1[a€ lor 2.700, ee LC rit? 
tN Se 5 1 PIS Zi - —_— —— }. 1°84 
oleae ee cos (n, 7) sin a(« 7 ) (3 ) 


The middle term in (31-81) can be neglected when A<< 1y, 
and therefore we obtain, on substituting (31°83) and (31°84) 
in (31°81): 


E 6 oot =o | a Fi) CORNET) ) 2n( TEE Nas, 185) 


2A rir 


This is Huygens’ principle in the rigorous form first given by 
Kirchhoff.1 Itis free from the defects in the earlierforms. There 
is, for example, no backward propagation to O from the element 
at a (Fig. 31-8), since for this element cos (n, 7,) = cos (n, 7). 
The phase at O is also correctly given, since by (31°82) we must 


have at O 
cos 27 (- = "), 
T A 


while the integration in (31°85) transforms 


sin 2n(t/t — (7, + 7r)/A) 
into cos 2a(t/t — (r; + 1r)/A). 


€ = 


rT, +7 


§ 31-9. APPLICATION TO A RECTANGULAR APERTURE 


Imagine an infinitely extended plane screen with a rect- 
angular aperture in it of length and breadth A and B respectively. 
Further, suppose a point source, like that in the last section, 
situated on the straight line or axis, through the middle point 
of the aperture and perpendicular to the plane of the screen. 
We shall study the case where the point source is very distant 
from the aperture, and inquire about the amplitude and in- 


1G. Kirchhoff: Vorlesungen tiber Mathematische Optik. 
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tensity of the light at a very distant point on the straight line 
which passes through the centre of the aperture, and makes 
the angle 6 with the axial direction. We may therefore regard 
the incident beam as a parallel beam. The phenomena of the 
diffraction of parallel beams are sometimes termed Fraunhofer 
diffraction phenomena, while other diffraction phenomena are 
termed Fresnel diffraction phenomena. We shall not deal 
at all with the latter, but refer the reader to Drude’s Lehrbuch 
and to the other works mentioned at the end of this chapter. 

In the problem before us, the integration of (31°85) is ex- 
tended over the area of the rectangular aperture and is simplified to 


a5 ae tie ; 
e=—f + 008 6) {{ sin anf : )as, (31-9) 


since cos (n, 7,) = — 1, and cos (n, r) = cos 6. Our task is to 
find the amplitude and intensity, ie. € and &7, when 7 and 7, 
are very great. We may write (31°9) in the simpler form : 


E = a’ { {sin on (- = thas, -, (31-91) 


where a’ = —a(l+cos6)/2A.. . . . (31.911) 


It is convenient to replace r by r, +7, where 7, means the 
distance from the centre of the aperture to the point where we 
are calculating the intensity. Equation (31°91) may therefore 
be written : 


E€ =a’ sin 2x ke ee | cos mae I 
Tt A A 


— a’ cos 2x io sa | [sin ann ig 
T A A 
If we write 
C= | eos a ds, 


(31-92) 
D= | | au si dS, 


we have for €: 
E = a'C sin 2n eee ea — a'D cos 2x Tm esd 
t A T A 
Therefore 
€ = Va®0? + aD? | sin 20 (~ — tte _ $) _ (31-93) 
where tan ¢ = D/C. 
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We shall use the letter x for distances measured across the 
aperture parallel to the length A, and the letter y for distances 
measured parallel to the breadth B. In both cases we shall 
measure from the centre of the aperture, so that x varies from 
— A/2 to + A/2, while y varies from — B/2 to + B/2. In 
fact we may imagine rectangular co-ordinates with the origin 
in the centre of the aperture and the X and Y axes parallel to 
its length and breadth respectively. Now if p be the distance 
of any point in the plane of the aperture from the central point, 
the corresponding value of 7 (in 31°92) is clearly 

r = psin 0, ) 
while (31°94) 
p =X COS E 4- y cos 7, } 
where « and 77 are the angles between the direction of p and of 
the X and Y axes respectively. Obviously then 


r= Ue + vy, 
if 
jt = sin 0 cos €, ) 
and (31-95) 
y = sin 0 cos 7. 
Finally we may replace dS by dxdy. Substituting in (31-92) 
we get On 
C= | [eos > (ue + vy)dx dy 
. . (31:96) 
D= | {sin = (quar + vy)da dy 
Thus, on expanding the coszne and sine, we get 
a ZTE MH 2TvY 
C= | eos 7 ae da dy, \. _ (31-961) 
D= 0, 


since the integrals containing the sine of 2aux/d, or of 2nvy/A, 
vanish. We easily find for C: 


, 


sin TA sin mB 
a A A 


S2/5# 
A R 


and the required amplitude, namely Val?C® + a’2D? | , is 


a ’ ae) 
sin nar 


ABa' mee | ay B i . .« . (31°97) 
A A 
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in which a’ is numerically equal to a’ in (31:91). When A is 
very great the aperture becomes a slit and we meet again the 
case of § 30-2. The factor sin (auwA/1)/(auA/A) can now only 
differ from zero if ~A approaches zero as A becomes very great, 
in which case it has the limiting value unity. Consequently 
j= 0 and therefore, when sin 6 differs from zero, cos « = 0 and 
cos 7 = 1, by (31-94). In these circumstances p = y, v = sin 0 
and 7 =ysin@. Thus the amplitude becomes 


7¢ sin =) 


ABa 2 sinbB ° e . ° (31-98) 


A 
and the first dark fringe appears where 
asin$d.B/A =n, 


or 
sin 0 = 4/B, 


in agreement with what we found in § 30-2. Moreover, accord- 
ing to (30-21) the resulting phase is that of the light which 
passes through the central part of the slit. We find the same 
thing again here, since tan ¢ = D/C = 0, on account of D = 0, 
and we may zeplace ¢ in (31:93) by zero. The present theory 
is, however, more complete than that of § 30:2, because we 
have found an expression for the factor a@’AB in the amplitude 
which is valid for any angle, 0. Kquation (31-911) shows that 
it is sensibly constant for small values of 0, as we assumed in 
§ 30-2. In the special case where 0 = 0, 7 in (31°92) is zero, 
and consequently C = AB and the amplitude becomes a’AB. 


§ 32. BaBinet’s PRINCIPLE 


When the wave-length in a beam of monochromatic light 
which passes through an aperture, A, in an infinitely extended 
screen, is exceedingly short by comparison with the dimensions 
of the aperture, the illuminated surface of a second screen on 
which the light falls after passing the aperture will be limited 
by an almost sharp boundary, beyond which will be almost 
complete darkness. The boundary will be all the more sharply 
defined, and the darkness the more complete, the shorter the 
wave-length by comparison with the dimensions of A. This 
can be proved at once for a rectangular aperture by observing 
that (31:97) approaches zero when 4 approaches zero except 
when @ is zero, and for an aperture of any shape by the use of 
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equation (31-9) (cf. § 28-2), If, however, portions of the area, 
A, be occupied by opaque screens, diffraction effects may be 
produced in the previously dark region, since the wave-length 
may now no longer be very short by comparison with the dimen- 
sions of the screens or of the resulting apertures. Babinet’s 
principle asserts that these diffraction effects will be identical 
in all respects with those which result when the parts of A, 
previously occupied by opaque screens, are made transparent 
and the remaining, previously transparent, parts made opaque. 
This may be proved in the following way: In the first case the 
intensity at any point in the region of the geometrical shadow 
is proportional to 
C1? a D ie 

where C, and D, have the meanings explained in § 31-9. 
Similarly, with the complementary screens the intensity at such 
a point is proportional to 


C,? + D,?. 


Now with the full illumination, i.e. with the whole aperture, 
A, open, the intensity at the same point will be proportional to 


(Cy + C)? + (Dy + D2), 


and this must be equal to zero, as we have seen. Being made 
up of two positive terms, the expression can only vanish if each 
term separately vanishes. Therefore 


C, = — C,, 
D, = — D,, 


and thus 
Ci + D? as Ce + DD, 


and the principle is established. It is important to notice that 
its validity is limited to cases where, with full illumination, i.e. 
with the complementary apertures both open, there is complete, 
or practically complete darkness. 
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CHAPTER XIV 


PROPAGATION OF LIGHT IN CRYSTALLINE 
MEDIA—POLARIZED LIGHT 


§ 32-1. PHasz VELociItTy oF PLANE WAVES 

E learned in § 25-4 that the phase velocity of a plane 
wave in an anisotropic medium is governed by the 
equation 


12 m? n® 
vy? — q? a 


==.) 


in which /, m and n are the direction cosines specifying the 
direction of propagation, and a, b and c are the principal velocities 
defined by (25-441) and (25-442). If the equation be written 
in the form : 


(2(y2 — b?) (v? — c?) + m?(v? — a?) (v2 — c?) 
+ n?(v2 — a?) (vp? — b?) =0,. . . (32-1) 


it will be seen to be quadratic in v?, so that there are two values 
of v2 for a given direction (J, m,n). For each value of v? we have, 
of course, two numerically equal values of v, a positive and a 
negative one. The significance of this is simply that a plane 
wave travels with the same velocity, whether travelling in the 
direction (/, m, ) or in the opposite one, and we shall ignore 
the negative value in what follows. Let us first investigate 
-velocities in directions perpendicular to the X principal axis, 
i.e. in directions for which! = 0. Equation (32:1) now becomes 


(v2 — a?) (v? — m?c? — n*b?) = 0, . . (32°11) 
since m? + n? = 1, and we infer that a plane wave is propagated 
in every one of these directions with the velocity a. We have 
met with this plane wave already in § 25-4. It is associated 


with vibrations (displacements) parallel to the X principal axis. 
The remaining factor in (32-11) gives the velocity 


v = Vmic? + n*b?| = Vc? + nb? — c2)|; . (32°12) 
19 289 
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so that in directions perpendicular to the X principal axis plane 
waves are propagated with velocities which range from c to b 
according to the value of n. When » = 0 (Y direction), v = c, 
and we have a plane wave in which the displacements are parallel 
to the Z principal axis; when n = 1 (Z direction), v = b and 
the direction of displacement is parallel to the Y principal axis. 
The direction of displacement in the general case will be investi- 
gated in § 32-6. We may say then, in general, that a plane 
wave, on entering a crystalline medium, splits up into two plane 
waves which travel with different velocities, each of which is 
associated with a definite direction of displacement. 

We may deal similarly with the groups of directions associated. 
with m = 0 and n = 0. The former calls for special attention 
because the principal velocity, b, of plane waves, the direction 
of displacement in which is parallel to the Y principal axis, is 
intermediate in value between a and c. The two velocities in 
a direction perpendicular to the Y axis are 


v=b and v = Vna? + Pe?|, =. =. (32°13) 


and therefore there are directions for which the two values of v 
are identical, namely 


my = 0, oy. (32°14) 


The two lines or directions thus determined are called the optic 
axes of the medium. Obviously when a? = b?, or when b? = c?, 
they coincide; as is otherwise evident when we make a = b, 
for example, in (32-1), which then becomes 


(v? — a2) {o® — c? + m2%(c2 — a®)} = 0, . . (32*15) 


and it is clear that both velocities are equal to a when n = 1. 
Iceland spar and quartz are examples of uniaxial crystals, or 
crystals in which the two axes coincide. In the former b = c, 
i.e. the two smaller principal velocities are equal, while in quartz 


a=b. 


§ 32-2. THe Wave SurFAcE—Rays IN CRYSTALLINE MEDIA 


When monochromatic light waves are generated at a point, O 
(Fig. 32-2), a wave crest created there travels outwards in all 
directions and the points reached by it in the unit time constitute 
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a locus called the wave surface. It is obviously a spherical 
surface in the case of homogeneous isotropic media, and there is 
an alternative way of regarding it, whether we are dealing with 
isotropic or anisotropic media. Any small part of it may be 
thought of as part of a plane 

wave which touches the wave 

surface at the point A, where g 

the surface and the plane 


coincide. The length of the ur o 
perpendicular from O to the 7 
plane is equal to the wave 0 
velocity, v, in the direction Fra. 392 


of the perpendicular. Conse- 
quently the wave surface is the surface which envelopes or is 
touched by all the planes 


atymten=v, . . . . (32-2) 


each plane being determined by the direction cosines (1, m, 7) 
and the length, v, of the perpendicular from the origin. We 
shall call the radiz vectores rays and the length, 7, of each one, 
the ray velocity. It may be pointed out that the rays are rays 
in the sense of § 28-2 when the conditions appropriate to 
geometrical optics are satisfied. The angle, ¢, between the 
direction of the ray and that of the propagation of the plane 
wave is determined by the equation 


cosdé =v/r. . . . . » (32°21) 


§ 32:3. EQuaTION OF THE WAVE SURFACE 


Since the wave surface is the surface touched by all the planes 
(32:2) we may regard any point (x, y, z) on it as the point of 
intersection of (32-2) and all its neighbouring planes the equation 
of any one of which may be written : 


a(t + dl) + y(m + dm) + 2(n + dn) =v + Ov. 
Consequently for a given point (x, y, z) on the wave surface 
xdl + yém + 26n = dv... « «. « = (32°3) 
Now the variations 61, 6m, 6m and 6é6v cannot all be chosen 
arbitrarily, on account of the relationships 
1? + m? 4- n*? = 1, 


i? m? ii no 
yp? — a2 v2 — b? yp — Se este 
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They are consequently subject to the conditions : 


l6l + mim + nén = 0, 
Lél mom i non = nha (32-301) 


where 
[? m? n 
=} + — _..__.. (82°31 
K (v2 ea a*)? q (v? == b?)? cg (v? a C*)? ( ) 
If we multiply (32:3) by — Kv and the first of the equations 
(32-301) by an undetermined factor, A, and add them to the 
second equation (32:301), we get 


l terms containing\ _ 
(Al — Kor + =") 61+ ("Gm and an) = ° 


We get rid of the term containing 61 by choosing A, so that 


Al — Kow + =0, . . . (32°32) 


vy? — a? 


and since 6m and dn in the two remaining terms are arbitrary, 
it follows that 


Am — Koy + a = 
(32:321) 
nN 
qe —— C2 


An — Kvz + 


If we now multiply equations (32-32) and (32°321) by t, m and 
n respectively and add, we find 


A—Kv?=0, . . . . « (32:33) 


in consequence of (322). On substituting this value of A in 
(32°32) and (32-321) we get 


l 
K = — —____ 
v(x — vl) oa cae 
m 
n 


and on squaring these and adding : 


Ker? —v?)=1,. 2. . . . (32°35) 
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in which r? = x? + y? + 2%. If we now substitute the value of 
K given in (32°35) in equations (32°34) we obtain 

a—vb wl 

r2 — 72 v2 —Q2 


and two similar equations. Therefore 


= ee ys... (3236) 


On multiplying by x, y and z respectively and adding, we find 


2 y? 22 
—_— es ee . - “(32°37 

os a pn a ee ( ) 
which is the equation of the wave surface. If we replace the 
left-hand side by (a? + y? + 2?)/r?, we see that this equation 
may be written in the form: 


ata =0 © © (32371) 


§ 32-4. RercrpRocaAL RELATIONSHIPS BETWEEN WAVE 
VELOCITY AND Ray VELOCITY 


We may obviously express Fresnel’s equation (25°48) in the 
form : 


2&2 2 2-2 
Sate, eg 82S) 


where a, ® and y mean the reciprocals of a, b and c respectively ; 
&,7 and ¢ are wi, wm and wn respectively, w being the reciprocal 
of v. Similarly if 2, uw and » are the direction cosines of a ray, 
and if p means the reciprocal of r, we may derive from (32°371) 
the following equation : 


A? pe yp 
oe et ee (32-41) 


which is the exact analoguc of Fresnel’s equation, and which 
shows that the reciprocal of the ray velocity is the same function 
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of the direction and of the constants a?, B? and y? that the wave 

velocity is of the direction and the constants a?, b? and c?. 
Equation (32-4) is clearly the equation of a surface, identical 

in shape with the wave surface. Each of its radii vectores repre- 

sents the reciprocal of v? (the square of the wave velocity) along 

its direction; while each radius vector of the wave surface 

represents the square of the ray velocity along its direction. 
And since by (32°21) 


r COS ¢ = 2, 
we see that w and p are connected by 
wcosd=p. . . . . . (32:42) 


It follows that we may regard the surface (32-4) as the envelope 
of all the planes 
AE+yn+rvg =p . . . . (32°43) 


Kach section of either of the surfaces, (32°371) or (32-4), 
by the principal planes, X = 0, Y = 0, or Z =0, consists of a 
circle and an ellipse. In the 
case of the section by Y = 0 the 
circle (the radius of which is equal 
to B or to b as the case may be) 
and the ellipse cut one another, 
the points of intersection, a, 6, c, 
d, in Fig. 32-4, determining the 
directions of the optic axes in 
the case of (32-4) and those of 
the axes of single ray velocity in 
the case of the wave surface. 
Kach radius vector drawn in any 

Fic. 32-4 other direction cuts the surface 
(32°4) twice in accordance with 
the fact that in a given direction (other than that of an 
optic axis) there are two wave velocities, and each radius vector 
of the wave surface cuts it, in general, twice: in a given 
direction there are two ray velocities. Further, any direction 
of plane wave propagation is associated, in general, with two 
rays of different velocities and directions represented by the 
radi vectores from O to the points of contact of the wave surface 
and the corresponding planes. A single incident ray therefore 
gives rise to two rays in a crystal (double refraction). In the 
case of a uniaxial crystal one of the rays obeys the ordinary 
laws of refraction, i.e. the laws characteristic of an isotropic 
medium, since the corresponding part of the wave surface 
(cf. 32°15) is a sphere of radius a or c as the case may be. 
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§ 32:5. ConICAL REFRACTION 


Kach of the points a, 6, c, d (Fig. 32-4) is the apex of a conical 
depression in the outer wave surface. At such a point there is 
an infinite number of tangent planes. Consequently a direction 
of single wave velocity (optic axis) is associated with an infinite 
number of rays. The directions of these are represented by the 
normals to the tangent planes at one of the points a, b, c, d of 
the surface (32°4). A tangent plane to (32°371) representing a 
single wave velocity is described by the equation 


Lox + ny =b, 


where J, and 7, have the values (32°14), and it touches the wave 
surface (32-371) in a closed loop, which, we shall see, is a circle. 
The radi vectores from O to the points on this circle represent 
the ray velocities in direction and magnitude. The associated 
phenomenon is called internal conical refraction. 

If we multiply (32°36) by J, m and n respectively and add, 
we obtain 

al ym zn 


+ ie a), 


y2 — gq? r2 — b?2 y2 — C2 


On substituting for 7, m and nm the values (32°14) appropriate 
for an optic axis we get 


xl, ZN » 
ye — a re __ C2 


= 0 


b) 


or 
4? (aly + 229) = CU pu + a2noz. 


But zl, + 2n, =—b; therefore 


(32:5) 


This is the equation of a sphere through the origin, and since 
the points of contact are on a plane, namely on J,7 + n oz = b, 
as well as on the sphere (32:5), they lie of a circle. It is easy 
to see that the radi vectores, from the origin to the circle of 
contact, form the cone 


b’r? = (cla + a?nmoz) (oe + Moz). . . (32°51) 


The reciprocal case of external conical refraction can be 
dealt with in precisely the same way. 
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§ 32-6. THE DrREcTION or THE DISPLACEMENT 
It follows from (25°47) that 
b2 rae a2 
— Bl = Gln ——_—__-____— 
am — pl ae — y2) (b? — v2)’ 


when «, | B and y are the direction cosines of the displacement 
in a plane wave travelling in the direction (1, m, n), and G’ is 
defined by (25-462). Now by (32:36) we have 

__ un(r? — Cc?) 

— r(v® — C2)? 
since 2 =rv; hence 
G’vlmn {(r? — c?) (b? — a?)} 


"tam — Pt) = sige — a) (@® — bY) (wef) 


We can, in a similar way, or merely by a cyclic interchange of 
the symbols in the last equation, obtain expressions for A(8n —ym) 
and u(yl — an). On adding we find that the sum 


A(Bn — ym) + w(yl — an) + v(am — fl) = 0, 
Or 
X, B, 
lLmn|=0.. . . . . (32:6) 


A, Bp; 


According to (2:16) this is the condition that the three vectors 
(x, B, vy), (1, m, n) and (A, uw, v), if represented by lines drawn 
from the origin of co-ordinates, are in the same plane. Thus 
the normal to a tangent plane of the wave surface, the radius 
vector to the point of contact and the direction of displacement 
in the corresponding plane wave are co-planar. 


§ 32:7. DISPLACEMENT IN PLANE WAVES TRAVELLING IN 
THE SAME DIRECTION 


In a given direction (J, m, n) two plane waves are propagated 
with velocities which we may call v, and v,. Let us represent 
the direction cosines of the displacements in these waves by 
(x1, Bi, v1) and (a., Bs, y.) respectively. From (25-47) we have 


ee, a os GP 
me (v4? _ a?) (v,2 __ a2)’ 
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The cosine of the angle, «, between these two directions is 


COS E = Oh, + BiBo + Viv. = G1'G, X 
[2 m? n? 
asl inet pred neat, aera 
(v,2—a2) (v.2—a?) | (v,2—b?) (v.2—b?) | (v,2—c?) (v,2—c?) 
or 
G.'G.’ [2 m2 n? 
Os =) ered ee eee See Ve 


i? m? n? 

Gas at v2—b? F saa) 
So long therefore as v,2 ~ v,’, i.e. for any direction other than 
that of an optic axis, cos e = 0 by (25°48). The two directions 
of displacement are therefore at right angles to one another. In 
the special case of single wave velocity, i.e. when (J, m, 1) repre- 
sents an optic axis, every direction perpendicular to (J, m, n) is 
in general a possible direction of displacement ; since in this case 
there is an infinite number of ray directions, each of which, by 
§ 32°6, determines a direction of displacement. 


§ 32:8. DIRECTION OF THE DISPLACEMENTS ASSOCIATED WITH A 
GIVEN Ray DIRECTION 


According to (32°36) 


and since x = 7A, 
rA oA 
(asa eee eS 8 (32-8) 
by (25-47). 

In general each ray direction is associated with two directions 
of plane wave propagation, and consequently with two directions 
of displacement, (a1, /1, y1) and (%2, Bs, ye). Tf we call the angle 
between these, w, 


cosw = 4,%4, +8, 8B, +71 V2 
and therefore, by (32°8) 
, ’ 2 
wun Ve ee eS 
(7? ) 


V1Ve 
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This may be expressed in the form : 


cos w = JG Ga (sa 7 ie creme ) 


V1V2.(7o2—71,") r,7?—a? r72—b? r,"—C? 


and therefore 


VyW(T."7 — Ty?) ir? or? 
= é ) (=: ): - oe... (3281) 
Vir] \Vele 
Now we have from (25-47) by squaring and adding : 
] [? m n* 


G2 (v? — a?) ay (v2? — b2)2 a (v2 — 2)? 
and therefore G’? = v?(r2 — v?), by (32°35). On substituting 
this expression for G’ in (32:81) we obtain 


y.2\ 1/2 y.2\ 1/2 
cosw =f 1 —— La.) 4 
ry? Tor 


cos W = sin $,.SIN da, . . . . (32°82) 


¢, and ¢, being the angles between the direction of the ray and 
those of the normals to the respective tangent planes to the 
wave surface. 

In the special cases where the ray coincides with one or both 
of the directions of the associated wave velocities, ¢, or d, or 
both will be zero and the angle, w, in consequence a right angle. 


and finally 


§ 32-9. RovraTiIoN oF THE PLANE oF POLARIZATION 


Certain media, among them both crystalline media, e.g. 
quartz, and isotropic media, e.g. cane sugar (dextrose) and 
laevulose, cause the plane of polarization of a beam of plane 
polarized light to rotate. If, for instance, the plane of polariza- 
tion of a horizontal (parallel) beam, before its entrance into the 
active medium, were horizontal, it would be inclined, in the 
emergent beam, at an angle to the horizontal proportional to the 
distance traversed in the medium. For the rest the amount of 
the rotation is determined by the nature of the medium; for 
example, by the concentration in the case of a sugar solution. 

The immediate cause of this rotation, as experiment shows, 
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is the splitting of the incident beam into two circularly polarized 
beams which travel with slightly different velocities. A right- 
handed circularly polarized beam, i.e. one in which circular 
displacement is related to the direction in which the wave travels 
in the same way as the rotation of an ordinary screw is related 
to the direction in which it travels, can be described by the 
equations : 


7) 
ed 

Sy = A cos o( = =). 
0) 


The wave is travelling in the Z direction with the (phase) velocity, 
v; Ais the amplitude ; s, and s, are the X and Y components 
of the displacement in the wave and 1 is the period. A beam 
of the same amplitude and frequency, but circularly polarized 
in the opposite sense and travelling in the same direction with a 
slightly different velocity, v’, will be represented by 


8, = A cos a(t meg i). 
(32:9) 


, g Tt 
s, =Acosa(t—— ——), 
v 4 


(32-901) 
j z 
Vv 


Let us write 
(32°91) 


These two waves constitute, in virtue of the principle of super- 
position, the single plane wave 


S, =8, +8, =2A cos FS cos $F ae 
. (32:92) 
Sy =8, +5, = 24 cos 2+ # cos 2 # 


If we define an angle, ¢, by 


or pe o( es = )e/2 4+m/2, . . « (32-921) 
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we may write equations (32:92) in the form : 


S, = 2A cos € cos oft — A(- +. >) 
(32°93) 
S, = 2A sin eé cos alt — (- -+ >} 


It is seen that the resulting wave has an amplitude, 2A, and 
the resulting displacement is along the straight line which makes 
the angle, ¢, with the X axis. This angle varies with 2, ice. 
with the distance traversed in the active medium, in the way 
shown by (32-921). The velocity of the wave is, 2vu'(v + v’), 
in accordance with (32:93). 

The two oppositely circularly polarized beams may be due, 
as in the case of sugar or quartz, to peculiarities in molecular 
structure ; but they can also be produced by a magnetic field. 
For more complete information the reader is referred to Drude’s 
Lehrbuch ; we shall only mention here one interesting difference 
between the two types of rotation. When the rotation is due 
solely to the peculiar character of the molecular structure, it is 
reversed and annulled when the beam is reflected and caused to 
re-traverse the medium in the opposite direction; when the 
rotation is due to an external magnetic field in the direction of 
propagation, it is continued, and consequently doubled, when 
the beam is caused to re-traverse the medium in the opposite 
direction. 
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CHAPTER XV 


GENERAL QUESTIONS CONCERNING THE 
PROPAGATION OF LIGHT 


§ 33. AssoLUTE MEASUREMENTS OF THE VELOCITY oF LIGHT 
GIVE THE GROUP VELOCITY 


NY method of measurement in which the distance 
A traversed and the time required are observed, must 

give the group velocity. The observer has no means 
of taking note of a wave crest as it travels through some measured 
distance, and even if he had such a means it would be of doubtful 
value for obtaining the phase velocity, because of the limited 
range through which an individual crest travels between the 
instants of its creation and vanishing. Quite apart from the 
fact that the phenomenon (e.g. the eclipsing of Jupiter’s satellites) 
or the apparatus used (Fizeau’s toothed wheel or Foucault’s 
rotating mirror) breaks up the light into trains of waves, i.e. 
into groups, the very processes of emission in the source of light 
do this; and when the phase and group velocities differ, crests 
and troughs will be continually produced at one limit of the 
group and destroyed at the other. The observer can only take 
note of the group. 

In empty space,! or in any non-dispersive medium, the two 
velocities are identical and the distinction between them is not 
of practical importance. This follows from the expressions 
obtained for the two velocities in § 9°3. The group velocity 
is expressed by 


v = d(1/r)/d(1/A), 
or 


a me a Se oe 188) 


1 We use the term ‘ empty space ’ for a region which has been exhausted 
by @ pump, or for a region which is empty in the same sense; so that, if 
not actually empty, it is occupied solely by the hypothetical aether. 
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The phase velocity, «, is of course represented by 


u = A/t, » oe. ee 6s) 6(33°01) 
and when there is no dispersion, 
u = di/dt, 
so that in this case 
“a _2 
dt 


Substituting this in (33) we find 
US h/t Sa 


Bradley’s method, based on the measurement of the angle of 
aberration of the light from a star, has features which place it 
in a category by itself, and cannot be completely discussed until 
we deal with the theory of relativity. But if the intervening 
medium were dispersive the angle of aberration would yield the 
group velocity. 


§ 33-1. Tur AETHER 


The conception of a luminiferous medium, or aether, occupy- 
ing ‘empty ’ space and penetrating materials as well, has played 
a great and useful part in physical theories in the past, and very 
naturally experiments of various types have been devised and 
carried out to observe it, as we might say, and to measure its 
velocity relative to material bodies. The most significant of 
these was Michelson’s experiment (§ § 31°3 and 33:4), the pur- 
pose of which was to detect and measure suspected slight varia- 
tions of the velocity with direction. The expected result was 
of the order of magnitude of v?/c?, compared with unity (a 
second order small change) v being the velocity of the earth or 
of the observer relative to the aether. The result was negative. 

Another type of experiment which yields a positive first order 
result was carried out by Fizeau in 1851, and confirmed later 
by Michelson and still more recently by Zeeman. It was origin- 
ally devised to test a prediction made by Fresnel more than 
thirty years earlier. The significance of these experiments will 
be discussed in the following sections. 


§ 33:2. FRESNEL’S CONVECTION COEFFICIENT AND FIZEAU’S 
EK.XPERIMENT 


About the year 1818 Arago demonstrated experimentally 
that the laws of refraction of the light from the stars were un- 
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affected by the motion of the earth. It is instructive to examine 
this result in the light of Fermat’s principle (§ 28:4). Imagine 
a ray of light to start from some point A (%, ¥;, 2,) and, after 
travelling some distance in empty space, to be refracted at a 
plane surface, at the point (x, y, z), and finally to reach some 
point B (x2, ye, 2.), as in Fig. 28-5. The plane surface is that 
of a transparent material medium travelling with a given velocity, 
v.41 The laws of refraction are, by hypothesis, not affected by 
this motion. Let us for convenience assume 6 is a definite 
point in the material medium and by hypothesis moves with it. 
We shall for convenience imagine A also to move with the 
velocity v. 

The axes of co-ordinates are fixed relatively to the moving 
medium. If 7 be the time required by a wave crest to travel 
from A to B, the path chosen by the light is such that 


6f =0. . . . .).) . (332) 


In order to obtain an expression for 7’ we must use the phase 
velocity relatively to the moving system. If the velocity, v, were 
in exactly the same direction as that in which the light is travel- 
ling, we should have, for ~,, the relative velocity in empty space, 


USO Uy & em & w (33-21) 
and for w,, the relative velocity in the material medium, 

U, = Cc — 2, 
where c’ is the velocity in the material. Now 

c=e/u+u 


if v’ means the increment of velocity due to the motion, or, as 
we might describe it, the convective effect of the motion of the 
material medium, and if # means the refractive index of the 
material. Thus we should have for u, 


ly =e/n + (v' — 2), 
or, if we define & by 
k=v/v,  . » . . (33-211) 
U, =Cc/ —(l—k)jv. . . . (33-212) 


The fraction, k, is known as Fresnel’s convection coefficient. 
In the general case when v is not necessarily in the same 
direction as that in which the light is travelling, we have instead 

of (33-21) and (33:212), 
U,=c—veosd, . . . . . (3322) 


1 Relative to the aether outside the material medium. 
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and Us, =c/u—(l1—k)jvcosé, . . (33-221) 


if we ignore second order small quantities (Fig. 33-2 (a)). Hence 
(33:2) becomes 


6{ + 2-_____| —0 
c—vcos0, c/n — (1—k)vcos 0, “= 


Ire. 33-2 


or, still ignoring second order small quantities, 


ifr (1 +2 cos 0,) + wr(1 + HO = “cos 0.)| = 0 


in which 7, and r, have the same meanings as in § 28°5 and 
Fig. 28-5. The last equation is, of course, valid when v = 0, 
and therefore 


O(r7, + ur.) = 0. 
Consequently 
6 {r,v cos 0, + wr.(1 — k)v cos 0.3 = 0. . (33°23) 
Now 
rv coS 0, = (1, V) = (%, — %)v, + (yi — Y)vy + (21 — 2), 
and 
rev COS Oy, = (Foy V) = (®@ — Xa)¥y + (Y — Yay + (% — 22)¥_- 
Therefore (33°23) becomes 
{u2(1 — k) — 1}(v,0% + 1,dy + 0,62) =0. . (33°24) 
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If Ax + By+Cz+D=0 
be the equation of the refracting surface, 
B C 
62 = — Ay — r hi 


and (33°24) may be written : 
B C 
{uw2(1 — k) — 1} {(% — i) oy + (% — Gre) &2} = 0. 


The right-hand factor in this equation is quite arbitrary, and it 
follows that 

pd — k) aac | = 0, 
or 


k= (1-5). . .. (3325) 


It follows, therefore, that when the medium is moving with 
a velocity, v, in the same direction as the light, the phase velocity 
is increased from c/u to 


c/u + (1—1/p2. . . . . (33°26) 


This formula must be carefully interpreted ; means the refrac- 
tive index of the light that is in the moving medium. In con- 
sequence of the motion, however, the period, +t, of the light at 
a point fixed relatively to the medium is slightly different from 
what it would be if the medium were at rest. If, therefore, u 
were used to mean the refractive index of the same light in the 
quiescent material, we should have to make a slight change in 
the term c/u. We need not trouble about the term (1 — 1/u?)v 
since the modification of this would only produce a second order 
small change. The change in the period, dz, is easily seen to be 


if we neglect second order small quantities. This is simply the 
change in period known as the Doppler effect. Hence we must 
replace c/u by 


(je oe 
eos 
and (33:26) must be replaced by 
c _ 1 _stdyu 
= + {1 r = ele, . 5. (33:27) 
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in which « now means the refractive index of the saine light 
in the quiescent medium. 

Fizeau verified (33°26) experimentally by producing inter- 
ference fringes with coherent beams of light which travelled 
through a water column in opposite senses. When the water 
was set in motion, the velocity of one beam was increased and 
that of the other diminished with a consequent measurable 
displacement of the fringes from which the velocity changes 
could be calculated. 


§ 33:3. THE Convecrion or Licut AND STELLAR ABERRATION 


The subject of the last section has a bearing on the pheno- 
menon of aberration. For simplicity let us take the case where 
the direction of the star is at right angles to that of the motion 
of the observer and his telescope. The simple or naive view 
of aberration leads to the formula : 


v/e=tane, . . . . . (33:3) 


on the assumption that the optical medium, both without and 
within the telescope, is the free aether which is at ‘rest’. The 
telescope is moving through it with the velocity, v; while c is 
the velocity of light and « the angle of aberration. Let 8S’ 
(Fig. 33-2 (b)) be the position of the star relative to the telescope 
at an instant when a group of waves is emitted. The further 
sequence of events is, if we neglect second order small quantities, 
precisely that to be expected if the star S’ and telescope are at 
rest relatively to one another. The formulae (32-26) and (32:27) 
are based on this assumption. If therefore at this instant the 
telescope were directed to the star, the central ray in the group 
would travel down the axis of the telescope. This would be 
true even if the telescope were filled with water or any other 
transparent medium. If ¢ be the time taken by the light to 
reach the objective, the distance travelled by the light is ct. 
The star, however, is in fact at rest at S, and therefore separated 
from S’ by the distance SS’ = vi. Hence 


vt/ct = v/c = tan &. 


In other words, the observed angle of aberration is independent 

of the nature of the optical medium filling the telescope. This 

deduction was verified by the astronomer Airy, who had a tele- 

scope set up at Greenwich, the tube of which was filled with water. 
The formula (33°3) must be modified to 


v/e=sine, . . . . . (33°301) 
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as we shall see later, if we adopt the principles of the theory of 
relativity. 


§ 33:4. MICHELSON’s EXPERIMENT 


Let us suppose the two optical paths OA and OB (Fig. 31-2) 
from the point O in 
Michelson’s _interfero- B 
meter, where the original 
beam is divided, to the 
mirrors A and B, to be 
equal. Imagine the ap- ,.7 /z eT. /2 
paratus to be moving ‘ 
with the velocity, », 
relatively to the aether 
in the direction of OA 


(Fig. 33-4), and let us A ey 
find expressions for the O fe) oO" 
times T, and T, required Fia. 33-4 


by the light to travel 
from O to A and back, and from O to B and back, respectively. 


Obviously 
T, = L l 1 
c—v c+» 
or 
T, = yi, ke ee (33-4) 


where L is the length of the arm OA and y means (1 — v?/c?)-1/2, 
The light reflected from B starts from O when it is in the position 
O’ (Fig. 33-4) and returns to it again when it has reached O”. 
Therefore 


ene 
and 


To=y—. 2. ww ee. (33°41) 


The experiment indicated that 
eA = ie 


One obvious way of accounting for this result is to assume 
v=0, i. that the aether is moving with the earth. This 
assumption, however, makes it exceedingly difficult to explain 
stellar aberration. 
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We have to fall back on the FitzGerald-Lorentz contraction 
hypothesis (cf. § 28) that the dimensions of bodies are reduced 
along the line of motion in the ratio y: 1. So that (33-4) becomes 


2L’ 
Na = L— 
where 
ga = Li; 


and T, and T, are now equal. 

The Lorentz-FitzGerald hypothesis brings us once again into 
immediate contact with the theory of relativity, in the light of 
which the further discussion of the subjects of this chapter must 
be continued. 
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